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TO 

RICrtARD BURKE, Esq. 

D X A » $ I Ry 

IT wiMild be a vciy entertaining fpec«l«ciofi, and wdl 
calculated to &ew the impoitaace «f geemetry, td 
enquire inc» the ppobahte ftate of hutnan i^its at 
piefeat, upon a fuppodtion -that tke tnadiematical £:!« 
euces \aA beea generalfy known an4 culdvated in the 
eailjr ages of abe world. 

If tEcf had only underftodd ho# to auike a map or 
an ahmmadtj a great deal of rarional qario£t)r wotdd have 
been gratified, which we *.ji;h]W endeavour in vain to 
iatisfy. For mankind haw Ifliept 06, frmtf ilge to age» 
without taking notice of time or occurences \ and as to 
wiMt concerns gecgrapfy they have been e^lly remifs. 
The hwman race have migrated from one country to 
another, until t^ have oovned the face of Che wiiole 
Battb, without ^iniag the leafl infbrmatk>fl[ by tkeif 
tnfdts; having rather fhayed like cattle, tkan ciiianged 
theur habitation like vatk»ial creatoress 

However the happy efie6b of a pi^c^ier cultivation <^ 
dkis fdenoe, are not confined tomMpt and 4Umanaka ; kit 
it is by tke jndicxKis appiicacioa of mae^maticat know* 
ledge, that huoKRi nature, notwiManding its ^raiky, 
is rendeied fupcriour to every eUktcle, §ot our eflbrts 
keep pace witk all our rational iaagmadons : and Aui 
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it rifes greatly above all its imperfedionS) acquiring a 
dignity which muft aftonifh every one, when he compares 
what has been done, with the weaknefs and imperfedion 
of any iingle individual. And what this might have 
produced through a length of ages, operating in every 
quarter of the globe is not Co eafily to be cphceived. 

It has indeed been alledged, that the improvements 
afcribed to the cultivation of this fcience, have been often 
the efFedb' of chance, and not produced by any rational 
fcheme of improvement, conduced upon fcientific prin- 
ciples. But the contrary iappears from undoubted matter 
oi fad ; becauie we every where find that difcbveries 
are made among the mod enlightened nations, and never 
among barbarians. Events, no doubt, will happen,, and 
natural appearanic^ wiU keep -their regular tim^ ; bu£ 
the wild beafts of the field are as Jikely, to make, a pro^ 
life of them, as illiterate favages. And the little atten- 
tion, paid by ignorant nier> to th6fe very j^ircumftancea 
wjiifih /inform and; e»larg<b ' the, underf^nding, ihew .us 
better, jthan ^ny . f hiog eftj what human nature can rife 
and fail to^ -^ : , i . : . . 

Both you and !• are fuiEciently (enftbk of the great 
utility of piathematics in all the affairs of rlife; and that 
thpje.whpm it. concerns are, to .a certain degree at leaftj 
fujlicicinjtly m^nuv^ to it. And . w^ only-ufcd to jegr6t 
that the world. i3 igncraiit, how fuccefsfully this:fcience 
might be employed for inaki)[ig Us rational creatures. 

It has often been the fubjeS:;of oui' converfation. and 
futpri^ .to run.bvp' th^c various, naethods contrived for 
making mathematicians, without impbfing upon them 
the necefiity of being rational creatures. And fuch dif- 
cpurfes have generally ended in your urging me to the 
execution of this plan; the firft part ol which I here beg 

leave 
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leave to prefent to you. I have had fufficient marks of 
your friendfliip to be fenfible that you will be much more 
follicitous about its fuccefs than I am myfelf : and from 
your partiality to me, I am alfo perfuaded you will think 
that I have not done it juftice in the execution. 

It is true I could have improved the ftyle very much ; 
but it feems to anfwer my purpofe better in its prefent 
form : for I write not to make people read, but to make 
them think. I have alfo aifeded a familiarity of phrafe, 
to engage the attention of the reader by exprefHng geo- 
metrical ideas in common language. 

But whatever your opinion of the work may be, I beg 
of you to accept of this addrefs, as a teftimony of the 
high efteem which I have for your charaifter and abi- 
lities. It is with the greateft pleafure that I recoiled the 
{hare which I have had in your education, which was 
carried on, not in the perfon of mafter and fcholar ; but 
ratjier in the charadber of two friends who had taken a 
fomewhat different view of the fame fubjed;. 



I am, Dear Sir, 

with the greateft refpe6t> 
Your moft obedient 

humble fervant. 



HbRTFORD CoJbLEOB.: 

Martb aj. 1781. 



JAMES WILLIAMSON. 
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DISSERTATION I. 



IT is my intention in this dif&itttion, after faying fomething 
concerning the ofe c^ commehtaries, to condu^ the learner, 
itep by ftep, to a folid, rational and extenfive view of the princi-^ 
pies df geometry ; by explaining their original and improvement 
through feveral different gradations, until they put on a fcientific 
form I Mducifig what I have to fay under diftind heads, for the 
benefit of the ignorant and thoughtlefs reader. 

C H A P. !• 
Of the neeeffhy and ufe of commentaries. 

THE didnefs of commentators is a fubjed of fuch general 
complaint, that it may be proper to inquire how it comes to pafs 
thai books are not written in fuch a manner as to make a com- 
mentary u(Uefs or impertinent : and this inquiry may be propofed 
with the greater propriety, as the labours of commentators, befides 
their dttlnefs, leldom or nfever anfwer the expeditions of the public 
in ether refpeds ; which they no doubt are apt to imagine the 
author himfelf could have fully gratified, by condefcending a little 
to the weakneft of his readers, and refcued his works out of fuch 
domiy hands. 

What apology therefore fhall I be able to make for loading with 
a commentary the moft perfed book in the world ! But though it 
may not be agreeable to that general delicacy which an author is 
bound to preferve towards his readers ; yet it may ncverthelefs be 
proper to inform them, that they fcem to be rather partial to them- 
fclvcs upon the prefent queftion j • never confidcri'ng how much of 

Vol* !• a the 
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2 DISSERTATION I. 

the blame ought in all confcience to bo laid at their own dcfor : for 
though it may be a fecret to a great many^ yet it is an undoubted 
truth that the moft perfe<a writer requires that his work fliould be 
put into the hands of thofe who can read. And my intention in 
this edition is not to corre£t my author, but to fupply a defe£t 
which it could not have been very confident with his plan to remedy. 
For he has written his book expreilly upon the fuppoiition that his 
reader was endued with the faculty of attention : and as this is a 
difpofition of mind with which the book is but rarely taken up, 
though it will always be laid down with it, or elfe it has been ufed 
to little purpofe : a few feafonable warnings therefore, ta roufe the 
attention of the indolent reader, may be given with great propriety,, 
and without bringing any reflexion upon the charadter of the 
author, who in point of perfpicuity, excells every one. 

But I will even go farther and venture to affirm that an author^ 
who writes upon fuhjedts of fcience, may find it often by no means 
convenient to deliver himfelf in fuch a manner as to be always in« 
telligible even to thofe whom he would wifh to have for readers. 
Becaufe authors are confined to a particular method of arrangement^, 
if it be their intention to deliver opinions or difbpveries in a fyfte- 
matic manner. And although there has been a fenfelefs and incef- 
fant clamour, for almoft two centuries,, againft this method: ; yet 
it feems to be the only way of keeping knowledge within fuch 
limits, as to be by any means manageable by the human mind. 

It is true indeed that our progrefs in acquiring knowledge, when 
left to ourfelvesr and our own experience, is direAIy contrary to 
this» being firft condemned to an examination of particulars. And 
even when we take up with the fyftems of others, it is requifite 
that we have laid in a fufficient (lock of materials to enable us 
readily to comprehend any very general do(^rine.- For no general 
rule, or law, or theorem, or what you pleafe to call it, is by any 
means to be underftood, unleis we have particular inftances ready 
to apply, as occafion requires : always however excepting a genius^ 
of the kind given to Hudibras in the following lines, containing the 
meaning and importance of many volumes. 
His notions fitted things fo well. 
That which was which he could not tell. 

The 
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PrISSERTATION L 3 

The fault therefore is not in the fyftems, but arifes from the 
general incapacity which mankind Teem to labour under^ for judging 
of the merits of fuch as have been ofi^ered to their coniideration ; 
and as there are^ quacks of all denominations^ ever lying in wait to 
take advantage of the fimplicity of the multitude ; the world by 
this means has been over-run with counterfeits. 

To have a genius for any fcience feems to me to imply a readi- 
nefs at finding out particular inftances^ to apply to any general rule. 
It is therefore to be fufpe^ted that thofe who are deficient in this 
kind of invention will by no means findflieir progrefs in any fcience, 
anfwerable to the time which they beftow upon it : they may 
commit the rules or the theorems to memory and neverthelefs be 
ignorant of their meaning and application. Hence a certain degree 
of invention becomes necefiary even for the ready acquifitiop of a 
fcience; and thi3 perhaps not fo different from that kind of inven- 
tion by which the principles were at firfl: difcovered, as many have 
been apt to imagine. 

Now here is the difficulty ^ a fcientific book ought to contain 
knowledge in that compa<3: form ; in which every one would chufe 
tp take a review of it, after he has made himfelf mafter of the 
fubjed : and not incumbered with all thofe particular inftances, 
which would nojy ftand in the way of the readers imagination as 
much as they affifted it before^ For inflance, who could reliOi the 
noblefl: of Newton's theorems if it prefented itfelf to his mind 
encambered with all thofe properties, which had led him from 
common notions to the right underftanding of fo fublime a fpecu« 
lation. 

A book therefore, if this reafbning be juft, which would be 
proper for a learner would be fit for nobody elfe : and the greateft 
perfedion of writing will flill leave occafion and employement for 
the talents of that kind of commentator, which I profcfs myfelf 
to be* The fweepings of the author's ftudy would furhifli the 6cfl 
and mofl authentic materials for works of this kind; and yet humble 
as the ofiice may fcem, if I cah execute my tafk but pearly up to 
the idea which I have of it, I fhall not regret my labour. The 
reader however will be difappointed, if he expe6t to find Euclid 
either corrected or enlarged, my purpofe being nothing more than 

^a 2 to 
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4 DISSERTATION h 

to condiHfl the Jearner to that fenfe in which the authtyr wifhed 
bimfclf to he umlcrftood. An oftentation of karning fe a fanlt 
which prevails among many commentators j for they feem to be 
apprehcnfivc Icaft the world fhould think they know nothing bat 
their bufinefs : and thefefore inftead of explaining their author, 
endeavour to perfuadc the world that Ibcy underftand the fubjeft 
better than he himfelf did. But I do not write to the flrength 
but to the weaknefs of mankind i and therefore wotfW not chuie 
to be confidercd as challenging the whole world to find fatrlt, but 
only as applying a rcniedy to a weaknefs which my ow*n experience 
has found doe& exift. 

C H A P. IL 

Concerning tbe Original of the geometrical principles. 

QUANTITY of both kinds, cxtenfion and number, is alwayt 
forcing itfelf upon us whether we will or not ; and muft therefore 
leave fome very fixt and determinate impreffioris^ upon* the minds 
of the moft inconfiderate. We cannot ftretch ctot our hand witb-- 
out receiving a perception of extenfion ; nor open our eyes without 
feeing figured objefts, bringing along. with them to the mind a 
confcioufnefs that they are more in number than one; Thi* begets 
notions, which are by ik) aieans peculiar to ai)y fingle art or pro-* 
feffion, but common to all men. The geometrician feieds the 
moft accurate of thefe, and with fuch materials lays the foundatiot^ 
of his fcience. Particular circiimftances have rendered fome notions- 
concerning quantity more invariable than others*; or rather fo fixt 
that nothing can alter them. As it would difcover ridiculotts af-- 
fedtation and ignorance to pretend to change thefe, which is indeed 
impoflible, fo it is alfo below the dignity of our anthor to affeft to 
difguiie them by any forced or unnatural conflirudion, fo make 
them wear a more philofophic appearance. But although the 
twelve common notions which he has feleded, are to be underftood 
according to the vulgar conception of them \ yet the learner muft 
give them a very particular examination : becaufe it is not fuflfi- 
cient to have thefe notions, but we muil alfo have the ready ufe of 

them 
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D I S S E nrATl O N fc 5 

tlktvn. And this may be acquired iti fotrie fueh tti^niitt M th« 

^ Let the ftudem provide himfelf with a roler and cOihpafles^ 
and after fome pradlice in drawing ftraight lines?, and defcribing 
direles ; he is next to proceed to <he examination of the comnfcon 
notions^ as if they were properties^ of ftraight lines only, and trud 
of nothing elfc. For without this precaution he Will undoubtedTy 
be liable to have the diAich quoted ii> the laft chapter applied t& 
him. And any tiAdure of the budi^rafite genius difqualifies a maii 
for this fcience ; and excludes him from a great deal of rational 
amufement, to fay nothingrof more folid advantages. I. (hall there- 
fore at the porch, not only lend the learner my advice but alfo my 
affiflaace in Ariping hini'felf of thofe prejudices which would dif<- 
grace his behaviour after be has been admitted into this magni- 
ficitnlf temple w'here all <he wondfers of the^ *vorid are difphyed. 

The readet may believe that I never wouldl have mtroduced x\m 
advice with (6 muchf foi'to and circuriiftanc*^,' witftiOQf a firm per-* 
fvrafion that it is of the kft itnportai>ce. He is thefrefbre inttnedi-* 
ately to fel about the wo^fc, by defcribing a circle, not a geomc* 
trical but a miechanical circle ; and fuch as any ordinary compafle^ 
Wiit .exhibit 3 drawing at the ianie tfMe feverai Araight Kne^^ffbm 
^ center to the circuifaference. He is next to feiSsfy hirtfelf o# 
tjie eqtiaiity of thefc Araight fines, by nfeafuring thetti with his^ 
dompafies : bis conelufion will be, that they are equal ; and hef 
will find his Opinion of their equality grounded upoi> the firfl com-* 
Aon notion ; bccanfe they are all equal to the fatoe length, vis^^ 
l^e diftance between the ejitreme points of his c^mpafled. But it 
is carefully to be obferved that thi^ is not to bef mad6 the fubje^ 
d? a tranfient reflection, but of frequent and dofe meditaticft; 
varying the center and radius to the utmoft limits of the compafie«; 
with now and then a thought upon the limited nhture and impcr-- 
fedion of the inftruments. 

The fecond and third of the common notions may ht examine<i^ 
by deicribing two circles with the fame center, but at difFereftt 
diftaiices, and drawing Araight lines from the center to the re- 
moteft circumference j th6 parts of the flraight lines intercepted 
between the two circumferences are equal ; and wiU illoftrate the 
• . fecond 
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6 PISSERTATIONI. 

fecond common notion by taking the lefs radius from the greater. 
And thus we are to proceed untill we have fatisficd ourfelves that 
thefe common notions are true at leaft of fuch flraight lines as we 
can draw upon a piece of paper. 

I beg the reader's pardon for my impertinence; but he is farther 
to be admoniflied^ that it is not fufficient to run thefe things over 
in his own mind ; but that he mufl be able to exprefs them to the 
conviction of a by ftander ; and this will make it neceffary to dif- 
tin^uiih his lines and circles by the letters of the alphabet. 

CHAP. III. 
I'be fame fubjeSl continued. 

SUPPOSING this bufinefs of the ftraight lines accurately difcuf- 
fed; the learner is next to (hut his compafles ; and then obferve their 
progrefs in opening until they take the dire&ion of a ftraight line : 
during this operation^ he will find the inclination of the legs con- 
tinually varying : at firfl: nothings then gradually increaiing until 
it difappears when the legs become one ftraight line« This incli- 
nation is a quantity, though not a tangible fubftance, but this the 
Header will do well to convince himfelf of; and for this purpofe he. 
may obferve that any particular inclination may be equal to ano- 
ther, or the half or the third part of it. But the common notion, 
of this kiiid of quantity is not fo regular or determinate as that of 
a ftraight line ^ though it exhibits every poflible fhape which it; 
can take in opening the compafTes as above diredted : the reader 
therefore will be pleafed to inftruft himfelf properly in this : and 
then proceed to examine whether the common notions are not alio 
true when applied to this kind of quantity. 

And for this purpofe I would recommend a triangular piece of 
wood, of the (hape of a right angled triangle with unequal fides, 
being afraid to meddle with circular arches, leaft we (hould conjure 
Mp a prejudice which we might want art afterwards to lay. By the 
affiftance of this triangular piece of wood, make two equal incli- 
.iiations (or angles) upon paper, taking care to make the lines une- 
qual, to prevent prejudice. After thefe are made, their equality 

. may 
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DISSERTATION I. 7 

may be inferred from the firfl: common notion, as each of them 
will be equal to the inclination of the two fides of the peice of 
wood : add to thefe two equal angles, other two equal angles ; 
which may be done by the afliftance of a different corner 'cf the 
fame piece of wood ; and this will illuflrate the fecond and third; 
according as you confidcr one of them as taken away from the 
whole angle made up of the two ; or as added 
together to make one. But it will be neceflary 
previous to this, to acquire a ready and accu- 
rate way of expreffing the different inclina- 
tions X)f lines, (called angles) by the letters 
of the alphabet. The figure annexed will be 
a very proper one for pradice and the tafk 
which I would fet the reader is to tell the 
number of angles and the different methods 
of expreffing them j giving him to underftand 
that their number is above fourteen ; and that, 
CAB, CAF, CAD ; GAB, GAF, GAD ; 
EAB, BAF, BAD; BAG, BAG, BAE; FAG^ 
FAG, FAB ; DAG, DAG, DAE s^ are- only £6 many difitrent 
ways of exprefling the fame angte s; aor does' this great variety, in 
the feaft puzzle or perplex the conceptions of an adept. This look& 
fo much like a riddle that I think it cannot fail to engage the at*, 
tention of the curious. But not to trufl: entirely to the reader's owa 
ingenuity for unraveling this knotty point ; let him obfcrve the 
following hints ; the letter at the meeting of the lines, whofe in* 
clination to one another we want to exprefs, is put in the middle) 
and it is fufficient that the other two letters, eacK exprefs fome 
point in each line : thus the inclination of FB to BC is called the 
angle FBC or CBF : and the inclination of DB to BC is the very 
fame With the other, as is obvious, and is called the angle DBC or 
CBD : the inclination of BC to CE is called the angle BCE or 
£CB ; and the inclination of GC to CB is the fame with the other 
and is called the angle GCB or BCG. But farther the angle ABG 
is made up of two angles viz. ABC, CBG : and the angle ACF is 
made up of two angles viz. ACB, BCF. And to affift the reader 
in applying the fecond common notion I have made the angle ABG 

equal 
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8 DISSERTATION L 

equa) to the angle ACF : and I have likewife made the angle CBG 
ec^ual to the angle BCF ; and the conclufion will be that the aoglr 
ABC is equal to ACB. 

. C H A P. IV. 

In what manner our common notions begin to take afcientific.form^ 

AFTER the reader has prepared himfelf according to the direcr 
tions given in the laft two chapters ; it will now be proper to take 
a review of the inftruments, which he iqade u(e of» for regulating 
his conceptions : and thefe^ hf will find^ were very Uofiitedt' being 
confined to a few inches. Let him next ^Xk himfelfi whether he 
has any reafon to fufpe£t, that the conclusions, obtained by the 
help of thefe inftruments, were equally Unait^d. Nor is this point 
to be deteriqined rafhly, but fb as to be i^ill pertain that h^ tr^dt 
on firm ground : and we may venture to draw ^{b cenclufioa for 
hinx ; that, withput s^ny great force i^pon his imagiitatipn, be can 
conceive his inftrumeots tq have a dpubl9 or tn^\9 e^cfent without 
finding the leaft reafon to change his opinion;* And by prpceedjog 
thus^ be will certainly come to this copclufion ^% l^il j th^t air 
though thefe inftrun^ents might be the occafioa of hi^ tuf qiog bia 
thoughts fo this fubjefi^ yet his opinioiis wi&re pfverthelefs derived 
from the nature of eactenfion |p geh&rsil i and th^t they knew, no 
other limits^ but fiich as bounded eKtenfiop itfelf ; b4|t mpre pjlr^ 
ti(;^ll^rlys th^ a circle whofe radius is a thoufand miles, Qr the 
thpui^nd part of an inicby woi^ furoi/h the f^Lm^ concliifions 9fi me 
of two or t^rte ioiches. ^^vc now ouf ppifti^qst wbiicb before 
were meafure^ by our inftrHmen^, begM^ to pt)t on a difierent form 
and 4ifpl?y to our itpagi^^tiofi the firA 4^wn of fciepce. 

If ax^y pne 1^9^14 pretend tk^at be had the notions orgiaally in 
this very general form tp which I have bieen endeavouring %^ lead 
l^imi I have only to isxy, Qi^lej^ t^ey were acquired by 49 exami^ 
lotion of particul^Si be wilj ^nd \m notions fit every thing fo 
^ell, that whefi he comes to apply them tp 'particular inftances^ he 
will not be able to tell which is "which. 

Thp rtfider is t<^ en^f ^^nr next to get fomcthing lijce a fcieotifie 
^otjipp of ^Q ^nglej, by cofre^ipg the vplgai: npjiofl of an angle, 

by 
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DISSERTATION. I. .^ 

by which is underftood the corner of any thing. Now this does 
not fo much depend upon any (Iretch of the imagination^ by which 
large objedis^ and fuch as exceed the experience of our fenfes, are 
to be made the fubjedl of Contemplation ; becaufe the point where 
the lines mefet, together with any point in each of the lines fixes 
the angle invariably : or in other words^ the three points denoted 
by the three letters of the alphabet, expreffing the angle, fixes any 
rectilineal angle : for the angle is not changed by making the lines 
longer or (horter ; but only by opening or (hutting them ; concei- 
ving them to turn upon a pin like the two legs of a pair of compafTes. 
But our inftruments are not only too limited for our conceptions, 
but are inaccurate in other refpeds. We have a very clear notion 
of three dimenfions viz. length, breadth and thicknefs : ; and furely 
without nicely feparating and diftinguifhtng thefe, it is impoffible 
to have trqe and proper conceptions of magnitude. But thefe dif- 
ferent dimenfions cannot be reprefcnted by our inftruments.. For 
when we attempt to draw a line or even to mark a point ; our line 
and point poflefs all the three dimenfions in as great perfedtion as 
a cannon ball or the maft of a (hip. The human mind, when once 
made fenfible of its powers, will never fufier its conceptions to be 
fo cloged with matter : which has put thofe who carry their viewi 
beyond the vulgar, upon inventing fome method by which our 
conceptions may be rendered more rational and confiflent; and 
this is the original of definitions, 

C H A P. V. 

Of definitions. 

OUR author has proceeded with iingplar judgement in laying 
down his principles : where the common notions are fiifficiently 
diftind and accurate, he has inviolably adhered to them. But when 
thefe are too incorredt or too ii>determinatev he explains the fenfe 
in which be would have any particular jerm be underflood ; and 
what conception he requires his reader to have of the figures which 
he defines. Definitions may be confidered as of two kinds ; firft, 
fuch as ierve x)nly tp explain the meaning of a word s but thefe 
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lo DISSERTATION I. 

arc not property geometrical definition:^, for from this no confe- 
quence can follow unlefs there be a myftical virtue in the name. 
Secondly, thofe from which confeqncnces or properties do follow, 
which may be called geometrical to difKnguifli them from the 
others. The definition of a circle, given by Euclid, is of this 
kind for all the properties of a circle follow as confequences from 
it. And here the reader is to be admonifhed, that, upon this and 
fuch like occafions, his common notion of a circle is to be laid 
afide, and nothing admitted as a property of this figure, unlefs it 
can be fhewn to follow from this definition. 

Though Euclid in the arrangement of his principles has placed 
the common notions after the definitix>ns, yet they arc prior to them 
in the order of conception ; and indeed if this is not attended to, 
fome of his definitions will be unintelligible ; for inftance his defi* 
nition of a ftraight line. He fays a ftraight line is that which lies 
evenly to the points in itfelf. Now if I am to conceive nothing 
previous to this, refpe£ting a ftraight line ; what can I underftand 
by this definition ; or what can I infer from it ? The reader will 
be juft as much at a lofs to conceive the meaning of the word evenfy, 
as of the ftraight line itfelf. But if we confider this definition as 
an improvement upon the common notion* of a ftraight line, (fee 
com. not. 12.) every thing is very intelligible i for after a proper 
examination of this principle^ that two ftraight cannot incloie 
a fpace ; every body will infer, though not fcientifically nevcrdie- 
lefs very confidentally, that every ftraight line muft lie evenly to 
all the points in itfelf; otherwife he certainly might have hopes at 
leaft of making two of them inclofe a ipace. I would be rightly 
underftood upon this point; nobody (^an imagine that it is my 
opinion, that Euclid intended that the one of thefe ftiould be infer- 
red frdm the other fcientifically j but only that the definition ex- 
preffes the conception, derived from two lines^ reduced into a more 
fimple form ; though indeed he himfelf reafons from the commoii 
notion as v^l appear in the fourth propofition. 

Dr. Hooke one of the greateft improvers of practical mathema* 
tics, was notwithftanding ib fenfible of the neceftity of laying ah 
accurate foundation in theory that he thus fpeaks concerning a 
point. j1 point is that wiidb bos na part. *• This which fome 
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PISSERTATION L ir 

«^ would deem the moft inconfiderable thing in the world, feems 
** yet the moft difficult to be underilood ; no fenfe, or imaginatioa 
'* or fant'cy ran reach it, nor words defcribc it, but by a negative, 
^< to tell you \yhat it is not : For it is not to be taken in the fenfe, 
^' that the whole Earth is called a point in refpedt of the Univerfe, 
'^ nor in the fenfe that the end of a tapering thing is called a 
^' point, as of a pin or needle; though they feem to be the fmalleft 
things we know r becaufe thefe latter may be faid to have as 
many parts as the fore-mentioned ; for fince all quantity is divi** 
*' lible in tn^itum, the lead quantity may be divided as often as 
^* the greateft, and therefore whatfoever is diviiible mull have 
<< partSy and therefore none of thefe can be properly called a point, 
^' in the (cntc here named, unlefs this point be under fl;ood to be 
** the ^ex of a mathematical cone or pyramid, where the fuper«> 
^* ficies of it is determined^ for that will be a mathematical point : 
^^ But it cannot \>c fuppoied of a phyfical point, or material cone 
^^ or pyramid, for that will have extenlion and bluntnefs. And we 
^< find that micr^apes will make thoie points divifibe even to fenfe, 
^' nay even alinoft to diicover a new wcM'ld in a point, nay there is 
^^ one now thai affirms h« has feei^ oiore than ten thoufand living 
*< creatures ia the bignefs of a very fmall fand, which itfelf indeed 
^< is but a viiible point to the naked eye ; and each of thofe ten 
«.< thouiand may have worlds within them* We know not the 
<^ limits of quantity, matter^ and body as to its divifibility or ex- 
^ teaikm \ no imaginatioa can comprehend the maximum or the 
'^ mimimum natur^^ our faculties are finite and limited, and we 
•* muft content ourfelves within the orb and fphere of their adti- 
^ vity. And acquiefe in a negative definition, and underftand if 
'' we can ibmewhat that is fmaller than the fmalleft, though that 
«« be al£> improper ^ for in that which is not quantity, ther« is- 
'' neither fmalkr nior bigger, we muft endeavour to underftand 
^ ibme what infinitely Iktk, leib than which there cannot be, 
^< fcmewhac that has no bignefs or eictenfion or quantity, but only 
^* pofition and refpedt to quantities circumjacent : From which, to 
«« this or tlttt body, tbece is a d^ltoraainate length and diilaiice ; 
^ and iif)an tS^ account, wherever we end&avour to underftand 
^ this notion^ our ioiagination will represent to us the fmalleft 
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12 DISSERTATION I. 

** vifible body, as an exceeding fine fand, or a mite, or the point 

^* of a needle, or the fmallefl: vifible body we have ever feen on 

" paper, or the like; which we muft be content with, fince tht 

*« fant'cy forms nothing but what is firft in the fenfe, though it be 

** none of thefe. And in truth it can have no true definition that 

** will reach its efTence. Analogous to this pointy fign or nothing . 

** in quantity is the nought^ cifer or zero in number : The never 

** in time : The reft or quiet in motion. For as no aggregate of 

'• points will ever produce a line or quantity ; fo the multiplication 

*' oi noughts or cifers will never produce a number; and as the 

** addition of nevers cannot make time, fo the aggregate of rejis 

*' cannot produce motion. So that all thefe may not improperly 

*« be called the terminus or bound, from which they all begin i fo 

** quantity may be faid to begin from a point or nothing : number 

*' may be faid to begin from nought^ cifer or zero : time may be 

'* faid to begin from never : and motion to begin from reft. And 

*' as the minimum natura may be faid to be the firft quantity ; if at 

*' leaft there be a minimum in nature, fo at) unite may exprefs it in 

<< numbers ; injiant in time, and moment in velocity. It may pof- 

** fibly be thought I have faid too much of nothings but yet if 

*' feems to be of the greateft confideration in nature ; for it feems' 

** to be the beginning of every creature; even the greateft creatures 

<* having been traced to begin from ah atom or point, no eye or 

«< fenfe can reach it ; nor any underftanding limit it ; that the be- 

^ ginning of a very large animal hath been fecn alive, ten thoufand' 

^< times fmalkr than a mite, may be proved, and yet how much 

" fmaller it may have been is not determined.'' 

It has been faid of the mufick of the fpheresi that it is fo loud 
we cannot hear it : and of a mathematical point, according to 
this explanation, it may be faid^ that it is fo fimple it is impoftible 
to comprehend it. This no doubt, niuft prepofifes the reader with 
ft range apprehenfions of difficulty in the profecution of a fcience 
which fets out fo unaccountably y requiring us to admit as a prin- 
ciple what we cannot comprehend. 

I would not have thrown this metaphyfical bugbear in the way 
of the reader ; only I was afraid left he might ftumble upon it of 
himfelf, with fome hazard to his underftanding, if he ihould purfue 
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DISSERTATION I. 13 

the mctaphyfical analyfis of it, until he had no doubts left but that 
it was really inconiprehcnfible ; efpecially if he happened at the 
fame time to difcover, that the fame ingenious fubtilties would alfo 
apply to lines and furfaces, by which means they might likewife 
be entitled to a place among the incomprehenlibles. 

I (hall therefore beg leave to call his attention to a method of 
explanation very different from this, but which arifes very natu- 
rally from what I mentioned before viz. that the definitions fhould 
beconfidered as fubfequent to the common notions; and introduced 
merely as auxiliaries to them. And in the prefent inflance, we 
have a very clear notion of three dimenfions in magnitude; though 
we always find them fo conneAed that it is impoflible to Separate 
them from one another. Let us therefore try to contemplate them 
together, but one after another. Every part of fpace that we con- 
fider has a (hape ; for in (lance the (hape of a room : this fpace the 
mathematicians call a folid; that which limits it or gives it this (hape 
is called a furface; which muft be confidered as having only length 
and breadth ; becaufe if it had thicknefs alfo ; then it would not 
be the boundary of the folid, but a part of the folid itfelf. There- 
fore the proper definition of a furface will be, that which hath 
length and breadth. But farther this furface has a (hape or is limi- 
ted ; that which limits it cannot have length and breadth ; for 
then it would not be the limit of the .furface but a part of it. 
Therefore the proper definition of a line is length without breadth. 
Laflly this line has its limits ; which limit cannot have length, 
for then it would not be the limit of the line but a part of it. 
Therefore the proper definition of a point would be, that which 
belongs to magnitude, and has no parts, that is none of the com* 
mon dimenfions, length breadth or thicknefsw Thus it is eafy to 
conceive how thefe definitions of a point line and furface are deri- 
ved from the common notions of magnitude. 

CHAP. vr. 

The fame fubjeSl continued. 

AS the definitions which we have been explaining are nevep^ 
quoted or appealed to as tefts by Euclid, the learner might be 
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t4 DISSERTATION I. 

ready to <x>ncludc that they were placed here for no other pur« 
pofe but to imprefs one within idea of the difficulty of this fcience. 

Though it be true that they are never ufed dired:Iy» yet by being 
placed where they are, they flop the mouths of impertinent cri« 
tics, who would be ready to flart obje(ftions which are immediately 
femoved by thefe definitions. 

. In this chapter I intend to explain what is meant by a PLANEr 
a plane reAilineal angle, a right angle and an acute and obtufe 
angle i firfl confidering what opinion every one might form of 
thefe, by examining thofe inflruments or circumflances which 
would fix his attention to this fubjed« 

To underftand rightly Euclid's definition of a plane furface, it 
will be neceiZary to have recourfe to the former fuppofition, that 
the definitions are improvements upon our common notions : for 
inftance, let us fuppofe one at work, in the manner of a carpenter^ 
to fattsfy himfelf that a furface was even, fuppofe the furface of a 
table : he would apply a ruler in all dire£lions from fide to fide i 
and finding that it touched the table in every point and in every 
diredion,. he would conclude that the furface was even. And now 
we fhidl find that the definition is nothing elfe, but giving the 
notion acquired by this operation, a regular form and fuffictent 
extent. 

For £u(:ltd's ^lane furface which is commonly called a planb 
is this furfaee of the table, endued with a fcientifical eveanefs in- 
ftead of a mechanical one; and inflead of being confined to any 
0s&pe \ of an unlimited extent. It ii in or upon fuch a furface aa 
tbi$» that Eulid fiif2»pofe8 all his lines and figures to be defcribed 
and drawn^ ia bk firft fix books : and this is the xxioiz carefully to 
he obiervedt becaufe^ though it is not mentioned in the demon* 
ilratiofis^ yet thefe are many properties of lines and figures, which 
are not true, but upon the fuppofition thiat the lines are in the fame 
plaqe, as I (hall have occafion to obferve. 

And the plane rectilineal angle is the inclination of two flraight 
lines to one another in or upon fuch an even fiirface as this, which 
meet together but are not in the fame diredion. They might be 
incUaed to one another fo that when produced they would interfe<5t 
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DISSERTATIONL 15 

or crofs one another ; but until they l»ve met they are never con- 
fidered as containing an angle. 

This plane re<ailineal angle may be of three different kinds ; 
according to the different inclinations which two ftraigfat lines may 
have to one another. Take two pens, and run a pin throogh the 
extremity of the one, and at the fame time, throu^ the otfaer^ 
at foaie diftance from its' extremity, fo that the one of the pens 
may make two angles with the other, on each fide ooe. Turn the 
pens into the fame direiftion, and making one of them reiroiire^ 
and then obferve its progrefs in revolving until it takes the iome 
direction on the other fide : and during this whole revolution there 
is but one fixed or determinate pofition of the lines with refped to 
one another ; and that is when the revolving line has the fame in^- 
clination to the other on each fide ; and thefe equal inclinations 
are called right angles ; and the other two have their names accor- 
ding as the angle is greater or lefs than this. « 

The reader has been very inattentive to my dire<SiODS tipon this 
head, if he does not perceive, that there is an unUmiMd variety 
l)otk of acute and obtufe angles, but that there is but one ngbt 
angle. 

And hence by the bye it is obvious that Euclid formed his defi« 
ikitions firom common notions, as he reckons this one; that all right 
angles are equal, probably as a hint to the reader, that he might 
difcover from what fburce the definitions wwe derived ; becaorfe 
this common notion may be regularly demtonflrated from the dc^ 
nition of a right angle, and therefore muft have been placed whene 
it is for fome indired purpofe. Upon the whole then we may c<m^ 
dude, that Euclid's definitions are not the imagiiitry jpkaotoms 
which the metaphyficians have reprefented tiiem : but notions de- 
rived from material objedb, and new modeled, not for the purpofe 
of empty fpeculations, but, that they might be applied to the6aip 
)dnd of objefts which firft fuggefted them,, upon a more accurate 
and enlarged plan* 

. ** 
CHAP. 
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CHAP. VIL 

Of populates. 

THIS fclencejias now acquired fuch an extent and accuracy, 
by impFoveing the common notions into definitions ; that our for- 
mer inftruments are now become inadequate to our purpofes and 
Views. For our notions both of a ftraight line and circle are fo 
refined and enlarged ; that no inftrument is fufiiciently accurate or 
extenfive for performing thefe two problems* the drawing a (Iraight 
line and the defcription of a circle. 

Here the cafe of the fcience appears defperate ; and the author 
reduced to the neceflity of giving up his high pretenfions to accu- 
racy and univerfality* by fuffering the fcience to fall back again into 
its original ftate* as far as refpedls its inftruments at lead. And I 
am certain the artifice ufed upon this occafion to preferve the dig- 
nity of the fcience is by no means generally underflood \ and this 
will be confirmed beyond contradidtiop by attending to the foolifh 
and chtldifh reafons generally given for admitting thefe poftulates, 
alledging that it is fo eafy to conceive how they may be done, that 
they are to be admitted without the leaft fcruple or hefitation. 
•That a thing may be eafily done is furely a very bad reafbn for neg- 
leding to give rules for doing it : and if that had been the cafe in 
the prefent inftance, I am pretty confident thefe commentators 
would have been faved the trouble of their apology. But the 
opinion of Newton I fuppofe will be decifive upon this occafion, 
and we find him cxpreffing himfelf dircftly to our purpofe as fol- 
lows. ^' Nam et linearund re^arum et circulorum defcriptjones, 
in quibus geometria fundatur, ad mecbanicam pertinent. Has lineas 
defcribere geometria non docet fed poftulat. Poftulat enim ut tyro 
eafdem accurate defcribere prius didiceret, quam limen attingat 
geometria i dein, quomodo per has operationes problemata fol- 
vantur* docet ; redas et circulos defcribere problemata funt, fed 
non geometrica. Ex mecbanica poilulatur horum folutio, in geometria 
docetur folutoifum ufus. Ac gloriatur geometria quod, tarn paucis 
principiis aliunde petitis, tam multa prsflet. 

After fucb an authority the judicious reader will be ready to 
agree with me, that thefe problems are taken for granted, not 
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DISSERTATI ON I. 17. 

cauie it is eaiy to conceive how they may be done, but for a much 
better reafon^ becaufe it is impofiible to do them by any method 
confident with the principles of this fcience. 

But even in this, which muft have been a matter of no fmall 
difficulty, our author has done every thing in the power of man, 
to render this unpromiffing part as corre(5t as poflible, by making 
it put on a very refped:able figure indeed, giving it fuch an air, as 
difcovers but little of its mechanic original. 

An ordinary genius would probably have given direftions for 
drawing a (Iraight line and defcribing a circle, with a ruler and 
compaiTes ; and when the limited nature of his inftruments was 
mentioned as an objection to his fcience, and that he could not 
with propriety extend his conclufions beyond a (heet of paper ; 
he would then probably propofe a chain and poles by the afiidance 
of which he might undertake to enlarge the fcale of his operations; 
yet with waggon loads of fuch inftruments he never could hope to 
produce one fcientific conftrudiion. 

But Euclid has aded with more judgement, and never would be 
accefibry to the opening a door for admitting upon his fcientific 
ftage the whole tribe of mechanics, with the feveral implements 
of their trade. He throws them two problems to perform, but this 
is to be done behind the fcenes, without exhibiting their mecha- 
nical inftruments, declaring* that upon every future emergency, he 
is determined to ftand or fall by his own principles^ 

CHAP. vm. 

Of the infiruments made ufe of for Mmmumcatwg geometrical inowkJge. 

ALTHOUGH language be a general medium for communis 
eating knowledge of every kind $ yet particular fubje^s require the 
introdu&ion of fome auxiliary inftruments. Unlefs the nature of 
the thing is fuch, that it cannot fail of itfelf to make a ftrong im- 
preffion upon the mind, or that it is of no great confequence 
whether it be particularly examined or not, it will be found dif- 
ficult to command the attention 1 and particularly, which is abib- 
ktely necefifary in a chain of reafoning, to make the thoughts of 
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the reader and writer follow each other In the fame order» with a 
certainty th'at they are both thinking of the fam? thing at the fame 
time« The art of logic is an inftrument of this kind, but the great 
diverfi y of opinions prevailing among mankind is a fufficient proof 
that this indrument is either negledted or mifapplied. Indeed that 
wonderful uniformity of opinion which has been univerfally found 
among all nations^ and in all the dilferent ages of the world upon 
geometrical fubjedls, cannot fail to draw our attention to this An- 
gular circumAance ; and make the learner defirous to be let into 
the fecret of this harmony, as far as one ignorant of the fubjed cad 
be fuppofed capable of entering. And this will be found to proceed 
from the method of demonftration to which geometricans have tied 
themfelves down ; and their being poffeflfed of an inftrument, per- 
fectly adequate to the purpofe of communicating their knowledge 
to others, and by which they are able infallibly to examine their 
own* And this inftrument in geometry is figures or diagrams : 
which Euclid exprefles by the different names of «^?/m^> K^rayfa^, 
a^t^l The firft is his general term, the fecond he commonly ap- 
plies to a figure which has been defcribed or at leaft compleated ; 
and the third commonly to fimilar figures. 

Now thefe diagrams or figures may be made fo exadly to refem* 
ble the fubjedt matter of any proportion, that, if we think at all, 
it is impoffible to miftake the order of thinking, which the author 
has prefcribed, or to draw a different conclufion from that, to which 
he intends to lead .us. I fay a different ; becaufe the figure itfelf 
may lead us to a limited or partial conclufion; the remedy for 
which I (hall explain at length in the next difiertation. 

The fimpleft kind of redtilineaLfigure is the triangle ; the dif- 
ferent parts of which the learner ought to be familiarly acquainted 
with ; and to keep in his mind, that befides the triangular ipace 
itfelf; there are fix different magnitudes which go to the making 
it up ; viz. three fides and three angles ; each of which ought to 
be particularly attended to. It will be ufeful allfo to obCavc ; that 
the triangles ABG, ACF though they have feveral parts in common, 
are neverthelefs to be confidered as much as diftindt and dificrfent 
triangles, as if feparated from each other by the diftance of a: 
thoufand miles. 

The 
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The three iides of the triangle ABG are 
AG, AB| BG and the three angles are ABG, 
AGB, GAB : and of the triangle ACF the 
three fides are AF, AC, CF 5 and the three 
angles ACF, AFC, CAF and the angle at A 
or DAE is faid to be common to the two tri- 
angles ; and therefore they have one angle equal 
to one angle; and it is faid to be contained by 
the fides FA, AC when it is confidered as an 
angle of the triangle ACF : but when it is 
confidered as an angle of the triangle ABG it 
is faid to be contained by GA, AB. 

Again FBC and BCG are alfo two diftxn£t triangles ; and the 
three fides of the triangle FBC are BF, FC^CB and the three 
angles BFC, FCB, CBF ; and the three fides of the triangle BCG 
arc CG, GB, BC; and the three angles CGB, GBC, BCG : thefc 
triangles have a common fide viz. the fide BC ; and this fide is 
faid to be extended under the angles BFC and BGC. Thefe things 
ought to be well underftood and ftrongly imprefi!ed upon the me- 
mory* 

But farther, we find that the two triangles ACF and BFC have 
a fide and an angle common to both, viz. the fide FC and the 
angle AFC which is the angle BFC ; alfo the two triangles ABG, 
BCG have a fide and an angle common to both, viz. the fide BG 
and the angle AGB which is the angle CGB. 

I have now explained at fome length the original and nature of 
the geometrical principles 1 and the inftruments made ufe of for 
communicating this kind of knowledge, taking notice at the fame 
time of fome of the mod unufual forms of cxprefiion and which 
are apt to perplex the learner at his firft fetting out. 
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DISSERTATION 11. 



Concerning the nature and extent of geometrical 

demonfiration. 



IN * the former diflertation^ as much care as poflible has Been^ 
taken to avoid the fuggefting any circumftance to the reader's 
imagination, which will not be necefiary in the very firft fteps to* 
be taken in this fcience. I muft therefore beg he will not confider* 
what has been faid as words of courfe, merely to fcrape acquaint- 
ance^ or any attempt to difplay my own learnings but as ferioufly* 
intended for his improvement. Nor would I have it thought that 
diis proceeds from any want of inclination to be in the good graces 
of my reader, much lefs from want of capacity ; for with very 
confiderable dedudions both of thought and trouble,, like fome* 
other conunentators I could have flourifhed away, in an explanation^ 
of the eleventh common notion, upon the properties of the afym«- 
ptotes of the Hyperbola &c f if my intention. had been to raife the* 
admiration of the reader,, rather than to fix his attention- Having* 
therefore refolved to &crifice every ornament to this* fingle confide*^ 
fation ; the learner, it i» to. be hoped, will endeavour to convince 
himielf, or rather fome moce impartial judge, that he underftand» 
every thing mentioned in the laft diflertation before he proceeds to' 
this I in which he will find the nature and end of geometrical de-^ 
monftration laid open with all the fimplicity and perfpicuity whick 
the commentator could give it; and with as much particularity as* 
the patience of the reader, a faculty rather apt to be difcompofed^ 
by much exercife^ could well be fuppofed to bear* 

CHAwP;. 
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C H A P. I. 

Containing an explanation of the two Jirji propqfitions. 

THE two firft propofitions arc thus iBxplainied by Dr. Hooke 
<' Euclid having premifed his principles, he begins his method 
^^ of demonftration, in which he takes no more for granted thaa 
^< what he hath already laid down as eafy and felf evident* His firft 
<^ proportion then is upon a right line given to make aa equilateral 
** triangle. He hath defined in the fourth definition what he 
*^ means by a right line, namely thjat which lieth flraight between 
'< the two extremes of it which are points ; and what be means 
«« by an equilateral triangle, namely, fuch a one which hath all its 
<< three fides equal to one another.'^ 

^ f ^ Tfaift firft ppopofition is a problem, which explains a way how- 
*• to do and perform thc.thing nequired, as well as (hews how to 
^« maaifeft the truth and certainty of the thing done : It contains 
«^ therefore and (hews a double invention, without which or ibme' 
*^ fuch other things the propofidon can neither be done nor demon- 
^* ftratedf which inventions are called mediums or me«in€ by which 
«' we attain to the end propounded or defired* The end here^ 
^ fought is how from the ends of a line given to draw tv^ other' 
'« lines, each equal to the given line, which ftiall meet in one and* 
<« the (ame p(»nt. It is certain that thefe lines muft begin from 
<^ the ends of the firft line given ; but which of thefe to draw firft, 
^ and which way, and* with what inclination to the former line, 
^* that is with what angle, that is not yet known, ^nd ibme inven«* 
^ tion muft be thought of, how to dired our ruler to draw it. 
« Well how (hall this be done, fince there may be infinite of 
« lines drawn fiom each of thote points, which fhall every one of 
<« them be equal to this line given ? How then ftiall we amoifig 
^ thofe infinite of indefinite number chufe out the right ? ^tis im- 
^ poflible witboqt fotxw inveniion*, Our author therefore helps 
^ you to one, and one which you have already granted to be fea<k- 
<< ble^ in the third petition. Upon the center A, and diftance AB, 
^^ draw a circle^ faya he, BCD i what then ? To what purpofe.; 
" Why 
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^ Why this circle then will give you a line, in which are contained 
' all the points or ends of the infinite lines, which may be drawn 
'from the point A any ways that fhall be equal to AB. How fo? 
Why by the fifteenth definition you are taught, that a circle is t 
plain figure bounded by or contained within one curve line^ 

< which is called the circumference ; to which every right line 
* drawn from a point in the middle, which is called the center^, 
^ are equal to one another. But what are we yet the wifer ? How 
^ do we know which of thefe infinite lines we are to draw ? To 

which of thefe infinite points that are in this circumftance ? To 
know this, you muft do the fame thing upon the point B : that 
is» upon the point B and diftance BA, draw or deiicribe the circle 
^ ACE» which will give you all the poflibje infinite points in that 
^' plain ; to. the which from the point B right lines may be drawn^ 
^ equal to BA« Now then fince thefe circles contain all the pof^ 
^ fible points of the lines equal to AB or BA that can be drawn; 
' from A or B. It follows that where thofe circles interfeS,. there 
' only mufi: be the point to which thofe lines may be drawn;. 

< namely at C and at the other point of interfedion and no where 
^ elfe ioever. Drawing therefore lines from A and from B to either 

^ of thofe points as to C as AC, BC ; you have done the thing 

'^ that wae propounded ; namely upon the line AB given you have 

^ made an equilateral triangle ABC ; which was defired. This ia* 

^ the firft part of the pro- 

^ blem, and indeed the 

^« difficultefl to find out ; 

^ namely how to do the 

^^ thing required ; and in 

^ this part lie the greateft 

^^ difficulties of mathema* 

tical knowledge, to wit, 

in finding out thepro- 
<*per and true mediums 

^^ or means to perform the problems required to be done,. wbioK^ 
^' for the mofl part are of the £nne nature with this, and «or«- 
*^ iaft in the finding oot the pofition of a point : for this pFO^ 
^ blem might have been thus worded. A right line being given 

<'as- 
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''^ as AB» to find a point as C, to which lines being drawn from 
** the points A and B» they ihall each of them be equal to one 
^^ another^ and to the line AB which is given : or two points A 
*^ and B being given to find a third point as C» which fhall have 
'< the fame diftance from A and from B that they have from one 
^* another. Bat our author not having given any definition of dif- 
'^ tance or equality^ otherwife than may be colledted from equality 
^' of the fides of fome figure ; or of the rays or lines drawn from 
•*« the center to the circumference of a circle, he chufes rather to 
^^ make afe of an equilateral triangle to find out that propriety of 
^« a point fo pofited." 

*^ The fecond part then of the propofition is the demonftrative 
*^ part thereof, namely, to prove from the principles already laid 
^ down and granted and afiented unto fbr true and certain, by a 
^' clear chain of reafoning and deduction, that thefe lines AC and 
** BC are each of them equal to AB and fo equal to one another ; 
^* and confequently that the figure ABC bounded and limited by 
<< them is an equilateral triangle, according to the defcription of 
^* that figure in the twenty fourth definition. The next thing then 
** to be invented or found out is the medium or means of demon* 
** ftrating it to be fuch; for this we have two. Firft, the definition 
•' of the properties of the lines from the center of a circle to the 
'^ circumference in the fifteenth definition, that they are all equal 
*' to one another. And fecondly we have the firfi: axiome, thofe 
•^ which are equal to one other are equal to one another. Firft AB 
^' is equal to AC, becaufe they are right lines drawn from the center 
** A to the circumference BCD ; for by the fifteenth definition, as 
*^ I £ud, all fuch lines muft be equal. Next BA and BC muft 
•* upon the fame account be equal to one another, becaufe they 
** alfi) are lines drawn from the center B to the circumference 
*• ACE : Therefore both AC and BC are equal to AB ; but by the 
'* firft axiome tfaofe which are equal to one other are equal to one 
<^ another, therefore AC and BC are alfo equal to one another* 
«< Therefore the three fides of the figure ABC ; namely, AB, AC, 
^^ and BC are equal to one another, and confequently bound an 
^* equilateral triaagle according to the twenty fourth definition^ 

<* therefore 
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*f therefore upon the line AB given, an equilateral triangle is made, 
" which was the thing to be done and proved." 
*^ THE fecond propofition is alfo a problem. 
: *^ From a point given to draw a right line, which (hall be equal 
•f to another right line given. For the performing of this propo- 
^^ fitlon, it being a problem, there is need of two mediums to be 
** invented or found out; the firft is for the doing of the thing re- 
" quired ; and the fecond for the demonftration of it ; and both 
" thefe are to be fetcht out of the principles already agreed to, or 
*5 from the troth evidenced in the preceding propofition : For we 
*♦ arc not to fuppofe any thing further known in this fcience, and 
** therefore much lefs are we to make ufe of it. Searching therc- 
" fore out ftore, we have no other medium to make a line equal to 
^* a line,, than firft by the help of a. circle, defined definitiom 15; 
*♦ which biy: the third pofiulaf am is granted to he defcribable upon 
" any center and at any diftance : Or fecondly, by an equilateral 
^' triangle defcribed by definition 24, which we learnt how to make 
*' by the preceding problem : For as to the equal fidbs of an ifof- 
^^ cles triangle, definition 25, or the equal (idea of a fquare, a pa-- 
*' rallelogram or oblong fquare. Rhombus or Rhomboeides defcri- 
♦• bed definition the 30, 31, 32, and 33. Though theii; properties 
" are there defined, yet we are not taught how to make, them as 
"yet, and confequently can make no ufe of therh, as media to 
•'perform the thing required to be done by.itbis problem. .Nop- 
•^ are we to fuppofe, that the length of the line given may be taken 
" by the help of a meafure or a pair of compaiTes, and transferred 
to the point given ; becaufe thofe are firft not mentioned in the 
" principles laid down there, which you are to make ufe of, and 
" of no other, till they be accepted for principles unxleniahle :. For 
*' this is not yet giranted, that you can with compares,* take a true* 
*• length of a lipe, much lefs that you can transfer.it and fet it in 
** another place. But you have granted that 'tis poftible, upon a 
" point^^iven at afny diftance, to dcfcribe.a circle^ or fuppofe it fo 
*^done, which is filfHcient for the demonftration, that. being the 
^ principal thing liimed at bjr our author, Jiamely, to lay open to- 
** the undierftanding the refons and grounds of i the propertte$ of 
^quantities fo and fo qualified, that you may plainly fee how and 
Vol. L d for 
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^' foe what cittfe things are thus or thul aod catmot he ctfierwife. 
** For as to the mod pwufticablc and expedite ways of doing tbofe 
** things mechanically, and for other ufcs, that belongs lo aaother 
*^ part of mathenoiatics i namely to the praftical part tltereof^ \Vhich 
^^ is caJled pira(3:ical geometry, or mechanical geometrji^ which' 
«< ought not to be learned till this be firfl knowa j^ boti thin whkh- 
^< our author treats of is fpeculative geometry, and principally aims 
*< at demonftrattons or explaining the proprieties of (juaatities to 
** the underftandiog. You faw clearly by the former propofition 
*' why ABC was an equilateral triangle i ztA there coaild be but 
^ two fuch made apoo the line AB Iq the £u3ie plains there bsing^ 
^ but two points where in tho& circles cut each other j thofe cir- 
^^ cles determining all the lines equal to AB that can be cfawf n 
*< from the pointa A and B. His way then of pedbrmiog^ this 
<^ problem is this : Let the rigfat line giv^n beSCand^tbe jpiwit 
** given be A ; from 
^* which point a right 
^^ line is to he drawn 
<^ equal to tbe line B€« 
*^ FirftdrawaliDefTom 
*• B to A, which is 
*^. granted poflible by 
^^ the firfl poftulatum ; 
'* then by the former 
^' popofitioD upon this 
^^ line^fiA make anequi^ 
^* lateral triangle BAD : 
'f the9 upon the centtf 
<^E aiMk diftatnoG BC 
*« dtffertbe a, circte^ as. 
'fCGHI by: the third 
^^'poftula^mj then by . ) .. * 

^ the ibrood poflolatvm. produce DB to F ; then, vpoo fhe center 
<« D and diftance DG draw the circle GKL, then 2^ faefbrev pto*^ 
^ducei the line DA to £,^ ihcre fhall AL. be the Hub iequired ta 
^< be drawn ixom the poiM A equal to thae given Hne BCJ' 

^ftThiy 
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*^ This is the ccmftruiSion of die problem, or the pnepariisg of 
^* the proportion fit for dmonflratifim^ by whidi yoa may dearly 
^' ufideriland the reafon^ of it, deduced from the few priDci^les 
<* akeady laid down : For firft, that BC is equal to BG is clear 
'^ from the fiftcendi defioition, witich determines the propriety of 
^^ equality of the rays of a circle. Next daat DBG is equal to 
4* DAL, is as clear from >the fame de&aition^ they being both rayr; 
^ or lines drawn from the center D to the circnmference GKL by 
^< the oonftrudioa preaiifed. Thirdly that DB is eqoal to DA^ n 
** tiear from the tCODflro&ion ; for DBA is an eq^lateral trian|;l^, 
^^ two of wh©fe fides DB and DA are^ Nofr by the third axiotA 

or oooumon notion, if from equal quantities ydu take equal quati'- 

titles^ the remainders ihall he equal; if from DL you take DA; 
*< and from DG^ DB ; the remainder AL (ha;li be equal to the Te- 
.«' maindec BG ; but BC is alfo by the conftrui^ion equal to BG ; 
^ therefore finee hy the firfl: axiom thefe two q^andtibs whkh aft 
** equal to >onp other quantity are equal to one another ; therefore 
^* BC and AL^ being eqvai m BG, are ^qual alfo to one another ; 
** therefore from the point A the line AL is drawn equal to the 
** line BC ; which was the thing to be done and proved." 

*^ Now though this way of dcmonfttation and reafoning may 
^' f<\em tedious and too long to detain the mind and attention in 
«* the finding out the proprieties of quantities, yet 't;was the way 
** made ufe of by the ancients. And 'tis altogether neceflary, efpe- 
** cially in the Beginning of this ftudy, to accuftom the mind to 
^ attentian and mcumfpedlioni that it may receive nothing for 
'^ troth but what it fees clearly by the reaibns and cauies of it, 
^^ that thereby the mind may acquire an habit of intention^ and 
*< of exanuning the ^hole chain of confequents from the firfi: prin-^ 
** ciples to the truth evidenced. For the want of which, fome 
*^ finall ercor pechaps may flip Into the mind under the appearance 
^< of trath, rad thereby make all the fubfequent reafoningd and 
^*<deda&ioiis ionfooad^ and 'tis very much harder to clear and free 
"^ the mind from is ^ben once teceived, than to prevent the recep* 
•* tibn tbeteof. There cannot therefoire (in this ftudy cfpecially> 
•^indt now m mention any other^ where it is pofltble it may be 
^' altogether as convenient, nay ntcefTary) there cannot I fay 

da ** therefore 
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'* therefore be as I conceive to much circumfpe£tion and caution. 
*^ ufed in admitting principles, and furnifhing the mind with th6 
'^ true grounds of knowledge ; becaufe for the moft part we are too 
" prone to take up every thing we hear upon truft, without exami*- 
'^ nation : we are too apt to riin away with a thing, and think we 
^^ know it and fee it clearly before we are fure we do ; and arfe 
** impatient of delay in examining and confidering; whereas if ithe 
*' mind be a little at firft accuftomed to this leifurely and ftrift 
«« way of reafoning, after it has got a habit it will make as much 
^' difpatch in receiving things with fufiicient examination, as ano^ 
** ther diall without it. And the patience only is needful for the 
<< mod part at firft to beget attention ; nor is it peculiar to this 
^' acquiiition alone ; but we fee' it neceflary, and pradtifed in many 
^^ other things where a good habit is to be acquired ; as in reading, 
'^ writing, mufic, drawing, and moft other manual operations; 
*^ The roots and beginnings of knowledge, and practice too, are 
** bitter and tedious, but the fruits are fweet and pleafant ; and 
** whofopver attains the end, will never repent the time fpent ia 
•« the beginning," 

CHAP. II. 
Tbe Jame fubje^ continued. » 

I N the preceding chapter I have given Dr. Hooke's explana^ 
tion of the two firft propofitions, in order to (hew the; reader that 
J am not fingular in my opinion, that Euclid is not to be under^ 
Aood, unlefs the learner beftows that attention upon the firfl: prin^ 
ciples, which may enable him to carry along with him their fuH 
meaning and import. It is true that fome confufed fa£ks concerning 
the properties of figures may be picked up by a very carelefs perufai 
of this author : but whoever is fatisfied with this, had better look 
for his knowledge fome where elfe ; becaufe he will meet with a 
great many impertinent interuptions to his fcheme from the feveral. 
/leps of the demondration ; and rather content himfelf with a 
kind of law evidence, by refolving to confent to every propofition 
which is delivered as truth by two or oxore credible authors. 

Although 
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Although I approve in general of what Dr. Hooke has advan- 
ced^ yet I am convinced that a more minute condderation of the 
different parts of each propofition v^^ill be neceffary for the ftudent 
who would wi(h to leave his prejudices behind him as he advances. 
I ihall therefore point out thefe circumftances, which he might be 
apt either to overlook or miftake. Suppofing the firft propofition 
of Euclid carefully examined^ he will find it taken for granted 
that the two circles cut one another, and that this fuppofes the 
circles to be defer ibed upon the fame even furface, or according to 
the geometrical language in the fame plane, otherwiie there could 
be no fuch point as C. Again the fuppofing C to be a point im- 
plies that the two lines, the two circumferences of the circles have 
no breadth, otherwife the. point would have parts. Likewife by 
fuppofing the triangle ABC to be an aflignable or determinate mag- 
nitude implies that the points A, B, C have no magnitude for 
if they had parts various triangles differing both in fides and angles 
might be defcribed, and it would be impoilible ever to arrive at a 
determinate conclufion. 

But farther, the reader is to confider that he has been reafoning 
all this while, upon a particular ftraight line of very inconfiderable 
length ; He is therefore next to inquire, whether his confbudtions 
and conclufions are alfo particular. That they are not will appear 
from this, that _ no confequence is fuppofed to follow from the 
ilraight lines having any particular length, nor is any conflrudioou 
undertaken upon that fuppofttion; only that the line be finite that 
is, that we know its two ends. 

But it happens rather unluckily, that though the fcientific con- 
ftru£tion be general we are neverthelefs forced to take up with a 
particular one ; which is very apt to create prejudices unlefs our 
attention be every now and then called to the g^peral conftruAiojn; 
.we muft remember that, though we work with s( .rvler and com«« 
pafles, the fcience knows no fuch inflruments*, X<et us, fupppfe the 
jine AB ten miles in length ; and that the fame conilru^ion is to 
be performed ; we fhall now get beyond the obje^s of our fenfes ; 
but if we have beflowed the neceffary attention, to the problem, the 
OBderflanding will have as clear and diilindt a perception as it had 
before, when the line was perhaps not above three inches long. '; 

Our 
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0<ir author's plan obligee him ftridly to prohibit the «r(c of any 
particular inftrument^ ; llraight lines and circles are fuppo^ to be 
drawn and deicribed by mechanical operations ; and we are left to 
guefs in what manner. It wilt however be prudent to acquire fome 
one ready mechanic way at leaft of conftrufting every problem* 
For I always fufptSt any pretenfions to general truths which have 
not been colle^ed from an examination of particulars. 'Hie ruler 
and compa^Tes are fuch ekad minatore reprefentactons of the two 
poftulates, that they are to be preferred to every other iaftrument 
for adifting the imagination to follow Euclid's conftrudlions : only 
the compalTes are to be conftned to their proper ufe, always to de-* 
fcribe circle6> but never to meafure diftances. Indeed it is not 
always neceffary, and often would introduce confufion if the circles 
"were compleatly defcribed : it is therefore fufficient to defcribe as 
much of them as is neceilary ; as for inftance^ in the future appli«- 
<»tion of this propofition, it is obvious that it will be fufficient to 
find the point C ; fcecaijife the point where the circumferences of 
the circles cut one another gives us every thing neceffary for the 
conftrudiion. 

We come ^now to the fecond probkni which is of a more com«- 
ptfcated nature than the iirft i and yet there are very iew^ upon 
reading it, who do ndt fall in with the notion that Euclid has 
taket) a great deal of unneceflary pains to do what a fingle opening 
iof the compafles would have perfornMd with equal or perhaps 
^More eica&nefe« Bet confidering the (ciencc only with a view to 
pradice, the affairs of mankind are carried on npon a much larger 
icatle than to be managed with a ruler and compafTes i and we have 
^nly to fuppofe the line BC a mile in length, and this will anfwer 
the ols^ftion fafBci^ntly. The underftanding is capable of reaching 
^he general conclufion delivered in this propofition ; why then 
Ihotild It he fettered with inftroments ? Euclid's contrivance is ad- 
inirable and fuited to the dignity of the human mind. According 
to his plan we are guided by inftruments, but neither confined nor 
loaded with them. 

After Ae ftudent has fixed in his memory the conftrudtion and 
'demonftration of ^l6 iccoii4 pYop(E^on» it is more than probabke 
that his condufione Will l>c tiinitsd COithe 'pamicular figure which 

he 
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be made tifc of and to that very polidoo. which die lines faai^ned 
accidentally to take. 

This is a very general prejudice^ and will bo removed t^ attwd^ 
ing to the following dire£tions. Let tbe karner coniider whether 
DA and DB produced will ctxt the circle CGH : and he wilt ^od 
that D£ m^fl: cut it as it pafles through its center, hot that DA'^bi 
cutting it depends upon the length of AB« Change tbe portion d 
the point A and repeat the conilrudlion and thus you will learn 
what lines have a fixt pofition or only an accidental one : defcribe 
tbe equiktj&rai triangle ABD upon the other fide of the line AB 
aal conxpleat the figure ; alfo pin the points A and C itiftead off 
tbe points A and B and repeat the fame confbudioos:^ and by pvo^ 
ceeding thus you will be able to concpier the ftejvidicc of &nfe and 
to acqucKe fomething like a fcientific view of the problen^. For 
you will find no confequence deduced firom. BC'& having any pavti-* 
cular kngth or the point A any partktdar pofition. 

Bat tbe third propofition will afford an opportunity of taking tf 
ibmewhat different vie!W of thefe two propofitixms. It i< a pPDblcna^ 
Two unequal firaight lines being given to cut of a part from the 
greater equal to the Icfs* The fimplcft cafe of this propofitiof^ 
vrauld h^f when both tbe lines are draviim £ram tbe fame poiiM : 
for making that point the center^ and the fhorter tine the radiue, 
d>e circle fo defcribed would folve tbe problem. : but if tbe lines 
had any odner pofition, a very different apparatus wovid be nect£- 
hxy > we misflL learn how to put a. line zt tbe extremity of the 
kmget c<|ual to tbe. fliortsr line ; and this cannot be done before 
ve luve Ihained how to defcdhe an equiSatterat criMgie.^ I wowld 
therefore propofe it as an exercife Got tbe iiudent^ said his* fiiceeft 
WQfdd be a proof that he was maftes of the fubjeift^ to let out 
ipoa a fu>ppo£itjtHi that the book began witb tim tWdpropofifioD^ 
wbkb will now inchide the firik and fecend ; and bpthfis proce^ 
be will have their connexioni with each otber ftrangty iftif>re(£sd 
upon his mind. His figure will confift of five circles^ and their uib 
is to determine four points : fuch a point as C in tbe ficft propo* 
fition^ G and L in the fecond j and £ in the third.. 

Whoever attempts to communicate knowledge to mankind, 
muft write upon the fuppofition of a certain degree of i^iprovement 

in 
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in thofe to whom he; addreiTes himfelf, otherwife his book can 
have no determinate end to anfwer. Euclid fuppofes his reader 
above* the prejudice of fenfe, and to have the ready ufe of his un- 
derftanding, with a due command of atttention ; and upon this 
fuppofition he has faid every thing ncceflary to convey the fulled- 
information to hisxeaden But I write to a different fort of people, 
to fttch as.areiimmerfed in the prejudices of fenfe, and at the fame* 
time very thoughtlefs -, to thofe whofe undcrftandings are not:dif- 
pofed to attend to the call of reafon without frequent admonitions; 
and this is my apology for begging the (ludent's attention to one 
thing mor6, before I finifh this chapter ; he will always find fome-* 
thing fuppotfed or given in every proportion, and perhaps nothing 
will contribute fo much to a right underftanding of the propofi- 
tion, as a diligent enquiry into the ufe made of the ^iata or fuppo- 
fition, as for in (lance whether the reafoning in the third propo-* 
fition, does not depend upon the fuppofition that AB is longer 
than C $ and where the reafoning would fail if that were not the 
cafe. Our author was very confident that his reader would know, 
that, without this part of the fuppofition, there never could have 
been fuch a point as £ : but I am affraid that mine trufted to his 
fenfes for the real exiflence of this very point ; dont I fee, fays he, 
that the circle cuts it« 

I fhall conclude this chapter by reminding the reader again, that 
the ufe of the two circles in the iirfl propofition is to find the point 
C : and in the fecond, that the equilateral triangle is defcribed to 
fix the point D, which is to be the center of a future circle ; whofe 
radius DG is determined by the defcription of the circle CGH ; 
and laftly that this circle itfelf is defcribed to find the point L. 
And thus I leave the Audent to purfue his own meditations upon 
thefe three propofitions, only advertifing him, that, if he thought 
them eafy upon the. firft reading, and ilill perfifts in the opinion 
that he then underftood them, I am certain he knows nothing of 
the matter. 
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CHAP. IIL 

Concerning bypothefes. 

THE fourth propofition is of a different kind from the three 
firft ; and is called a theorem. In the problems fomething is re- 
quired to be done : a problem therefore may be divided into two 
parts the conftrudion and demon (Ira tion : for after fhewing in 
what manner it may be done ; it is neceflary to prove that this is 
agreeable to thofe principles which the nature of your fcience 
ol^liges you to adhere to. Thus in the third proportion it is totally 
inconfiflent with the principles of this fcience to take the line C in 
a pair of compafTes ; and by this means cut off AE from AB ; for 
whatever inftruments we ufe, it can be allowed to do nothing more 
by their affiilance than to draw a (Iraight line and defcribe a circle; 
the compaiTes then may be ufed in d^fcribing a circle ; but it can 
do nothing elfe without encreafing the number of our mechanical 
problems^ which Euclid has avoided with the greated care ; and 
here it is to no purpofe to alledge that it can perform the one as ac- 
curately as the other : but I defire it may be obferved that it is not 
admitted upon the fcore of its accuracy, but as keeping in fome 
rdpeft to the idea of the populate; for its merit in point of accu« 
racy is realy nothing. 

If geometrical knowledge could be communicated in the form 
of problems it would make a readier and ftronger impreiHon upon 
the mind of the learner : for in the conftruftion of a problem the 
ftodent is not barely a fpeflator but has an active part ailigned 
himf to keep up his attention : but when a theorem is prefented 
Co his confideration, unlefs he has learned the ufe and management 
of an hypothefisy he will be but an indolent and inattentive fpec- 
tator I and to tell fuch an one that the confequence alluded to fol- 
lows from the fuppofition is to addrefs him in a language which he 
does not underftand. But for a more particular explanation I ihall 
aaalyfe the fourth proportion, which runs thus ; 

If two triangles have the two fides equal to the two (ides, each 

to each ; and have the angle equal to the angle, the angkf contai-* 
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ned by the equal ftraight lines : They will alfo have the bafe equal 
to the bafe ; and the triangle will be equal to the triangle ; and 
the remaining angles will be equal to the remaining angles^ under 
which the equal (ides are extended^ each to each; 

This general enunciation of the propofition will convey but a 
very indiftinft perception of its meaning to a learner^ efp^cially 
upon a firft reading ; this however may be improved and rendered 
diflind by the affiflance of a figure^ reprefenting two triangles ia 
the fuppo&d circumftances V but here again a new difficulty arifea^ 
as this hardly ever fails to bring a prejudice tkng with it : for the 
triangles reprefenting not only the fuppofitions, but at the fame 
time the inferences which are faid to follow from them s the fta*- 
dent is at a lofs to diftinguiih what is given from that which ia to 
be inferred from it ; becaufe in all probability he will look upon 
the figure itfelf as the only iburce from which his knowledge is to 
be derived ; and then he is as well convinced that the conelufioas 
are true as the fuppc^tions ; and cannot conceive what it is he has 
to demonftrate. And unlefs he be qualified to lay a proper ftrefe 
upon the fuppofition^ the demonftration muft appear to him an 
idle abufe of words calculated only to perplex hit underftanding, 
efpecially if he has already fixt his opinion by hra compafles and 
other inflruments. It is not eafy to deviie a ready remedy for thii 
error ; fo that a man runs a rifque either of having no opinion co&«« 
cerning what is propofed in the propofition or an abiurd one i for 
of all the difficulties attending the acquifition of the feknce» this 
is the hardeft to be got over. To reaibn accurately from a iuppo- 
fition is no eafy matter ; attention and habit will do a great deal^ 
but ^bove all a proper fenfe of the difficulty of it. In the pro-* 
blems which we have already conftdered^ the ftudent has only to 
attend to the works of his own hands, in the firft propofition the 
ftraight line AB is given him ; but the two circles, and the two 
ftraight lines AC and BC are his own manufadure i and likewife 
in the fecond fo is the whcde figure except the point A, and the 
ftraight line BC : this makes a diiKndion which nobody is (6 
thoughtlefs as to overlook. But in a theorem like this fourth pro* 
pofition $ where one has nothing to ih but to tAfni, the caie is 
very different, efpecially if the figure, which is intended to direft 
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him, hj miftakiog its ufe^ (hould become the occaiion of feveral 
prejudices. But to be more particular. 

Let A5C and DEF be two 
triangles ; having the two 
fides AB and AC equal to 
the two fides DE and DF i 
each to each, viz. the fide AB 
equal to D£| and the fide 
AC equal to DP; and the 
angle contained by B AC equal 
to the angle contained by EDF. 

This now is the hypothefis or fiippofition, which is to be conr 
fidered as abfolutely certain ; and a principle from which we are 
to reafbn as confidently, as from the firft common notion that mag- 
nitudes, equal to the fame^ are equal to pne another. Whatever 
might be colleded from looking at the triangles, or by any other 
means, is to be entirely neglected ; and not merely negleded, but 
even fhunned as leading to the moil pernicious errors. The flu- 
dent has only to examine the hypothefis, onp part after another, 
making ufe of the figure only to afiift him in comprehending its 
meaning, which he might iet about in fome fuch manner as this, 
repeating to himfelf, the two fides I find are equal, l^ut not any how; 
for they are faid to be equal each to each ; the fides of all triangles 
are incltned to one another ; but here a particular inclination is 
fpecified ; they are faid to be equally inclined : this the attentive 
reader will comprehend perfe£lly, and be able to fay I underftand 
now what the author meAns ; he affirms that all triangles which 
agree with one another in the circumftances above mentioned 
cannot poffibly fistil in giving us the faaie confequei^es. But let us 
fee what confequences he fays will follow from his fuppofitions — 
They will alfo have tAe third Jide cr ba(e BC equal to the bafe EFi 
«nd the whole triangle ABC equal to the whole triangle DEF : 
tad the remaining angles — Jiop, why that epithet remaining ? 
Why^ becaufe only one angle in each triangle being equal by the 
fappofition, are there not then two in each triangle which remain 
to be confidtir ed ? But to proceed, thfe remaining angles ihall be 
equal to the remaining angles not both taken together, but each 
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to each. Each to each, this though fomewhat particular never-' 
thelefs admits of a latitude fufficient to perplex an ordinary under- 
ftanding ; and without fome additional circumdancey mufl: remain 
unintelligible even to the acuteft. But the angles are particularly 
defcribed and alfo fixed ; becaufe they are to have the lines which 
are equal by the fuppofition extended under them ; that is- the 
angles under which AB and DE are extended are to be equal, as 
alfo thofe under which AC and DP are extended ; viz. the angle 
ACB or BCA equal to the angle DFE or EFD ; and the angle 
ABC or CBA jcqual to DEF or FED. Now thcfe arc faid to be 
the confequences which will certainly follow from the foremen-^ 
tioned fuppofitions. 

But it will be too much for the learner to attempt the whole 
demonflration at once ; let us therefore fee what confequence will 
follow from each part of the fuppofition taken fingly. The prin- 
ciple by which they are to be ^examined is the eighth common 
notion, magnitudes which apply themfetves exadtly to one another 
are equal. It is here faid that AB and DE are equal. What do 
you underftand by this word equaH Certainly it muft mean, that, 
if the ftraight lines AB and DE be properly placed, they ' will 
apply themfelves exadtly to one another. But what is the proper 
way of placing them ? Put the point A upon the point D and the 
line AB upon DB ; obferve all this may be done whether the lines 
be equal or unequal ; but then the point B will apply itfelf to the 
point E only when the lines are equal ; /or when AB is longer 
than DE the point B will be found beyond E ; and when AB is 
fliorter than DE the point B will be found between D and E. 
After a careful examination of thefe two particular lines ; let U9 
fuppofe each of them a thoufand miles in length ; here our fenies 
forfake us, but furely our underftanding unlefs it be weak indeed, 
will give .us as p6&tive a concllifion as in the other cafe i fo that 
we may conclude univerfally that whatever be the length cf AB 
provided only AB and DE be equal ; and the point A upon the 
point D, and the line AB upon DE ; the point B will always 
apply irfelf to the point E ; which was the firft confequence to be 
examined. Alfo if the point A be upon D and the line AC upon 
DF ; the point C will apply itfelf to the point F, as is obviow 
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for the fame reafons; and that will always be the cafe whatever be 
the length of AC. 

We come next to confider in what circumftances it is pofTible 
to place AB upon DE s and at the fame time AC upon DF : Now 
this can always be done, if the angle BAC be equal to the angle 
EDF ; becaufe when the point A is upon the point D : and AB 
upon DE; it follows from the equality of the angles that AC will 
take the diredion of DF. But if the angles be unequal, although 
the point A be upon the point D ; and AB upon DE *, yet AC 
cannot poilibly fall upon DF 1 becaufe AC will then take a direc- 
tion, on the one fide or the other of DF, according as the angle 
BAC is greater or lefs than EDF. 

Laftly let us fuppofe the two extremities of two ftraight lines 
to be the fame $ may we not conclude from this that the lines are 
equal, and in the fame direction, that is the one line will apply 
itfelf to the other ; becaufe if it did not the two ftraight lines 
would ioclofe a ipace. Therefore in this figure of ours, if it can 
be proved that the point B applies itfelf to E, at the fame time 
that the point C applies itfelf to F ; we may certainly conclude 
that BC will apply itfelf to EF and be equal to it. 

Each of thefe fuppofitions ought to be examined frequently, and 
the confequences which follow, from them are to be ftrongly im* 
prefiTed upon the memory ; fo that the very mention of the fuppo- 
fitioa may fugged the confequence. 

And here it may be proper to inform the fludent, that he is not 
to confider this as any acquifition of fcientific knowledge ; but 
only the confequences which common good fenfe cannot fail to 
draw, whenever thefe things become the fubje£fc of confideration ; 
thefe remarks are introduced not as teaching any thing new, but 
only to fix the attention. However the combination of thefe, as 
in the fourth propofition, will carry us a flep beyond the common 
fenfe of mankind : for he who firfl found out t^at the two fides 
and included angle fix every part of the triangle beyond a pofii-» 
bility of change, had certainly more than a common notion of a 
triangle, and merited the high title of an inventor. The learner is 
gow to endeavour to make himfelf notafter of the fourth propo- 
fition, before he proceeds to the next chapter, in which he will 
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find fome remarks tending to carred, confirm or enlarge the 
notions which he may derive from it according to the different 
degrees of attention bellowed upon it. 



C H A P. IV. 
T!be fame fubjeSl continued. 

THE reader is without doubt furprized to find this affair of 
JUppofitions reprefented as a difficulty almofl unfurmountable ; and 
not a little inquifitive, we may fuppofe^ after the reafons of this 
ftrange phanomenon. Our own indolence is the real caufe, for 
fimple reafoning is hardly fufficient to fet the mind in motion 
without fome external application. When a problem is propofed, 
there is fomething to be done, and, which is very much to our 
purpofe, may be done wrong : this fets us upon thinking i and by 
giving a preference to one method above another, we come to dif- 
tinguifh between what is right and wrong, and become fo much 
intereiled as to give the queffion a ferious examination/ But the 
cafe is very different in theorems, for the confequences are abfo*' 
lutely fixt by the fuppofitions, fo that a mind without experience 
of fuch fubjefts has nothing to engage its attention. 

It would be abfurd to propofe a problem of this kind : Suppofe 
two triangles to have two fides equal to two fides, each to each ; 
and the angles, contained by the equal fides, equal ; it is required 
to make the third fide, equal to the third fide j and the two re^ 
maining angles equal to the two remaining angles, each to each ; 
namely thofe under which the equal fides are extended. Here there 
is no room for a conftrudtion ; becaufe according to the fuppofi^ 
tion, the fides and angles cannot be otherwife than equal. How^ 
ever it is neceflary to fliew that thefe magnitudes are really equal ; 
and the fuppofitlon alone is what we mufl: truft to, for bringing 
this about : and we are at a lofs becaufe, for this end, we begin. 
to derive the confequences from the fuppofition before we have 
examined the different circumftances of which it confifts, or with- 
out linderftanding what isimplicd in the fuppofition, when it 
reaches beyond the obvious meaning of the words in which it is 
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cxpreft { or whco more ismeant than diredly meets the ear. The 
mind mud have room to exercife iticlf in» as well as the body i 
aod it is rendered almoft inadive by being confined to a fing^e 
fuppofition. But if the fludent has patience this may be remedied 
by varying the fuppofition ; and then you may have all the latitude 
and range of thought, which is allowed in the conftrudion of a 
problem. 

Let us fuppofe then that only AB is equal to DE, and the angle 
BAC equal to the angle EDF 1 but that we are quite in the dark 
as to AC and DF, 

When the point A is put upon D/ and AB upon DE the point 
B will apply itfelf to E as before and AC will take the diretftioa 
of DF ; but it is impoflible to determine any thing concerning the 
pofition of the point C> only that it will be found ibme where iit 
the line DF or in DF produced. 

Again let us fuppofe only the two fides equal ; then the point A 
being put upon D ; and AB upon DE ; the point B will as before 
apply itfelf to E, but we can make no ofe of the oAer part of the 
ibppofition ; for we can determine nothing concerning the direc* 
tion which AC may take, becaufe nothing is faid concerning the 
angles or inclinations of the lines. 

But farther, let us fuppofe, that not only AB is equal to DE 
and AC to DF and the angle BAC equal to the angle EDF ; but 
moreover, that AB is equal to AC and confequently DE to DF : 
now by placing the triangles as in the proportion, we fhall find 
the angle ABC equal to DEF ; and not only that, but, by putting 
A upon D, and AB upon DF the point B will now apply itfelf to 
F becaufe AB and DF are equal by the fisppofition ; and alfo the 
angle ABC will be equal to the angle DFE : but ABC has been 
already proved equal to DEF ; therefore by the firft common 
notion the angle DEF is equal to DFE : that is the angks a:t thfe 
bafc of the triangle DEF arc equal : But this conclufion does not 
depend entirely upon DE's being equal to DF ; but it is required 
befides that BA ihould be equal to AC and to each of the lities 
DE, DF and likewife the angle BAC equal to EDF. So that this 
eafe can by no means be confidered as including the fifth propo- 
fition, in which there is no other fuppofition but the equality 
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of the two fides ; and as we muft have an angle equal to the angle 
at the vertex of the ifofceles triangle, this angle mufl be made, 
which, in our prefent circumftances, will not be found fuch an 
eafy matter. And fo much for hypothefes or fuppofitions. 



C H A P. V. 

Containing a critical examination of the fourth proportion. 

OBJECTIONS are brought againft this propofition, as if 
the demon ft rat ion proceeded by a mechanical application of the 
two triangles to one another. But whoever ft^rts fuch an objec- 
tion as this, has not the moft diftant conception of the demonftra- 
tion ; or elfe he mud be ignorant of the nature of a mechanical 
application. And a particular examination will put this beyond 
all doubt. 

Suppofe two triangles of brafs, made as accurately as poflible, 
all their different parts correfponding exadtly. When we apply 
them to one another, all that we can fay is, that as far as our 
fenfes can judge, the parts fccm to agree. Now what knowledge 
is got from this ? Certainly by this application, no property^ of a 
triangle can be difcovered ; we may form a concluiion concerning 
the accuracy and neatnefs of the workmanfhip i but nothing far* 
ther. It is impoilible to fay from this that any thing is equal, but 
what is made equal ; no doubt a very curious difcovery and tending 
greatly to the enlarging the boundaries of the fcienco ! 

The miflake here arifes from not confidering that it is impof- 
fible to make the parts of the figure which are to^eprefent the 
fuppofition unlefs you make at the/ame time the parts expreffing 
the confequences which, it is faid, will follow. The parts repre« 
icnting the fuppofition are to be tried and examined by the eye, as 
well as thofe which reprefent the confequences 5 fo that if any 
confequence follow it muft follow from nothing. And the moii 
attentive ftudent will retire from this contemplation^ with a very 
curious piece of information % namely, that he had feen two brafs 
figures fo contrived as to fit each other exadtly. 

We 
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Wc now proceed to confider the application made ufc of by 
Euclid in this fourth propofition. And firft it is to be obferved 
that his triangles are required td have no particular pofition ; 
therefore the point A may be fuppofed to be upon D as well as 
any where elfe ; and likewife the line AB upon DE ; and all this 
might happen to any two triangles not determined to any parti- 
cular pofition. Then AB being to DE the point B muft apply 
itfelf to Ey it is impoflible to conceive it to have another fituation» 
which is very different from faying that as far as we can judge by 
our fenfes it feems to be fo 5 again if the angle BAG be equal to 
BDF, the line AC muft take the direction of DF ; and it is im* 
poffible to conceive it to take any other ; and fo likewife the point 
C muft apply itfelf to F, whenever the line AC is equal to DF : 
and (b on to the coincidences of the different parts of the trian-* 
gles I and all this is as different from a mechanical application, as 
light is from darknefs. For fuppofing what is taken for granted, 
it is impoflible to conceive the confequences not to follow ; and 
this is certainly fcience if there be any fuch thing in the world. 

Bat again it is alledged^ why may not this method of applying 
be extended ftill farther by making it an inftrument for conftruc* 
ting problems ? as for inftance in the lecond propofition ; why 
may we not fuppofe the line BC fo placed that B may be upon A, 
and the thing required is done ? For a very good reafon> becaufe 
BC and the point A have each of them a fixt pofition already. 

Upon the whole then we may conclude, that this method of 
«pplicatioh is perfedly fcientifical ; and that whenever two trian-* 
^k$ agree in the circumftances mentioned in this fuppofition ; the 
confequences will always necefifarily follow $ the bales will be equal 
and the remaining angles, each to each, viz. thofe under which 
Che equal fides are extended : Becaufe no confequence is deduced 
from the lines having, any particular length, but only from their* 
being equal : nor is it fuppofed that the angle contained by the 
£de8 is any particular angle, but only that the angles are equal. 
And this may fuffice for an anfwer to. the objedlions commonly 
brought againft the demonftration of this propofition. 
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C H A P. VI. 

Containing an explanation of the Jifth propofition. 

ONCE upon a time a certain father refblving not to be 
impofed upon by reports^ determined to examine into his fbn's. 
progrefs in this fciencej, produced the book, and required him to 
demonftrate a prOpofition to which he referred : the young man 
though unacquainted with the fubjedt^ taking courage from his 
father's ignorance, began very impudently in fome fuch manner as 
follows i, Becaufe the angle ABC is equal to the angle CBA, 
therefore the angle DEF is equal to the angle CEF &c &c \ ring- 
ing the changes upon fides and angles, until he had fpun out his 
demonftration to a decent length : and then kept filence in expec- 
tation of his fathers's opinion % who with a grave and important . 
countenance remarked, '^ This is what we caU demonftration/* 

Every one is fenfible» that it is contrary tQ. common, fenic to 
imagine that the letters of the alphabet thus repeated can have any 
meaning ; but the indolent reader ought to be informed, that the 
repeating fuch phrafes, in a regular order, mends the matter but 
very little, unlefs they convey to the mind their proper meaning : 
and unlefs the fourth propofition be well underftood^ the. moft of 
that which follows will be nothing but an infignificant jargon. 
As the whole fcience therefore depends fo much upon an accurate 
and comprehenfive view of this propofition> it would be proper , 
for the learner^ before he proceeds farther to take the opinion of 
fome acquaintance (killed in thefe matters ; who„ by a particular 
examination might be; ab}e to determine,, how far he can be pror 
perly (aid to underftand it ; and this friend is authorized, upon 
his failure in any pointy ta admoni(h him, by faying» ^^ this is. 
'* what we call demonftratidn^" 

I myfelC can trace every miilake concerning the following pro-- 
pofitions, or partiar conception of their meaning, up to my igno- 
rance of the full import and meaning of this propofition. For it 
is by no means to be underftood as applicable only to fuch trian* 
gles> as one may make ufe of to alfifl the imagination in tracing 
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the fteps of the demonflration ; but as carrying with it this exten- 
five and general meaning, that all triangles which have two fides 
equal to two fides^ each to each^ and the angles» contained by 
thofe fides, equal ; that all fiich triangles, I fay, have their bafes 
equal ; and the two remaining angles in every triangle, equal, each 
to each ; vi^. thofe angles under which the equal fides are ex« 
tended. Or more properly that all fuch triangles, whatever be 
their number, are but one and the fame triangle. Or otherwife 
that the two fides, and the angle contained between them, fixes 
every part of the triangle, beyond a pofllbility of change. But I 
fhaU now proceed to confider the fifth proppfition. And the reader 
may recoiled): an attempt in the end of the fourth chapter, to derive 
this propofition from the fourth, or rather to make it only a par*^ 
ticular cafe of that propofition, when the two fides of each trian* 
gle are equal to one another ; and I there gave the reafons why it 
could not be cohfidered as fuch : neverthelefs the artifice of this 
propofition will be the better underftood by profecuting that fcheme 
a little farther, producing the equal fides, and proving fhe angles 
below the bafes of fuch triangles equal, in the fame manner as the 
equality. of thofe above tbb 4>afe was there demonftrated. 

It was then oblerved that the fuppofition was too complicated 
for this purpofe ; bccaufe not only DE and DF were to be equal 
to each other and to AB and AC, for this might have been al- 
lowed ; but alfo the angles between the fides were to be equal, 
which could by mo means be allowed; becaufe according to the 
fifths only one angle being given, the other was ^to be made equal 
to it y which is not at prefent pofiibie. 

. If the reader has profecuted this fpeculation far enough, he will 
certainly admire the ingenuity of our author for his contrivance 
to make thefe angles equal, in a very elegant manner indeed : and 
which, it ia curious to bbferve, necefiarily requires that the fides of 
his two triangles (hould be unequal, For he makes this very angle 
which we are confidering common to both, by making the fides 
of the triangles take the fame direction, the fhorter fide of the one 
being upon the longer fide of the other. 

But now it will be proper to turn to the demonftration itfelf ; 
and after a careful exaoiination of its diffennt parts, I would re* 
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commend a particular attention to the ufe which might be made 
of it, in order to imprefs the laft propofition more ftrongly upon 
the memory. The great advantage of problems above theorems^ 
for 6xing the attention of the learner, has been, mentioned already^ 
and here a little of that advantage may be gainedj, by the p^ticular 
\itvf of the fourth exhibited in this propofition ; which will teach 
us how to reprefent by an actual condruAion, the fiippofitions in 
the Uft propofition : becaufe, if we draw twoundetecmined flraight 
lines, making any angle ; we can cut off AB equal to AC i and 
AF to AG I and^ by joining BG and FC form two triangles, with 
all the parts of the fuppofition in the lafi, accurately repQsfented ; 
and thia not in imagination,* but conftruded by ourfelves ; and the 
confequences, not made, as was objeded to the mechanical trian* 
glcs, but left to follow from the conftruftion ; the accuracy of 
which, the flow of imaginarion may examine by inftruments *,. and 
thus get a kind of palpable evidence for the truth, of the propofi« 
tion i and by varying the inclination of the lines, and the length 
of the fides, climb up by degrees to fomething like a fcientific con-* 
ception of its meaniag^ 

The other two triangres FBC and CGB, though they reprefent 
a particular inftance of the fourth propofition, are not fo fit for 
this purpoie, not being fo general as the firft two triangles nor fo 
much in our power» or rather indeed they are not at all in our 
power : We may vary the angle and the two fides in the triangle ABG 
at pleafure ; but we hisive no power over the fides, or angle BFC 
of the triangle FBC $ for they become fuch as may liappen from 
the conftrudioft of the firft triangle : therefore the epithet afy 
could not be fe- properly applied to the triangle FBC as to ABG. 

I have recerameaded to thofe whofe imaginations are flow or 
inadive, theie coBftrudions and inftrumental proofs of the feveral 
conclufions which follow from the fuppofitions in the fourth pro- 
pofition. And I now, rather more earneftly, recommend the fame 
to thoie whofe imaginatione are difpofed to out run their judge* 
ment, left they (^ould fnatch the conctufions without the premifes« 

I have only one remark more to make upon this propofition, 
which the judicious reader has already made for himfelf, namely, 
how little there is ta attend to, in this very formidable propofition, 
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ihis pons qfinorumf upon z fuppofition that the fourth is perfe&ly 
iinderftood : for except the circumftances of taking the eqoal angled 
CBG, BCF from the equal angles ABG» ACF; it has nothing pe- 
culiar to itfelf ; every thing elfe confiding of particular profpe^ 
of the fourth propofition^ 

But if any one is defirous tq have {bme kind^of reafon for fixing 
his attention a little longer upon this proportion, by taking a fome«- 
ivhat different view of the rubje<% i let him fuppofe» inftead of 
this fifth propofition, it is required to demonftrate that all the 
angles of an equilateral triangle are equal 1 for inftance foppofe the 
angles.of die equilateral triangle ACB defcribed in tbefirft propo«> 
fition. Produce CA, and CB $ and the fame conftru^on and de»- 
monftration made ufe of in this fifth, will prove that the angle 
CAB is equal to CBA ; and by producing AB and AC j in the 
fame manner it may be proved that the angle ABC is equal to 
ACB ; but it has been already proved that ABC is equal to CAB 
therefore, by the firft common notion, the angle CAB is equal to 
ACB &c. 

I (hall conclude this chapter by defiring the reader to take every 
opportunity of correcting a prejudice,, which it will require all his 
art to remove. We cannot help drawing coniequences from tfie 
very pofition which the lines accidentally happen to take in that 
particular figure which we reafon upon, though this particular po* 
fition make no part of the fuppofition. The fiudent.may convince 
himfelf of this,, if he read the fourth propofition by the afiiftance 
of the figure which belongs to it ; and then again making ufe of 
the two triangles ABG and ACF in the figure. to propofition fifth; 
making the f^me fuppofitiou in both ca(es. If the confequences 
are fuggeded to his mind more readily by one fet of figures dian 
-Mdother ; this can arife from nothing but the ftreis bad lipon the 
magnitude and fituation of the triangles, which^ by the v^ry fuppo- 
fition have no particular magnitude or fituation. But thk prejudice 
will be lefifen^d, and gradually removed by varying the pofition c^ 
the figures, turning them upfide down ; and by fnch other methods 
as will readily occur to the attentive reader |. but above all by en^ 
larging the figures, fetting the imagination to work until they ceaic 
-to be the obje^ls of our £bnfes. Thf center of the moon, when . 
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in the cqmnbiSdzl, joined by ftraight lines to the two poles of the 
Earthy would mdce a very proper ifofceles triangk with which the 
•ftndent might finiHi his fpeculations upon this propofition. ; 



CHAP. vir. 

Goncertting indireSi demonjlrations^ 

r ^INHIREGT diemonflrationaiare generally ufed» when the proi- 
pbiition is the* converfe of fome other which has been already de<p* 
-monftrated« A propofition is faid to be the x:6nverfe bf another, 
-when the hypothecs or fuppoiition in the one is the thing to be de* 
xnonftrated in the other, and the contrary i thus the converfe of 
the fourth would-be; fuppofing thebafe BC equal. to the bafe EF $ 
and the angle ABC equal to the angle DFE ; as ;alfo, the angle 
ACB equal to the angle DFE ; that then the two fides BA and 
AC will be equal to the two fides ED and DF/each to each ; vir. 
thofe fides which are extended under the equal angles, that is AB 
equal to DE and AC to DF ; as alfo the angle BAC contained by 
the two fides, equal to EDF. 

Now: this propofition admits oi a dire£fc demonftration ; for if 
the point B be put upon E and BC upon EF, the point C will 
apply itfelf to F, becaufe BC is equal to EF i and BC applying 
itfcJf to EF ; alfo BA will apply itfelf to ED, becaufe the angle 
ABC is equal to D£F> Certainly for the fame reafon CA will 
apply it(elf to. FD, that is, becauie the angle ACB is equal to 
X>F£ : the point A will therefore apply itfelf to D ; and fo AB 
will be equal to DE and AC to DF and the angle BAC will 
be equal to EDF. &c. 

But if we fuppofe the angles at B and C, net oiily equal to 
thofe at £ and F, but alfo equal to one another i we may prove 
AB to be equal to DE as. before ; and then by putting B upon F 
and BC upon FE we can prove that C will apply itfelf to E ; and 
that the line AB will be equal to DF : but it has been demonflrated- 
that AB is equal to D£, therefor^ by the firfi common notion DE 
11 equal to DF ; and <no doubt fome authors would produce this as 
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a demonftration of the fixth propdiition ; but it is liable to the 
fame objedions^ as it converfe, which have been mentioned already. 

But inftead of going any fuch way as this to work Euclid has 
given a very elegant demonftration of the fixth propofition, which 
is the converfe of the fifth ; which the reader may pleafe to turn 
to and examine ; after which he may proceed with the following 
remarks. 

And firft it will be worth his while to obferve the ingenuity 
which Euclid has difplayed^ in making the angles which arc equal 
by the fuppofition^ the angles between the equal fides of hi^ two 
triangles 1 and BC being a fide common to both it remains only 
for him to make BD equal to AC ; and to join DC. And- here it 
may be afkiedy and it is alio the mod important quedion which can 
be put with regard to this propofition^ how comes it to pafs that 
he cannot find by his conftrudion that the points D and A are the 
fame ? It is true fuch tin inftrument as the compafifes would find 
out this if it difcovered any thing j but this ufe of the inilrument 
is rejeftcd for reafons given already. For the folution of this^ diffi-* 
culty therefore the ftudent may pleafe to turn to the third propofi- 
tion, and confider the apparatus made ufe of, for cutting off, a 
part from a line equal to another : and he will fiifd that the fiip- 
pofing the problem pofilble implies that the laft defcribed circle 
muft cut AB that is that the point D mu4i be between A and H. 
And when we find that this fuppofition leads to an abfurdity what 
are we then to conclude, but that the problem is really impofiible ; 
which never can be if AB is greater than AC ; therefore it is-not 
greater. And I appeal to any one, Hvhether the demonftration is 
either difficulty bbfciire or inconclufivc when k isfconfidered in this 
manner. Nothing can be fo fenfelefs as the objeftions ufually made 
to indired demon ftrations. EViry demonftration may be loaded 
.with ebjedtions until it becomes indirect: the reader will find a 
fpecimen of that kind in my remarks upon the firft propofition ; 
where a caviller is introduced denying that the ^uilatferal triangle 
there defcribed is a fixt magnitude. Bat our adthbr never carries - 
his reafoning farther than good -fenfe requires ;:-fo t&at it is only 
fuch propofitions as this fixth, which take an indiredt form in his 
hands. And this kind of reafoning will not apply unlefs we know 
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how many ways the thing may be; as in the prefent inftance AB 
muft be )squal to AC or longer or fhprter ; or elfe we muft get at 
fuch dire<3: confequences from one part of the fuppoiition, as will 
overturn the other : as in the next propo(ition» which I muft now 
beg the reader to perufe : after which I (hall be ready to lend him 
my afTiftance in removing fuch difficulties as ufually lie in the way 
of beginners* 

It is foppofed here, that AC is equal to AD ^ and at the Came 
time BC equal to BD. The learner will do well to fix his atten- 
tion entirely upon this : firfl: tracing the confequences which fol* 
low from the foppofition of AC's being equal to AD as far as they 
will ^o ; which he may eafily <io ; as it is only that the aog^e ACD : 
as equal 40 ADC 

He is i^exc to obferve the confequences 
which follow from the pofition of the lines ; 
and thefe confequences are> that the angle 
ACD is greater than BCD, which follows 
from this common notion that the whole is 
greater than* its part ; and alfo that the angle 
BDC is grt^GX than the angle ADC» which 
follows from tlui fame principle : aAd with 
a diftinA imprcffion of thefe things upon 
his mind, it is impo0ible to mifs the con- ^ 
clufion that the angle BCD is much lefs 
than BDC : and this point being once gained ; he is next to turn 
his thoughts to the other part of the fuppofition ; in which it is 
pretended that BC is, alio at the fame time, equal to BD : and 
the confequence which follows from this part of the fuppofition 
cannot fail to engage his attention ; being no other than this^ the 
angle BCD is therefore, by the fifth propofition, equal to BDC : 
When we fuppoie AC equal to AD we muft conclude that the 
angle BCD is much lefs than BDC $ but thefe very angles muft be 
equal upon the fuppofition that BC is equal to BD ; 'is not this 
laying in the ftrongeft terms that the two fuppofitions are incon- 
fiftent with one another ; that is, that it is impofiible for AC to be 
equal to AD ; and at the iame time, BC to be equal to BD. Which 
was to be demonftrated. 
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It will be a very neceflary and ufeful tafk for the reader to fet 
himfelf after he has finiflied every demonftration ; to examine whe-* 
ther fome confequence has been drawn from every part of the fup- 
pofitioo ; for though it may not always be convenient for the 
author to draw them, yet the reader fliould always do it for himfelf; 
for if the fuppofitions have no confequences to the purpofe either 
exprelTed or underftood ; they ought by all means to be omitted ; 
and if the author trufted to the reader*s ingenuity ioi Jinding them 
(mt be iiegledts his duty if this part of his^ bufinefs be Overlooked. 
The aeceflity of this practice being thus made evident ; I (hall ex- 
plain my meaning by a particular example ; it is faid that AC and 
AD are to have the fame extremity ; but no ufe is made of this ex- 
prefly in the demondration : and yet without thijS the demonftration 
could not proceed ; becaufe ACD could not be a triangle unlefs 
thefe lines had the. fame extremity : neither could it be a triangle 
unlefs C and D were different points. It is moreover faid that they 
are to be towards the faiqe parts : now if the points C and D were 
on different fides of the line AB ; the angles ACD and BCD would 
either be two diftind angles and the one not a part of the other ; 
or if BCD be a part of ACD, then ADC would not be a part of 
BDC I which is abfolutely neceifary for bringing out the conclu* 
fioflP which we aim at .Laflly it is (aid that the equal lines are to 
be terminated in the fame extremity ; and without this neither 
ACD nor BCD would be ifofceles triangles (. and then no inconfif-* 
tency could follow, reafon as long as we pleafed. All this will be 
obvious by taking the jpoints C and D onldifierent fides of. AB, and 
joining CA, CB ; DA, DB and CD ; fo that CD may cut AB or 
fall beyond the point B. And indeed it is very difficult to under* 
fland any general propofition, without fome reprefentation of all 
the different pofitions which the lines can take : and the reader 
cannot finiih this propofition better than by fuppofing the point D 
within the triangle. ACB, and to affift his imagination, by making 
AC and AD equal with a pair of compafifes ; his dononftration 
will reft upon the fame principles ; only producing AC and AD ; 
he is to reafon upon the.ahgles below the bafe i but every thing 
dfewUl be the &me as in EucUd's demonftration. 
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1 fhall conclude thie chapter with my opinion of indireft de- 
monftf attons^ which fome very ignorantly obje<ft againft. It would 
be abfurd to fpeak of the certainty of a deononftration : as to their 
ufe therefore^ conlidered as an exercife to the niind^ I think they 
are preferable^ for feveral reafons to direA demonftrations. Becaufe 
in a dire<ft demon ftration, there is generally fome circumftance 
which catches the fenfes ; and not being too difficult of perfuafion» 
where our own eafe is fo much concerned^ we are difpofed to reft 
. very well fatisfied with that, though it may convey, but a very 
imperfeA notion of the full extent of the demonftration. But the 
contrary happens in fuch demonftrations as are indireft 3 for the 
reafoning being generally at variance with the ienfible reprefen tac- 
tions of the magnitudes, it requires fome effort of the mind ta 
get beyond the prejudice of (enfe, fo as to comprehend the force 
of the reafoning : and when we cannot conquer our indolence or 
command our attention, it is a very decent excufe to lay the blame 
upon the nature of the demonftration. But I have been fo par- 
ticular in my examination of thefe two propofitions, that the atten<* 
tive reader can hardly want anyfiiriiiM information upon this hcad» ' 



G H A P. vm. 

Qjf geamtrica/ demonftratim. 

IT. w3I now be j^impu for die reader to esdetvowf^ from a cara« 
fttl examination of the& fitft fdVen prQ{K>fitions, to colled as acc»» 
rate a notion as pofiible of % demoiKflTation^ according to the rulet^ 
which Euclid \m prefisibed to hUafelf. 

We are apt to:&iisfy x»tSAvc% of the truth of thingt, in the 
e&fiefl at)d^0rteft way we can ; nnd even when we chufe to con- 
iider the properties of magnilndir, inilcad of having recourfe tx^ 
fome general principles^ we trail to mechanical infixuments ;: and 
very often to vagde conceptions cc^leded at random from acci-^- 
dtntat obfervarion. But our ou^or'a. plan is very difibrcnt ftovik 
this : The definitions^ poifailates and commcoL notions,, are tho 
only foundation upon which bis geometrical reafonings are founded;, 
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tnd when he mentions any thing as a property of a figure, he con- 
fidersit.as incumbent upon him to (hew that it follows from or 
agrees with the definition of that figure ; and this he does by the 
afliftance of fome common notion, poflulate or other definition. 
And whatever property is not reducible in this manner, he confi* 
dors as impoflible to be demonftrated 1 though it might be a very 
obviotis truth from other principles. Truth therefore is not fo 
much his ob^eft as confiftencyi it does not appear diredtly to be 
any part of his bufioefs to colle<9: as many nieful fa<3:s as pofiible 
concerning the properties of figures i but omly to be convinced 
that what he does produce have a iolid foundation^ making every 
part acquire additiimal ftrength by the confiftency of the whole. 

He will never allow it to be faid that fuch a property is fo fimple 
as not to Tequire a demonftration ; for to alledge this as a reafon 
for taking any thing for granted, would be, upon his plan the 
greateft abfurdity. For it may be faid, if it be fo very plain and 
obviooa, whence does it derive this obvioufiiefs ? If it be the pro* 
^paty of JSL %ute $ iiiat figure is iidioed to be fo and fo. How docs 
it appear that it is confident with that definition ? If you point 
out the coafiftency, yon have demonftrated the propofition ; but if 
that 4taanDt be 4xine9 it may be true aocprdiog to yovr principles, 
but mine lead me abfolutely tq Tejed it. 

That tfakii Euclid'a plan will appear fcam the whole 0^ his 
ifork» even to the aftoni£hment of the attentive a^id jiuiiciow 
reader; when it ia troofidered how his invention muft have been 
perplexed* hy tb^ obvious^ but maecbMCe^^xperimeotal tefts, which 
(would for eirer be prefeoting themfelws to jus iiB^inatioa; and 
how his. patience would be tired ont by ihe jnumher of fteps, which 
he fi^rfaw to be xkcadrary, before he oeiild arrive n^ularly^ at fome 
conclufions feemingly ray ikftf^ kideed* A man would feel him* 
felf in a very ackward fijuiEtion» who Should fet about meafuring 
magaitudes, wilSioat heing abfe to judge when ope ftraight line 
was looger dian aaodber ; and yet it h wpaderfid, by how many 
fiepSy this very teft-is removed firom the firft principles 1 and which 
are all neceflkry for giving it a £bieitCifie ftahilily. We find this 
delivered in d>e mncteentb pnopofitmn of the firft.book $ but 9s 
this is father fore^ to my prefent purpofi;, And beyond the fup- 
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pofed knowledge of the reader, it will be fufficient to have men* 
tioned it by the bye, only as a fa£t to illuftrate my meaning. I 
(hall therefore now beg the attention of the ftudent, while I re* 
view the firft feven propositions, in fupport of my opinion con- 
cerning Euclid's plan of demonftation. 

In the firft proportion his principles are the third poftulatei 
the firft. poftulate ; the fifteenth definition; the firft common 
notion ; and laftly the twenty fourth definition. He is not fatisfied 
to make an equilateral triangle any how i but he makes it by the 
aftiftance of his own inftruments and principles. The fecond pi o- 
pofition is conftruded and demonftrated by the firft poftulate, the 
firft propofition, the third poftulate, the fifteenth definition and 
the third common notion ; and we have alfo here a .proof how 
tenacious our author is of his principles ; for it is not abfolotely 
necefifary that in this fecond propofition^ an equilateral triangle, 
fhould be defcribed upon AB ; becaufe an ifofceles triangle would 
have anfwered the purpofe ; for no confequence is drawn from AB's 
being equal to AD ; as it would be fufficient if AD and DB were 
equal ; but he could not make an ifofceles triangle, confiftent with 
his own plan and principles. The third propofition refts upon the 
fame foundation ^ its demonftration being fupported by the fecond, 
propofition, and the third poftulate. 

/In the fourth propofition the principles which we reafoa from, 
befides tlie fuppofition,. are the eighth and twelfth c(»nnoion notiotisj 
to which every part of the demonftration may be reduced ; for 
the application of the triangles to each other muft be allowed to 
be a proper principle to reafon from, otherwife it is difficult to 
conceive what ufe can be made of this eighth commpa notion^ 
which is the definition of equality ;; it will not matter much whe- 
ther thi« putting of the triangles be reckoned a conftrudion or 
not ; I am rather inclinable to confider it as a thing ojf its own 
kind, and not to be underftood either as an hypothefis or conftroc- 
tion*: I know* Euclid maket q^fe of the expreffion the point being 
put, which feems to imply a kind of conftru^tion ; and yet it 
would be doing no great violence ta the language, to paraphrafe it 
in this manner *, the triangles have no particular pofition ; that is 
they have no relation to any points, lines or angles,, which can be 
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affeded by our giving them a particular poiition ; let us fuppofe 
them then to have fuch a pofition, as it is necefTary magnitudes 
ihould have before that eighth eommon notion can be of any ufe ; 
that is let us fuppofe their fitu^tion fuch» that the one is applied to 
the other ; and the point A put upon D &;c. 

It is plain that Euclid himfelf found it impracticable to give 
this principle a more fcientific form i and therefore inftead of 
making a definition of it» left it among the common notions ; but 
whatever opinion we adopt ; it will anfwer our purpofe» becaufe 
pvery thing is inferred from the principles^ which are laid down as 
fuch. If we were required to place tri^mgles upon each ocher> 
which had a determinate pofition before^ I would certainly coa* 
iider it as a conftrudion ; but in the prefent cafe, I confider it only 
as a neceflary apparatus before any confequence can be drawn frota 
the eighth common notion. And as to the objections, upon a 
conceit that this is a mechanical application, they have been yery 
fully anfwered already ; fo that upon the whole thbre is notbingia 
this propofition, but what agrees with the notion of a demonftra* 
tion which has been delivered in the lieginning of this chapter. 
* The fifth proportion feems by the references to depend upoa 
the four firft propofitions and the third common notion ; but as 
the QonftruCtion required is only the limpleft caJTe of .the .third,, the 
firft and fecond propofitions are not necefifary for cutting ofif AG 
equal to AF. But the fixth requires the four firft propofitions; 
becaufe the fimpleft cafe of the third, will not be fufficieQt for 
cutting off BD equal to AC; and* what I muft beg the reader 
particularly to attend to, neither can it be done by a ruUr and com*** 
pafles s becaufe there is fomething fingular in this conftrudtion : 
for it is here required tq do, what we afterwards find impofiible to 
be done ; and the unlucky circumftance is, that whoever trufts ta 
a ruler and compafles will come to the knowledge of this too ibon^; 
a pair of compafles lets him into th^ fecret immediately^ before his 
mind is prepared for it by any fcientific information ; and hence 
will arife a grofs mifconception of the author's meaning ; becaufe 
the reafoning muft appear ufelefs and unnfcefiTarya . being .41 tended 
to diicover to a man what he has found out already. In all ijaQh 
cafes as th^s therefore our rjal|sr asKi. comgftfleis f^ to be laid^afide,. 
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uni iotnt method dmi&d whldi may be more confident with tlie 
nature of the poftolates as here applied ; for by keeping ftridUy to 
the information wchih vtc get from them, we never can difcover 
that we liave been attempting to perform what is impoffible, before 
we are led to the abfurdity of concluding the triangle ABC to be 
eqwl to DCS. I would recommend the performance of fuch con- 
ftrii£tions as this, by the hand unguided by any inibament ; as 
this -will favour the^ -condition of the ^propofition, becaufe foch a 
cdnftrudion can make no difcovery before the proper time. Not 
that I wouM fuppoft it performed ; as that might fofter prejudices^ 
but rather reprefent every Ctep of the conftru<5tion ; BC being joined 
already 1 would ^efcribc upon it an equilateral triangle producing 
the fides 6cc, as direfted in the remarks on the third propofition^ 
vntil the laft defcribed circle cut AB in fome fuch point as D ; be* 
caufe the whole conftrud:ion will be necefiary to convince the 
teader that be ha« no fcientific notice of the impoflibility of the 
{HToblem from the conftruftiony but muft wait for it until he come 
to the abfurdity. And hence it' appears that Euclid requires every 
part of this proportion to he referred to the fiv&, principles ; con* 
<rary to the fentiments of thofe feperficial readers^ who imagine 
that they have only to fuppoie a point D» and the thing is done* 

The denkknftration c^ the feventh is reducible to die fifth ; and 
the ninth common notion. And thus it appears^ that Euclid's in* 
tention is not to (hew that the propofition is true in any manner ; 
but that it is imtnediately conne(!%ed with^ and depends upon his 
principles, xx in other words that his aim is not to perfuade but to 
tkmonftfaie. 

CHAR IX. 

Xfi. nvbicb is explained the geometrical meaning of the words Jinite and 

. infinite. 

t< THE human underflanding, fays Bacon, (hoots itfelf out» 
'^ and cannot rtft i but fHll goes on though to no purpo(e. Thus 
'^^ ^tis ineonceivable ther^ ftould be any bounds to the univerfe ; 
^-yet^t conftantly^ aad^ as it vt^re» neceflarily recurs> that there 
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'^ muft te foijitething farther. So again it Caimot be ccmcelvbd how 
«^ eternity fhould have flowed to the prefent time: and there is the. 
** like fubtilty as to the Infinite divifibility of lines» &c. all arifiog 
<^ from the weakpe^ of human thought/' And whoever chufbs .to. 
indulge this wpstknefs of thought ^i^ be put into a fine train b7 
reading what Locke, has advanced upon the idea of infinity. But it. 
is the end of all mathematical learnings inftead of lending anjr 
afliftjuice; ta encourage this kind of dreaming, to root out fuch a. 
difpofitioo from the human mind ; and inftead of fuch focJertes^ 
tp give it Jbcncthin^ to eniploy itfelf upoa fidtable to the powvs 
and.fecu^tits of a human fouh. An underftand^g which has any 
force wm always ihake off fuch drcama; . the indulging ia which, 
is the fign .of a weak intelle£t« For the philofopher and the idiot 
agree perfectly ia their notions of infinity \ and the difference ibe-*' 
tvveen them is only diicovered whea they come to a compari£jo of 
determinate things and quantities. 

The geometrical notion of infinity, as far as it regards extenfion> 
is derived from the fecond poilulate i let it be taken for granted 
that a flraight line may be continued diredly forward : The geo- 
metricians never trouble themfelves with multiplying any afiign- 
able parts of extenfion, in order to be convinced that after they 
have advanced millions of milesi they are ftill as far from the end 
of an infinite line as they were at their firft fetting out» 

The two ftraight lines DE, DF in the fecond propofition^ arc 
infinite in the full and proper geometrical fenfe ; and fb likewife 
are AD and AE in the fifth ; and the third propofition may be 
applied to conftruft this, becaufe AF is lefs than AE : but why is 
it lefs ? Becaufe AF is a finite and AE and infinite line : and this 
ioftance fully explains what is meant by an infinite line in this 
fcience ; for it means only a line longer than any determinate line 
which they have occafion to take ; and farther than this they give 
themfelves no concern. In the ninth propofition AB and AC are 
infinite lines ; and the point D is taken that we n^ay have a fixt 
line AD and fo in other indances. 

I am now arrived at the conclufion of this diflertation^ in which) 
I have endeavoured to point out fuch circumftances». as the thought^ 
lefs reader is apt to overlook. If it ihould ieem ftrange to any one to» 
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&id Tuch a cerimonious introduftion to a fimpley well defined and 
demohftrative fcience, he will be pleafed to obferve fome peculia- 
rities which diftinguifh this fubje^ remarkably from moft others^ 
It is true the language is plain and fignificanti but the truths to be 
communicated are conveyed in too few words to engage the atten^- 
tion of thofe who have been accuflomed to the figurative language 
in which mofl: other fubjcfts are delivered ; and where the reader, 
inftead of having confequences deduced from every word, carries^ 
ibme thing with him if he attend to but one word of three. And 
for this reafpn I have been a little difFuie and circumlocutory ; 
that the tranfition^ from the common form of fpeaking, to this 
isery concife and accurate method of exprefiion, might be made 
with greater eafe by the reader, after fome part of the fubje£fc has 
been explained to him in bis own way. But I muft beg leave to 
introduce the Audent to Euclid himfelf, and defer all future inter« 
courfe with him until he has reached the end of the firil book. 
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TH £ firft book of Euclid's elements will neceflarily fuggefl: 
a great variety of reflexions to a judicious reader; he will 
perceive a pitrticular method of arrangement, and a particular 
manner of demonftration which makes that arrangement abfo- 
lutely nece£ary ; with fomething charaderiftic even in his way of 
conftruding problems* But an indolent reader requires to be put 
in mind of each of thefc particulars, otherwife he will be difpofed 
to overlook them. Some remarks therefore upon each of thefc 
heads may be ufeful to put him into a proper train of thinking ; 
and this (hall be the fubjedt of the prefent differtation. 

CHAP. I. 

In ftbicA Euclid's method of demonjlration is proved to be necejfary 
contrary to the opinion i)f Clairaut. 

- •* Qu'Euclide fe donnc la peine de demontrer, que deux cercles 
V qui fe coupent n' ont pas le m6me centre, qu'un triangle rcn- 
^* hvmi dans un autre, a la fomme de fes cdt^s plus petite que 
•* celle des cdtes du triangle dans lequcl il eft renferm^ ; on n'en 
^' fera pas furpris. Ce Geom^tre avoit a convaincre des Sophiftes 
** obftin^s, qui fe faifoient gloire de fe refufer aux v^rit^ les plus 
^< evidentes : il falloit done qu'alors la Geometric eut» commc la 
** Logique, le fecours des raifonnemcns en forme, pour fermer la 
" bouche k la chicane. Mais les chofes ont chang^ de face* Tout 
^' raifonnement qui tombe fur ce que le bon fens feul decide d' 
" avance, eft aujourd'hui en pure perte, & n'eft propre qu'i ob- 
*« fcurcir la vcrit^ & a degouter les Ledeurs/* 
. VOL, I, h This 
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This is a very fingular opinion concerning the motives which 
led Euclid to that rigorous method of dcmonflration which he has 
adopted : for we are here told that it was not choife, but the cir- 
cumftances of the times in which he livedo which brought him 
to wrfte as he has done: his llviYig timfOiTg Ibphhis, drovd him befond 
the 1>ounds of good fenfe : for if he had been left to follow his 
own inclinations, we have here room to fuppofe that his demon- 
ilrations would have appeared in a very different form, or in other 
words, that had he been a Frenchman and lived in the fame polite 
and bappy times as Ciairaat iie would have wiittdn jiift ^s be 1k^i 
done. The French would have taketi .his word for is, that two 
circles, which cut one tatrther, cottld not have the £mie canter t mad 
that polite nation futrdy never wooid have ooniaradidted him sf he 
had iaid the fame thing of two ElUpfes : hot one thmg I am cer^ 
ttio of, that, had they been acquainted, with no other principles 
hot fuch as thi$ aatbor wxiuld have us appeal to» they «ntver could 
have contradided fuch an aBertion upon any ^ood grtniadft* 

Now what I mean to prove, in oppofition to this dodrine, ia^ 
that Euclid is remarkable for adhering to the very principles which 
Clairaut thinks he himfelf has gone upon: and I fhall now pro- 
duce as many in fiances as I think the reader's patience can well 
endure in proof of this aflertion, namely, that Euclid every where 
diAinguifhes himfelf by keeping clear of fuch tfaiaga, as ^ood ienift 
would decide of itfelf before hand« Now as die method of thefe 
two authors is not limply different, but diredly oppofite the one to 
the other i Clairaut and I umA affign a very different office or em- 
ployment to this iame good fenfe, the prtifuming to teach whicb^ 
he fays, anfwers no other end but to difgufl the readers. Bot I am 
cerHun good ienle will never be either afitonted or diigufted td 
have any thing fet in a better or ftronger light than what it appea- 
red in before ; and I challange any one to prodkice an inftance^ 
where the though is not improved and rendered* more accarate by 
Euclid's reafoning ; and it muft be a flrange kind <^ good fenfe; 
which could reckon fuch reafoning, as he (ays tn pure fert€. 

But as to his looking upon himfelf as bound to convince cbfti- 
nate fophifls, it is very obvions that he never went in the leaft out 
of his way on their accomit} and guided himielf by very different 
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maxtmSy at will appear to cverjr ooe who coofiders his manner of 
reafoningy whidi is to the laft degree incondftent wiih any fuch 
fttppafition^ as that he had the leaft intention to combat fuch pre- 
judices as the fophifts raiie» when they have a mind to fport with 
the crttiulity and ignorance of the multitude. It is true he fur- 
ii(b€8 us with the means of efcaping out of their hands, if a pro* 
per uie be made of his principles i but it never once entered bia 
tbottgiits to combat their filly objedioois^ which never could be 
obtruded upon any one, who is hot entirely ignorant of the nature 
of the CuhjcGk. 

However, as a full proof of what I now afllrt, I would recom«« 
mend it to diofe who may chufe to differ from me in opinion, to 
read Procbis*s concmientary, who fees himfelf in earneft about 
this hopeful tafk ; and there, it is granted he will find reafonings^ 
jui tombe Jkr ce que le bon fens Jad decide d*avtmcei and I will allow 
that fiich reafiminga are of no other ufi^ but to obfcure the truths 
and difguft the readers. The difpute therefore is brought to this 
fiiort iflue ; kt the reader peruie the firft book of Euclid and thea 
read Procht/s commentary, obferving the difference between the 
two kinds of compoficion 1 and I am certain he will acquit Euclid 
of any deign to convince obftinate fophifts; atod moreover muft 
be perfiiaded that he has not only omitted every thing which good 
ftnle can inemtmrfy determine 1 but that he has aUb left fev^inl 
dungs for the reader to fupplj which would not come eafily 
under his own precife notion of demonftration ; for Horacc^s rule 
was never better nor more properly applied than by this author » 



M » . . Qt quad 
Defperat tnuflata niteibere pofije^ relinquit. 

Several inftances of which, taken from his firft book^ I ihall now 
proceed to enumerate, not confiderkig them as overfights, but as 
proofs of a mofi: refined and accurate judgement. 

And firft, to begin with that fiamous principle by which the 
meeting of two ftratght lines is determined : We may readily fup^ 
pofe that Euclid introduced the feventeenth propofition, with a 
view either to dcmoi^ftrat^ or explain the eleventh comnmn notioo# 
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as being the converfe of It. For from this propoiition we learn 
that whenever the two lines meeti the angles made by the cutting 
line, upon that fide, are lefs than two right angles ; but we can by 
no means infer from this that the lines will meet whenever the 
angles are lefs than two right angles, fiut again he has demon- 
ftrated in the twenty eighth propoiition ; that when tbefe angles 
are equal to two right angles the lines will never meet. But he 
cannot, from this fay, that this is the only cafe in which the lines 
will never meet : only thus far he may go, that the fuppoiirion, 
from which he infers that they will never meet, requires abfolutely 
that the angles fhould be exactly equal to two right angles ; and 
the lead deviation from this fuppofition will render his prihciples 
of no avail ; as no confequence can follow from them ) for their 
abfolute equality to two right angles and nothing lefs, is necefifary 
to prove that the lines will never meet. Now this is fuf&dent at 
lead to ground a perfuafion, that in all other cafes tfaey will meet; 
cfpecially when it is confidered that fuch lines are inclined towards 
one another, as may be fhewn by drawing a perpendicular to: one 
of the lines ; which will prove that they are approaching towards 
one another upon the fide where the angles are le& than two right 
angles : and going farther from one. another upon the fide where 
the angles are greater than two right angles ; but the opiaidn tfaod 
acquired is not of the nature of a demonftration; Nor could he 
even fay that a line interfering one of two parallels, would meet 
the other ; and indeed if this could be (hewn upon fcienttfic prin^ 
ciples, it would be a demonftration of the thing in queftion : but 
this would be taking the thirtieth propofitioni for granted, the 
truth of which depends upon this very principle. 

We may therefore fuppqfe that fuch things as^ thefe and num- 
berlefs others of the fame kind mud have occurred to a mind fo 
fruitful in e^^dicnts upon fuch occafions, and were all rejeded by 
him as falling infinitely (hort of his idea* of demonftration i where- 
fore without perplexing his reader with impotent attempts towards 
a demonftration ; he judged it more proper to cut ftiort this fruit- 
lefs fearch by placing this principle among the common notions ; 
and as it appears from this inveftigation that it was not placed here 
without reafon -, fo it has a >rigbt to keep its place^ until it can be 
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Aewn that fome abfurdity can follow from the ufe of it. And 
upon this point I have only to add, that it is certain from the ge- 
neral tenour of his demonflrations, that if he could have exhibited 
it without any fcientific defedt, but in the clumfy drefs in which 
Come authors have arrayed it, he would have rejected the conclufion 
with difdain, and left it where we now find it. So that it is not a 
demonftration of any kind which was his obje£k, but fuch an one 
as is both elegant and forcible. 

But further, I have mentioned before, what feems to be an ex^ 
ceeding good general rule of critifcifm in this fcience, that we 
oiight always to examine if fome confequence has been drawn from 
every part of the fuppofition or conftruftion. Now there are feveral 
inftances where Euclid has laid no ftrefs, even, upon the moft 
material part of the fuppofition; which (hews how little he minded 
the convii^ion of thofe objiinate fopbijis^ for whofe fake according 
to Clairaut he gave his elements fuch a formal drefs, to the great 
difguft of every Frenchman ; becaufe here would have been fo 
good a pretence for (landing dill, that no arguments could have 
perfwaded thefe fophids to proceed while fuch blemiflies remained. 
But to come to particulars. 

« In the twenty fecond propofition» it is required to make a tri- 
angle of three given ftraight lines, but with this neceiTary limita- 
tion ; that any two of them muft be greater than the third. How- 
ever no ufe is made of this limitation in the demonftation of the 
propofitioiv^ and I am perfwaded that our author omitted to prove 
that the two circles will cut one another^ which depends upon 
this limitation, becaufe this proof does not admit of fuch a natural 
and elegant turn, as he had determined to give to every Aep of his 
demonftrations ; there being no direfl: principle to, refer to, by 
which the interfedlion of circles can be proved; that they have 
ibme fpace in common is the principle from which their interfec- 
tion is to be inferred, which is indeed a common notion but not 
one of thofe, which he has feleded to draw confequences from i 
concluding I fuppofe that all rational men, could make as ready 
and extenfive an ufe of fuch notions as thefe, as he could, and there- 
fore, that it would, .be unfair in him, to appropriate to himfelf 
either the notions or their confequences ; or according tQ Clairaut^ 
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thai fuch reaibnings would only fall upon, what good fenie had do^ 
cided before band, in a manner full as fatisfadtory. 

Again, there is an inflance of the fame kind, in the twenty 
fourth pr<^fition ; where the moft material part of the fuppofi^ 
tion is never onee mentioned in the demonftration ; viz. diac the 
angle BAG is greater than the ang]fe EDF ; confequences are tacitly 
drawn from it, like the taking for granted that the circles will cut 
one another in the twenty fecond; for without this part of the 
foppc^tion the angle EGF would not be a part of DGF, nw, if 
the point F was within the triangle DEG would this angle BOP 
be a part of the angle below the bafe of the ifofcelea triangle 
DFG ; which is abfolutely neceflary in order to prove that the 
angle EFQ is greater than EGF ; or, in other words, it follows 
firom this part of the fuppofition, that DG always falls upon the 
fymt fide cKf DF which it is reprefented to be upon in the figure } 
but it would be difficult to give this reajon fuch an elegant turn as 
to entitle it to a place in one of Euclid's demonflrations. 

But the fophifts would flick at much lefs matters than thefe ; 
they would require him to prove in the firft propofition, that the 
two circles would cut one another ; and that their interferon Is a 
point : and in the feoond that there would always be fuch peintt 
as G and L : alfo in the fifth that AF and A£ were two fuch luiea» 
that a part could be cut off from the one equal to the other, or 
that AE is greater than AF : they would likewife find feveral parts 
of the fuppofition in the fcventh from which no confequences are 
drawn, which I have taken notice of before; in the twelfth pro« 
pofition they would require him, to prove that a circle defcribed 
with C for the center, and through any point on the other fide of 
AB, would cut the line AB ; which would give occafion to his 
making ufe of the infinity of the line from which no confequence 
is drawn, as the demonfbation now flaf^ds : They might likewi& 
afk him, upon the corollary to the fifteenth propofition, whether 
when two lines meet at a point they make angles at their meeting 
equal to four right angles: and in the thirtieth propofition, by 
what principle he makes a flraight line pafs through three points^ 
that is, takes it for granted that it may pafs through three points, 
m« a point.in each line i £or he ought to have taken two, and to 
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hm6 proved by the ^ventii comrnoa notion thu then would 
§lw$j$ be a third : Nor would it be very ijanpertinent of tbesn to 
nqaire hin to prove that AH and FG will meet in the forty foirth 
propofition $ and indeed in that ioftance I cannot help being of 
opinioo that the conftru£iio«i would have been more in Euclid's 
manlier if he had made GH equal to BA and then joining HA 
bad proved that HA was parallel to GB by the thirty third propor 
fitioa« In ihort if it had been his intention to write for the conr 
viftion of the fophiils, his demanftrations would have had a very 
difTermt form from that in which we now find them. And it will 
be taCj for. any one who has read even the firft book with atten** 
tion to add a great many more to the above catalogue of omiiljons. 
But I hope nobody . will fo far miftake my meaning here as to 
ibppo& that I confidier luch queftions as thefe* either as captioiv 
or improper. They are mentioned only to (hew that Euclid had 
fome plan by which he direded him&lf in his denwnftratioei^ 
very different from the fuppofition that it was to convince obfiinaie 
ibphifts. For I am fo far from confidering fuch qneftions as im- 
proper I that I think they are fuch as every one .muft aik htm&if^ 
and a great many to the fame purpofe^ otherwise I am certain he 
will have a very impcrfedl notion of the book ; and whoever is in 
earned to underftand this fubjedt (hould take every opportunity of 
devifing fuch objections ^ the proper anfwera to which will be 
readily fuggefted by what Euclid has faid. But this ihonld be fet 
about upon ibme regular plan ; and I would therefore recommend 
it to the ftudent^ after he has finiflied the firft book to give it a 
fecond reading, examining every fuppofition and conftrudiout and 
the confeqoences drawn from them i and their full importance in 
the pTQpo6uon ; which is not to be determined from the number 
of words in which they are expreflcd, but by the dependence 
which the conclufion has upon them : for I have an inftance juft 
now in my view, in which I may fafely. fay that the firft reading 
hardly ever difcovers the full importance of the fuppofition : what' 
I mean is the fuppofition in the forty feventh propofition ; from 
which the confequence that follows is ; CA and AG as alfo BA 
and AH make but one ftraight line. Now whoever has read this 
propofition without perceiving that the conclufion depends entirely 
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upon thisy cannot be faid to have underftood the demonftration i 
and that this is true appears ; becaufe the fquare BG is only double 
of the triangle BFC becaufe GAC is a ftraight line. The reader 
is alfo carefully to obferve whether the conclufions are general or 
particular ^ becaufe it may fo happen that a particular poiition of 
lines or points will lead to a conclulion, which will by no means 
follow if thefe are changed ; and often if it do hold good it may 
require fome new fteps to come at the conclufion. But it feems 
necefTary to illuftrate this by particular examples. 

In the eleventh propofition of this firft book» it is required to 
draw a perpendicular to a line^ from a point given in it. This may 
be divided into two cafes ; for the point may be at fome diftance 
from the extremity, or, it may be the extremity of the line. Eu- 
clid has confidered the firft cafe only : and there is but one falfe 
confequence which could be drawn, by taking the other for granted; 
and what is very remarkable Sim/on in his edition has hit upon this 
very confequence, in attempting to prove that two flraight lines 
cannot have a common fegment ; becaufe it muft be taken for 
granted that two flraight linds cannot have a common fegment 
before a perpendicular can be drawn from the extremity of the 
line ; for as the line mufl be produced, without this limitation, it 
may take two dirciftions. 

Again in the twenty fourth propofition, the point F may have 
three different pofitions ; it may be without the triangle DEC or 
in the line EG or laflly within the triangle : For a particular in- 
fiance the ftudent may make fuch a triangle as ABC in the figure 
to this propofition ; having AB longer than AC ; and after the tri- 
angle DEG is made ; with the center D and diflance DG defcribe 
a circle ; which will cut EG ; now any flraight line drawn to the 
circumference of this circle, from the point D, within the angle 
EDG, may reprefcnt the line DF j from which the three different 
pofitions will be obvious. When the point F falls within the tri- 
angle, the conclufion may be inferred from the twenty firfl propo- 
fition ; but it would be more uniform to produce DF and DG 5 
and to reafon upon the angles below the bafe, in the fame manner 
as Euclid has done upon thofe that are above it. It is true Sim/on 
reduces this to one cafe, but I think not in the manner of Euclid; 
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fbr there is no circumftance given by which we can determine 
which fide is the longeft ; there ought therefore to be added to 
the prefent fuppofition, AC being longer than AB i but the dejter- 
mination of this point I (hall leave to the curious. But farther I 
would even recommend the fame kind of examination* where there 
was no probability of finding any variation ; as for inftance in the 
fixteenth propofition* the conclufion depends upon FCD's being 
an angle ; for if that could ever ceafe to be an angle, the outward 
angle might be equal to the inward oppofite one ; but that is im- 
poffible beeaufe then the point F would be in BC produced i and 
confequently the point E upon C that is the middle of a line at its 
extremity* which is abfurd. 

Having been thus particular in (hewing what is not Euclid^s 
method of demonftrating* I (hsM conclude this chapter with a few 
inftances tending more diredly to explain what it is* 
. And his great peculiarity feems to be a determined refolution 
always to refer dirediy to fome principle* and never truft to a vague 
conception ; or more properly never to make ufe of a vague ex- 
preffion : The thirteenth propofition is a remarkable inftance to 
this purpofe s That the angles are equal to two right angles ftrikes 
the fenfes immediately and produces a conviiftion which has fome- 
thing fluctuating in the nature of it ; arifing from obferving diat 
the angle ABD is above a right angle* by ju(t as much as ABC it 
lefs than one ; now this is not a principle fufficiently diftindt to 
feafon from in a demonftrative fcience ; and Euclid has fhewn great 
art in the demonftration of this very propofition ; which he has 
reduced to the common notion* magnitudes which are equal to the 
lame are equal to one another ; and hew accurately he keeps up* 
through the whole demon(lration* to the notion of the angles 
being magnitudes* cannot fail to engage the attention of a judi- 
cious reader. The twentieth propofition furni(hes an inftance to 
the fame purpofe : every one believes that two fides of a triangle 
are greater than the third ; and he may take up this opinion frpm 
a confidetation of many different circumftances ; he may confider 
that a ftraight line muft furely be the (horteft way between two 
points : or he may truft to the judgement of the afs of the Epku^ 
rtans ; when a bundle of hay is placed at one of the angles ; but 
Vol- I. i ftill 
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ftill he will find fomethlog unfettled ia his convidion as refting^ 
upon no determinate principles ; and Euclid never leaves any thing 
which he takes in hand to demonftratey. in this uniettled ftate : he 
makes this property follow^ not from any unftable principles or 
random conceptions^ but from the very nature of a triangle ; and 
a thorough examination^ of the whole appartus neceiTary* for the 
demonftration of this principle^ will give the intelligent reader a 
wonderful infight into Euclid's method of demonftration. 

It £cems a}nK)ft.a defperate undertakings to endeavour at reviving; 
a tade for accurate demonftration ; becaufe the common vague con-- 
ceptions of magnitude, proped by a ruler and compafles, when 
they begin to totter, are judged capable of performing every thing 
that can be expe&ed from this fcience. But if a reformation is at 
all praOicable, it feems moft likely to be brought about, by turning 
the attention of the world to Euclid's method of demonftration f 
and I ground my hopes of fuccefs upon two circumftances ; namely 
that the modem writers pf elements of Geometry neither under-^ 
ftand the nature of their pwn demonftrations, nor the force of 
thofe of Euclid. Becaufe if they underftood the force of Euclid V 
they would be aihamed to dignify their own with luch a name ;. 
smd if they underftood the nature of their own^ they muH perqeive 
that a great deal of expcnce both of time and thought might be 
&ved by delivering their propofitions as fad:s, which had been* de- 
monftrated ; unlefs indeed we fuppofe that what they call demon* 
ftrations are added merely in comj^ance to vulgar prejudice. Now^ 
could a judicious reader, no ways intereiled in theifiue of the.de^^ 
bate, be once brought to wei^ the merits of fudh demonftrattons ^ 
be muft either decide in favour of fuch as Euclid^ or declare 
that all demonftration was now become unneceflary ; and that 
therefore the farce of it fhould be laid afide. But upon (uch aa 
event, fuch is the charms of truth, I would jiaturally ex;pe£k a 
confiderable number to leave their new mafters, as foon as theji; 
had relinquiQied their pretentions to demonftration : and it is upoa 
fuch hopes only that I proceed to give fbme other inftances as 
charaderiftical of Euclid's method of demonftration. 

Euclid's demonftration of the feventh propofition^ may be com- 
pared with the one given in D^bakss editioa <»f JEaidid i which 
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was no doubt intended as an improvement in fome refped or other.* 
And this leeoas to me the more exti'aordinary becaufe the domon* 
ftratton of the seventh is remarkably diftindt and pertinent; leading 
to the conclufion fo diredUy that the full force of the demonftration 
mnft be peroehred by the mind : and I am perfuaded that our 
author wouM hare given up all thoughts of writing his elements^ 
if he had found himfelf obliged to reft fuch a material part of his 
firience upon io unftable a foundation^ as the defcription of two 
eirdest wtA an indeterminate radius and even before it could be 
known in how many points their circumferences would cut each 
other I becaufe every point of interfedion^ that did not lie on the 
other fide of AB would contradict the propofition ; and prove that 
two triangles might be placed according to the fuppofition, until 
thefe points were reduced to one, which is not fo eafy to do as a 
fuperficial reader may imagine. But there is nothing which I have 
obferved Euclid more cautiouily to (bun than the defcribing a circle 
¥Pith an indeterminate radius ; or more properly^ than the fixing a 
Hne^ ctherwiie undetermined, for the purpofe of defcribing a 
circle* It is true he makes ufe of confequences which muft be 
derived from circles deicribed in this manner; but this is fuppofed 
to be tranfa£ked in fuch a manner as to bring no difgrace upon the 
feience. In the fixteenth propofition AC the fide of any triangle 
is required to be cut in hsilveSy which cannot be done until the 
line is fixed ; but then I immediately perceive that, notwirh- 
flanding this, as no-confequence is -deduced from ACs having any 
particular length, ihe demonftration is neverthelefs general; to 
that I can finifti my conftru£bian ^nd have AC as undetermined as 
I found It ; fo that this tranfadion is fuppofed to be carried on in 
prnrate bytheTeader himfelf; and M^iich be acquidfes in, as bring- 
ing no rdSexion upon the (cience. 

There is another thing which I (hall juft obferve before fi- 
niihing this trhapter : Euclid's demonftrations are often more 
general than • they feem to be; for whenever, it would be only a. 
repetition of the fame fi:eps, he always omits them, whether in a 
conftru<fUon or demonftration. The forty fifth propofition fur- 
niihes a remarkable inftance of this ; he (hews how to turn a four- 
fided figure into a parallelogram &c. and as no new circumftaAce 
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would occur, whatever be the number of fides of the figure; he 
concludes that it is general, without adding a word more i which 
has mifled fome ignorant conceited people to think that they im« 
prove upon Euclid by (hewing a fimpler way of turning a four«^ 
fided figure, into a parallelograni ; never confideriog that Euclid 
has turned any rectilineal figure into a parallelogracn> whatever be 
the number of its fides j and whatever be their pofition to one 
another. Now I hope it is evident that Euclid had fome other 
plan in his demonfirations than to convince the obfiinate ibphifts i, 
and what that plan is I (hall explain in the next chapter. 



C H A P. II. 

Of the arrangement of Euclid's propofitions. 

THOSE who know nothing of geometry tell ua the fcience 
(hould be delivered according to the following arrangement* We 
ihould firfi begin with a point ; and after having laid before the 
reader all iti various properties^ fuch as pofition^ want of dimen* 
fions and the like» we are next to proceed to the ftraight line ^ and 
after delivering every thing that can be faid of a fingle ftraigfat 
line, we may then advance ft ftep farther and take two of thiem 
under our confideration ; firft enquiring into the properties of fuch 
as are parallel ; and this fubjed being exhaufted we may next exa* 
mine two ftraight lines that meet fo as to form an angle i which 
will furnifli us with a fruitful iburce of fpeculation ; becaufe this 
will now be the proper place to treat of angles j to (hew how they 
may be proved to be equal, and into how many kinds they ought 
to be divided, not forgetting to prove that a right angle confifis of 
nkiety degrees. Now fuppofing the properties of ftraight lines 
cxbaufted, the natural tranfition is to fuch as are crooked, arranging 
them into different orders, beginning with the circle; but take 
care not to confider it as a figure; for that would defiroy all order; 
for it is the circumference only that belongs to^ur prefent fubjcA: 
we may next proceed to the conic fedions, and i^ on to other 
lines. 
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* The bufinefs of lines being finifiied, there would be abundadt 
matter for difpute^ when we came to treat of figures^ whether 
we ihould begin with the triangle or the circle ; with the triangle 
as being the fimpleft redrilineal figure ; or with the circle as being 
bounded by one fingle Une ; the circle might probably have the 
preference upon a full examination as being a perfiS figure^ and 
for other reafons which it would be too tedious to infift upon at 
pre(ent« But fuppofing this difficulty got over ; the triangle would 
certainly claim the next place ;. and of all the different kinds of 
triangles, the equilateral would put in for the firft; the ifofceles 
would deferve to be confidered next i from the ifofceles the tran£i« 
tion muft be to the fcalene ;. taking care all the time, in delivering 
their properties to fay nothing of their angle&t for that would be 
to confound the nature of things ;; becaufe they are afterwards to 
be divided according to their angles>, right, acute andobtufe; and 
this new divifion would- fur nifh the proper place. fi>r that part of 
the fubjed.. From triangles the moil: natural progrefs would be. 
to the ^uare, and then to figures lefs regular.. And this is the tru^it 
philofophical arrangement.. 

Such are the engines which Folly, has been ereding for battering, 
this noble work of our author ; feconded with other auxiliary 
fchemes, the force of which feems leveled againA it, though more 
indirectly. But what holds the greateft vogue at prefent,.as falling 
in with our indolent difpofition, and bid^ £iir iox driving him to the : 
laft extremity,, is the propofal of confidering. no more of the fub* 
jedfc than what is abfolutely neceflai^ ; with the inviting title \ ar 
applied to Jucb and fucb ufeful purpojes of life. Elements of geo-. 
metry carefully weeded of every propofition tending to demonftrate^ 
another i all lying^fo handy,, that you may pick and chufe without: 
ceremony. Ubi^ /> ufefiil in fortification :. you cannot play at bilU- 
^ds without this. You only look through a teleffope like a Hottentot 
untU this propofition is read ; with many fuck powerful ftrokes of 
Rhetoric to the fame purpoie. And upon fuch terms,.^ and with 
foch inducements who would not be a mathematician I Who would 
go to work with all that apparatus which I have deicribed as ne- 
cefi^y for underftanding Euclid ; when he has only to take a plea- 
fing walk with Clairaut upon the flowery banks of fome delightful' 
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iA¥tr, fttid tliere fte with his own eyed^ that he muft kftrn to draw 
a perpendicular, befoi^ he can tell how broad it is : fuch is ^ 
iiijgetauiQr of tbefe FreAchoien, 

Ut puerorum aetas improvida ludificetur, 
Labrorum tenus. 

I liad formedy the ambition to join myfelf to this fraternity^ 
ind taking a walk in the french Jlile along the banks of a river, 
propofed to teach the reader, how to meafure its breadth by his 
hat ; but I foon involved hitni fo niuch in the propei'ties of trian- 
gles, that I difpaired of making my point good, in the true elegant 
and undemonftrative manner ; and fo was obliged to get into the 
old beaten road as faft as pofIible« 

But there is another rank of geometricians, between thofe, I 
have been (peaking df, and Euclid : whom for diflindtion fake I 
fhall call the omnipdterlt. Thefe fetting out with the fuppofition,. 
that they can do every thing, undertake to demonftrile every thing. 
An dmtiipofeni geometrician makes nothing of demdnftrating the 
fifth propoiition., for it is only fuppofirig that he has cut the angle 
at the vertex in halves and the thing is done ; never cohfidering 
that the doing of* this, requires it to be firft proved that the angles 
at the bafe of an ifofceles triangle are equal to one another. TTie 
only inconvenience of this method is, that fhould thb author's 
omnipoteiicy be once called in qtieftion ; his whole fabric muft be 
leveled with the ground. 

But to return to C/airauti I would have nobody imagine that I 
entertain a mean opinibnof his abilities, from any thing that has 
been faid : we only happen to differ as to the proper manner of 
communicating niathematical knowledge ; which I contend fhould ' 
be either ds fadls or a^s demonflrations ; and that there is no middle 
ivay ; being peffuaded diat the mixing a kind of theory with the 
pradice has been of bad^cohjfequence to both ; as this has been 
the occafion of .piitting Very improper perfons into employments^ 
by which many £ne opportunities of making improvements have 
been loft to the world. 

But /arther Clairaufs method is even unnatural ; for the fcience 
never could have been invented according to his plan i becaufe it 
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impofltble that human reafon^ unlefs unnaturally confined^ would 
be kept floating ppan the furface of things : it is of the nature of 
man, when left to himfelf» to feek a folid foundation. His book, 
it is troe^ will make a fuperficial reafoner^ but. mankind left to 
themfelves, if they did fg much> would necefTarily do a great deal 
more. 

And I now proceed to give an account of what feeins to me a 
much more natural courfe for them to have taken in profecuting 
their difcoverie^ in this fcteqce ; which will at the fame time ex«- 
plain the nature of Euclid^s arrangement, and obviate every objec* 
tion which has bef n made to it : but this fl^l be the fubjc& of 
the next chapter.. 

CHAP. III. 

^he fame JubjeSl cantinuiJL 

It will be found to be a miftake to iuppofe that we natttraHy 
begin to examine the iimpkft things firft ; for things aie neither 
iaid nor don« in the fimpleft manner by the firft adventurers.. Our 
attentiofi is more like to be drawn to a fubjeA by fome particulac 
circun^ances, which made the confideration of it necefi^, than 
by any determination of the mind to make it a matter of contem«- 
plation \ and by coming upon us thus, as it were unawares, oav 
underftanding is overpowered, when we undertake the exarainatioa 
of a thing encumbered with fo many additional parts, which have- 
no connexion with the fiibjed in qjueftion i and fuch as it will re-^ 
%uire leifiire^ ^^ and experience to iiepaiate from the others. 

We are not therefore to imagine that the examination,, eitheir 
of a line or a point would be the firft attempts for ietling 0xcna 
notions with regard to magnitude. It is more reafonaUe to fuppoie 
that the firft kind of magnitude which would fall under due confi«« 
deration of men„ circumftanced as we are in feciety, would be 
rectilineal figures, and perhaps circles or even fblids of £>me deter-^ 
minate (hapes v not only becaufe nature produces fuch: a. variety o£ 
tbeni ready made to pur hands, thus, as it were, inviting us. to 
make them the iubje£t of oui: mediation, . but fo foon as propertys 
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in land became eftabli^d, a man bad only tadifcover that a greater 
quantity of it would yield a greater increafe^ to engage him to pay 
attention to this quantity $ either that he might be the better able 
to impofe upon his neighbour^ or to guard himfelf from the impo* 
iitions of othens. 

And although they might at firfl imagine that the bounding lines* 
would be fuiEcfcnt for afcertaining their property; yet they would 
come at laft by reafoning and blundering^ to perceive that the- 
ihape is neceflary to be confidered, as well as the bounding lines. 
This might lead them to make pictures or refemblances of their 
"fields, by way of afcertaining their property, until by frefli expe- 
riments and blunders, it may be fuppofed they could perceive, that 
thefe reprefentations, which I imagine to be made by the eye, with- 
out the aiUftance of other principles or inftruments than fuch as 
occafionally offered themfelves, were alfb inaccurate. Or even if 
this could have determined one's property, when joined to other 
circmnftances upon the ipot ; yet (till a very material defedt would 
be obvious ; as there would neverthelela be wanting, any thing 
like an accurate way of comparing different figures with one ano- 
ther, efpecially when their fides are numerous and their fhapes un-^ 
like. And it is probable that they would at firfl drop all thought 
of being able to compare fuch with any degree of accuracy, but 
giving them up as unmanageable, would bend their whole atten- 
tion to the fimpleft kind, very probably to the triangle $ until the 
great ilep was taken, which was to lay open the whole myftery of 
this fcience, by the man who firfl difcovered that all retflilineai fi- 
gures may be divided into triangles; and this iVep once taken,^ 
they would then begin to tread on fcientific ground. They would 
be made fenfible of the ufe of the triangle, and exhauft all their 
thoughts and ingenuity to difcover its properties. 

But it fhould be obferved, becaufe I believe it to be the great 
fpur to improvement, that there would probably appear great ine- 
quality in the accuracy of the different conclufions which their in- 
genuity would lead them to, when their curiofity was once awa- 
kened by fo fair a pvofpcGt of being able to mailer their fubjedt : 
fome amounting to abfolute demonftration, while a great many 
things perhaps fell fhort of fuch an evidence as was neceffary to 
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perfuade them that the conclufion^ were true ; and fuch difcordant 
parts would necefTarily awaken their induflry to give the whole an 
uniform appearance. It would be feen that if fuch a thing were 
proved fuch another would follow ; and they would colled as many 
of thefe confequences as they could relating to triangles ; what 
would prove them to be equal or unequal ; until they came to per- 
ceive the remarkable utility of this wonderful figure, and its apti- 
tude to explain and connect the fimpleft and mod intricate parts of 
the icience. 

And this jfeems to me to be the moft natural account of the ori- 
ginal and improvement of geometry ; becaufe I am perfuaded that 
if any thing, even uniformly inaccurate, had been produced hy 
themfelves ; or if the regular mechanical rules fufficient for the 
ordinary purpofes (^ life had been communicated to them by fome 
foperiouF Being ; mankind would have never thought of any fair- 
ther improvement s 4nd the human race would have drudged on 
in the farte- beaten path void of curiofity and fully fatisfied with 
their prefent acquifitions. But this we find to be a fad by experi« 
ence ; for thofe who are intruded only Jti the pradical parts of 
this fcience, proceed with as little hopes or defire of improvement, 
as the very inftruments with which they work. 

But to return to the fubjed ; let us fuppofe at firft that they had 
it only in view to give irregular figures a more regular fhape ; or 
in other words» that*they wanted to perform the problem, which 
Euclid has given in the forty fifth propofition of his firft book i 
namely, to turn any redilineal figure into a parallelogram having a 
given angle : it will be found that almoft every propofition v^icli 
goes before, is necefifary towards a proper fdlution of this problem^, 
and if the {Indent would be at the pains to examine bow far thia 
is true in fad» it wilLaflift him much in comprehending Ettclid-s 
arrangement ; eipecially if he attend particularly to the ufe which 
is made of the triangle : and with a few remarks upon this I (hall 
conclude the chapter. 

And firft it is to be observed that ftraight lines and angles are toa 
fimple of themfelves to hear a ftrid examination, with any hopes 
of diicovering their properties ; and if we want to prove them to 
be either equal or ufiequal; the lines muft be'fiidei of a triangle 
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and the anglee are angles of fome triangle .$ the fourth, fifth, fixtb^ 
feventh and almoft every propofition in the book furnifhes U6 with 
inftances to this purpofe ; and it is owing to this fure guide defert* 
ing us that, .we are brought into fuch difficulties by the eleventh 
common notion. It is true that by the afliftance of a perpendt* 
cular, we feem to make a few Aeps in comparing angles which do 
not belong to any triangle, as in the thirteenth, fourteenth and 
£fteenth proportions, but as thefe depend upon the perpendicular, 
they are virtually fupported by the triangle : and the fame may bo 
faid where parallel lines are concerned; That the liQes. from the 
•center to the circumference of a circle are equal, is the only pria«* 
>ciple by which lines can be proved to be equal independent of the 
triangle. Secondly we may obfefve how the tranfition is made from 
triangle)B lo fouriided figures i and die triangular fpaces compared 
wiA parallelograms, by which a foundation is laid for turning all 
cedilineal figures, however irregular into parallelograms. And 
laftly when the u&fulnefs of the triangle is confidered, the reader 
will not be furprised to find fo much pains taken, to fettle eveiy 
circumftancie which can prove them to be equal, and in wJbat cafea 
ibme of thek parts may be equal and the others not. 



CHAR IV. 
Containing fome remarks en the conJiruSlions in the firji book. 

IT 'has been remarked already that our author discovers great 
caution in the ufe of the poftulates, by keeping all mechanical in- 
firaments as much as poffible concealed from public view : and 
indeed he feem^ almoft afhamed of them, for which reafon he 
never conflruiSs his problenM upon a fuppofition that you make ufe 
of any particular infiruments % and this is necefiary to Se obferved 
before we can form a proper judgement of the fimplicity of his 
conflnidiona. The common modern way of judging upon this 
pointy proceeds upon « very mechanical principle indeed ; for the 
fimplicity of « conflruAion is to be determined by the number of 
times which yoa have occafion to open your compafles : but a$ 
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Eudid fcoovro nothing of a pair of compaiTes^ it can never be fup-^ 
pofed that this is the teft to which he appeals ; but to the nature 
and number of ideas fuggefted to the mind by the different fteps 
•f the conftra£tions. He does not care how often you are obliged 
to open your compafies^ provided the perceptions, conveyed to the. 
mind by his conftru^ions, be the mofi: fitpple and general which 
die circumftances of the cafe will admit of. Some particular in^ 
fiances- will explain my meanings 

* loi the twenty third propofition we are required to make one: 
angle equal to another y and you fave yourfelf the trouble of one 
opening of your compares by making DBF an ifofceles triangle :: 
but Euclid requires you only to join £P i which certainly is a 
fimpkr conception, than when you are moreover required to take' 
care that your other two fides be equal i and has alfo this great: 
i2:ientifi£ advantage, that it is more general, by (hewing Hiat any 
triangle will anfwer the purpofe i, when your mechanical conftruc* 
tion goes upon the £uppofition that a particular kind of triangle is 
aeoeflary.. Thus it often happens that our compafles and under-^ 
landings are at variance i or rather our hand and head incline dif«- 
£erent ways y what is moft intelligible to the head^ the handfindft^ 
itic greateft difficulty in- performing. 

. In the fame manner, in the ninth* propofitioui three circles 
muft be described according to Euclid's plan^ whereas mechani-^ 
cally, which fuppofes that we can de&ribe an ifofceles triangle 
upon a given ftraight line,, one opening of the compafiks will an- 
fwer the purpofe ;. and there is a like difference in the fcientificali 
and mechanical conftru^licms of the tenths eleventh and twelfth 
proportions. 

The drawing, of paialld lines Euclid uniformly refers to one 
principle y and this problem is performed by making the alternate: 
angles equal ; and this the nature of the ibience requires that he 
fliooU do : however I have no objed^ion to the ufe of any inftru^ 
ment which may anfwer the purpofe, provided the ftudent know: 
what be is doing,, and do not work at random, without any fettled 
principles. 

Barallel rulecs are of all contrivances,, the m^ft inconvenient for 
ibis^ purpofe of d|rawing parallel line^;. but yet tt aight be of ufe 
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for the ftttdent to confider upon what principles we pretend to 
ufe them : and he will find that they are con(lrud:ed upon geome« 
trical principles, though not by any propofition in Euclid ; for their 
paralleliim depends upon the converfe of the thirty fourth propo- 
fition, namely, that if the oppofite fides of a quadrilateral figure 
be equal, they will be parallel ; the demonAration of which wilL 
be obvious to the attentive reader ; and he might at the fame time 
confider the converfe of the other part of the fame propofitioot 
viz. that if the op^ofite angles of a quadrilateral figure be equal, 
the figure is a parallelogram ; this follows dire<Sly from this confi- 
deration ; the oppofite angles being equal to one another, and the 
four angles equal to four right angles, any two of them taken in 
order round the figure will be the half of the four right angles ; 
chat is equal to two right angles, and therefore the lines are parallel- 
But the mofl: convenient inftrument for drawing parallel lines, 
as alfo a perpendicular, is a triangular piece of wood in the-ihape 
of a right angled triangle : for, by making this flide along the edge 
of a ruler, parallel lines may be drawn, upon the principle, that thes 
outward angle, is equal to the inward &c. by the twenty eight 
propofition. And if you have two parallel lines given you, a pa- 
rallelogram may be formed by the thirty third proportion, by ta-* 
king two equal parts of them, and joining their extremities which 
are towards the fame parts ; in ihort I would recommend every 
kind of conftrudion which is derived from fcientific principles,* 
provided the reader give himfelf the trouble to find out the prin-* 
ciples. 

It fometimes happens that a diredt conftrudtion will not anfwer. 
the purpofe i of which the amendment propofed by me in the 
conftru^ion of the forty fourth propofition is an inftance ; and if 
any one try to demonftrate the forty feventh propofition, by defcri- 
bing the fquare upon the fame fide of BC upon which the triangle 
ABC ftands ; he will meet with another inftance of the fame kindi 
for if he defcribc this fquare, he will find it no eafy matter to 
prove that its fides are terminated in FG and KH or in thefe lines 
produced, which is abfolutely necefifary to make good the demon- 
ilration : but if he draw perpendiculars! from the points B and C 
terminated in thpfe lines and joinltfg their terftxinations, i^ is eafy 
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to prove the figure to be a fquare ; fuch indirect conftrudion^ 
fliould be particularly noted by the learner wherever they occur. 
In (hort to conclude what I have to fay about conftrudlions^ I 
would have the Rudent exercife himfelf, in them upon every occa- 
fion, or even tofeek occafions for doing it, only with the caution 
to beware of contraSnng fuch prejudices as might corrupt his fci* 
entific priiiciples, which can never i^e (he cafe, if he know w hat 
he is abdut, and confider the nature and extent of his inflrumcnts. 



: C H A P. V. ' . 

Containing Jucb remarks as rnay enable the reader to make a proper 
efiimate of bis progrefs in geometry when he has made himfelf 
mafier of this frji book^ 

BEFORE: he proceeds to the fccohd book it wjll be proper for 
the reader to^ take a review of this firft, not as a learner, but in 
order to make a proper eftimate of his geometrical acquisitions : 
and he will not be much out in his reckoning if he judge of the 
whole by what he kaoVtrs of the triaogle. I have mentioned: already 
that diis figure is *our great, inftrument of difcover/, being equally 
necefilary for determining the fibipleft properties of ftraight lines^ 
and angles, as thofe of the liidft irregular figures. 

The firft general property which we l»rn of this figure is that 
all triangles are equal, vt^hich hav/P two fides equal tp^ two fides 
each to <each, and the anglei: contaioed by the two fides equal i 
and thfit this equality does not fimply^rh^ with refped: to the 
ipaces^ but is true of every fingle part. of the triangle ; their bafes 
are equals the two remaining angles in e^ch are equals yi?^* thofq 
under which the equal fides are extended^ each to each: or ia 
other words that thtf two fides,, arid the angle between theni> fixes 
every part of the triangb without, a poffibllity of change* The 
fifth and fixth propofitions contain more partial properties of the 
triangle; by proving that the. equality of $he two fides will always 
infure the equality of the two angl^ at the bafe : and converfly 
that the equality of .the tWb angles at the bale fixes the equality oC 
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the fides. Thus we knoir what will proTc 4ie triaagle ta be iibf-% 
celes ; and we know the moft remarkable con£eqi!ieiicea whioii fol^ 
low from its being (ucb a trtangle.. 

In the eighth propofition it i$ demonft rated that al( trianglet 
which have their three fides equals each tocach, are equal hi eirerj? 
refped i or in ether words» that the three fides fixes the triangle^ 
fo that neither its fpace or angles can poffibly vary {o long as the 
fides continue the fanie : and in the twenty fixth prapofitton we 
have two other teds to the fame purpofe : for if two angles and 
the fide between them be given or fixt we pannot change any part 
of the triangle^ neither the other two fides nor the other angles fo 
that all triangles which have thefe equal muft be equal in every 
refped : or ib long as two angles of a triangle and a fide extended 
under one of them are fixt the whole triangle is fixt ; therefore all 
triangles which agree in thefe particulars muft be the iame orequal 
in every reipeft. 

Thefe four tefts which fix the triangles abfblutely ihould be 
carefully examined not only ieparately^ but compared together be«« 
fore the reader can make the proper uie of tfaem« 

It is not only neccfiary to ob&rve in what circuinftaiices the tii« 
angles may be demonftrated to be equal ; but it is of no left kn-^ 
pOTtance to fettle in what cales» we can fity, that the whole tnmim 
gles or certain parts of them muft be unequal. And firft it appeases, 
from the feventh propofitioot that if the two triangles be upon the 
fiime bafe and upon the fame fide of it i their fides which van ter- 
minated in the fame point cannot be equal. Alfe it foliows from 
the twenty firfi: propofition^ that if the triangles be upon the lame 
huk, and the vertex of the one triangle within the other ; their 
fides cannot be equal, either each to each o? taken both together j 
but that the'fidfes cf the included triangle will be lefs than die two 
fides of the other. c 

Such conclufions as thefis indeed^ we are both very deKteroas 
and confident in drawing at random $ and the ibllowing would ^^ 
pear ftrickingly conclufive ; becaufe it it proved in the fourth fco^ 
pofition» that, when the two fides are equal, each to each, and 
alio the an|fle contained by the two fides, therefore the bafe is 
equal to the baie s tbeftlbrt imdoubledly we may in&r fvom^this, 

that 
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chat if the inclttded angles are not equals neither will .the bafet be 
equal, but the one moft be longer than the other ; and certainly 
the laiger angle ought, by the rule of right, to have the longer 
bafe extended under it. £ut foftly, good (ir, this is not geometrical 
feafoning : for although the equality and coincidence of the bafes 
is ^monftrated in thia proportion when you keep up to the diffe*- 
rent parts of the fuppofiition ; yet it is not (hewn that this is the 
oftly cafe in which that equality can hs^ipen : and indeed the change* 
sag a fiiigle circumftance will not p^erent their equality for yom 
may fisppfiife AB to be unequal to D£ and nevertheleft the bafes 
tnay be equaL So that howeirer ready a iuperficial reader may be 
to adopt fuch concluiions, yet the geometrician will find that f 
great many fteps are to be taken before he can demonftrate this to 
be true. Which is indeed done in the twenty fourth propofition^ 
but after many necefiary properties have been previoufly delivered. 
If the two fides are equal but the bafes unequal it appears from 
the twenty fifth propofition, that the angle oppofite to the greater 
baie is the greater. 

But farther, with refpe£t to the angle : I have mentioned already, 
that we cannot compare angles unlefs we confider them as belong-- 
ing to triangles i the fixteenth propofition is made ufe of to prove 
that one angle is greater than another : which is a very funda- 
mental propofition and ought to be carefully examined : the fim- 
pleft view which it is pofiiible to take of it feems to me to be this« 
to confider the propofition as expreft thus; the angle ACD is greater 
than CAB and alfo the angle BCG is greater than ABC 1 which 
when properly confidered will appear to be the fame thing : and 
then, when we recoiled that the angle ACD is equal to BCG, it 
may certainly be faid that ACD is greater than either CAB or 
ABC : but this is a propofition which ought to be viewed in every 
light. By this propofition we likewife prove that lines in the fitu« 
ation, which the fuppofition requires in the twenty feventh can 
neve rfbrin a triangle, and thus leads us to parallelograms ; from the 
confideration of which we have a new and wonderful property of 
triangular fpaces, namely, that if the bafe of the triangle continue 
the fame or equal, you may vary the fides until they become a 
thouiand times longer than in their firft fituation, and ftill the tri- 
angular 
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angular fpace will be the fame. And this is alfo the principle by 
-which we can change fpaces from one (hape to another as will be 
obvious to every one who underAands the forty fifth propofition. 
. I (hall conclude this diflertation, with a general admonition to 
the reader^ to obferve particularly the ufe of the fuppofition in 
every propofition ; becaufe I know nothing that is fo eafily neg* 
ledted : the conftruftion and even the references to other propel* 
tions may make a forcible impreilion upon the mind ; but the fup** 
poiition has hardly any. thing which can awaken our attention to 
it^ except a want of evidence in the conclufion^ and there are tfaoft 
who have a wonderful inclination to lay afide their icruples at that 
part of a demonftration. 
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WHOBVE-Rhas read the firft book with care, will perceive 
the particular ufe of the triangle for difcovering and con- 
ncding the different properties of magnitudes ; and muft at the 
fame time be fenfible of the uncommon genius of the author, 
who could apply this figure in iuch a manner as to make it difcover* 
its own properties, as well as thofe of other magnitudes. In his 
fecond book he prefent^ us with a r\tw inftrument, the ufe of which 
is no lefs exteniive than that of the triangle ; and it is the purpofe 
c^ this di/Iertation to draw the attention of the fuperficial reader 
to the properties and moft obwous ufesof the redtangle. 



C H A P. I. 

Of parallekgrams. 

. , f , f 

' TO uiiderfttnd &is fecond book properly, it. will be neceiTary 
to coofider the thir^ fifth propofition of die firft book, in more 
points of view than are immediately prefented to us by the propo« 
fition itielf. It is there demonftratcd that when the parallelograma^ 
are upon the fame bafe, and between die fame parallels, the paral*^. 
lelognun fpaces are always equal : now this reduces an infinite va» 
liety of paralldograms to one finglb parallelogriam as far as the 
ipace 18 concerned ; and if a choife of a parallelogram is to be 
madct which is to reprefent all the odiers^ the rectangle, or right* 
angled parallelogram ought to haye the preference ; becaufe its 
bounding lines arei the leaft, and its angle fixt or determinate; 
that its fides are the leaft will be obvious, by comparing a fide of 
VoXi 1. 1 tbe 
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the redangle with the fide of any other of this infinite variety of 
parallelograms juft mentioned ; as for inftance AB with BE» the 
one of which fubtends an acute angle and the other a right angle 
in the fame triangle. 

But this redtangle ilfelf^ is fufficiently or rather abiblulely deter- 
mined by any two of the lines about aAy one of its angles : and 
thus two ftraight lines» will fix an infinite variety of parallelogram 
ipaces. 

Now this is the firfl: definition of the fecond book» which i» 
thus exprefifed i Every r^bt angled parallelogr9i|i| is fatd'tp |>e con«« 
fcained by any two of the ilraight lines containing tl^e right aiigk. 
The fpace indeed is bounded by £3ur ftraight lines ;. but not \>y 
£aMr different ftr«igfat lines, for the oppofite ^des are t)ie famci or 
equ^U Here the reader is carefully to obfervei that there i» no dif-^ 
fer^nce naade here between equaiityi and identity % for whatever 
lines 9re equal, in the prelent cafe they ^re always conijidefed ga 
the fame ; that is if you make a right angled parallelogram^ apy 
trwo ftraight lines whatever, that are equal tp the two lioes ab^ut 
one of the angles $ are faid to contain the fpa^e, as well as. the p^r-^ 
ticular lines which make two fides of the very figure. 

This circumftance perplexes beginners exceedingly ; and ought 
to be made the fubjed of frequent niqditation before one attempts 
to read a fingle propofition in this book. And here it would be 
proper to begin with confidedng the. nature of a parallelogram,, 
ftill more particularly : the reader has feen what will fix the paral* 
lelogram fpacc : he. is ,next to cohfidet .what wiU fix tfaejivhold ^a- 
callelogirim^ fidea and angles ; and he will ficftt'Dhiiirvf^>jbha«:tha- 
two fidbt about any* df the .angles. i. will derormine t^i thft fidea^ 
faacau^ the otl^er two fidea aoe. equal to; thefc fewDci jsexti lei Juin 
try to fittLQBLvdiat{ wittidetb'aiinetjKe langlpu. .Nom any »^ of. 
9ft paralklngraon. iMsigngiviini ih ia Impoffil^k.-to ebaage-^yiafi.tlief 
others^ hat tshiaith]9'iUderi|iriU dQlwdtt>tojdemosi!(biai(ir.;:..i^Kic 
may dorasiiollawa^ anO^ two singles oTia panllpfagnm. wiiieh isdn 
lew each othec ia OKdnr.apB! equal to iwo.rigbt ugibea^ dnn of ^f£h 
being fixed- finely thfe othei xb fixed alfa;.' and .the o|ipafiiq an^Jsit 
of. pariEdlek>g9ani6 ara equslij therofi^ijo it istobvioits tkafioiieianglaL 
of the par^lklogram) f^Si^aiUi the tothccft The teaden Actuld dc^ 
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tnonfttate tUft formally and khen he will fee that the parallelo* 
gtiM is entirely fited when an angle^ and the two fides aboitt that 
angle ire g^Ven* Bat as I know from experience that the ftudeni 
will itot perceive this immediately ^ let him take only the two 
fidest and the angle between them ; and with thefe compleat a 
vaiiely of |>ar&Uekig^amd i sind he will always find them the fame« 
Not ih^t-thfe donftrUdibn is neceflary towards a right underftanding 
of the ediidufioA i ^biit I knovi^ that it is tleceflary for fixing the 
reader's attention r ^nd without attention it is impoffible to com- 
prehSfid aiiy eonclufion. Now this point being once fettled, it is 
«M^ defti^; ihM 4f the parallelogram be right angled^ the two fide* 
ftbdtit one of ftfe angles, or dven any lines^ equal jto thefe, v^ill fix 
th6 ptU^aUeltgraifn; {tk>m Which the full ithport*of this defimtion 
may be uftderHood. 

CHAP. II. 

^onfaining fame remarks on tht principles made uje of in Jemon^ 
Jlrating the Jirji eighl propofitions. 

•THE ^fimplicity of the demonftrations made ufe of in the firil 
tight' propofitions, will be readily acknowledged by every one who 
Qtl^iftiifld^ them : and yet it often happens thdt the ftudent is tit 
i loft td comprehend their meaning, efpecially upon the firft read* 
ihg ; which- is oWing to two circumftances; ^rft becauft he does 
ndt lindeHlaftd the firft definition ; and fecondly becaufe we have 
iio cdbnioAf noti6n8 of the properties of figures contained in this 
bOoIl-; if taiat property of a triangle Should be accidentally men-i* 
tioh^d to a perfon ignorant oi the prineiples of this icience^ he 
would <ieverthelef» fbrm fome opiidori cdhcerhing its truth or falf*^ 
hood from fome common notions of his own ; but read the enun^ 
ciation of the third propofition in this book to him ; and he will 
have no more opinion of its truth <x fal{)A>od than if it were deli- 
vered to him in an unknown tongue. And fuppofing^ thefe two 
difiiculties to be got over ; that is fuppofing the firfl. definition to 
be Well utiderftoodi and the meaning oi the propofition become 
itttSil^, it'isi ioipofiiblt for any evidence lo prefent itfelf to th^ 

1 2 mind 
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mind in a fimpler fotrtk, than that whi«b' the£s demonftrUiont 
offer ; as the progrefs of it in general is thufit ypu defcribe a- cer- 
tain redangle or fquare^ which is divided into right angled paraU 
lelograms or fquares by lines drawn parallel to the (ides ; and the 
whole noyftery confifts in fettling what thefe fpaces .are according 
to the firil definition. For inflance^ in tl^e fir/l proppfitiop> as tho 
whole is equal to its parts> the re^angle, or right angled pars^6r 
logram^ BH is equal to the re<ftangles :fiKi DL, EH taken all, to- 
gether ; fo that we have oqly to fettle what the r^daagles BHf BK^ 
DL^ EH are according to the firft definition^ and the demonftra- 
tion is compleat. In. the fame manner in the iecpnd propofitton 
(which by the bye is only a particular cafe of the firflTj,) thefqujtfft 
ABED is made up of the two rectangles AF and CE ; fo that yf9 
have only to determine what thefe are according, to the firft defir 
nition^ and then the thing propofed is demonftrated. Again in the 
third propofition, the rectangle A^ i§ Qiade up of the, redangle 
AD and the fquare CE ; fo that we have only to determine what 
thefe arc according to the fame firft definition^ and the.propofitioii 
is demonftrated and fo in other inftances. 

The firft eight propofitions fcem to a fuperficial reafoner to reft 
in feme meafure uponra kind of intuitive evidences becaufe the 
form of demqnftration differs remarkably fropa that made ufe of 
in the remainiilg: propofitions; pf this book } in .which the conclu^ 
fions. are inferred from- the forty feventh propofition of the firft 
book without exhibiting the fquares. But Euclid never draws^any 
con&quence from what we are fuppofed; to fee, though we o^r• 
felves may : for his demonftrations are equally conplufiyc whe^er 
the figures upon which we reafon be' the objects of our fcn&s or 
not. The different fpaces exhibited in thefe figures arife.from the 
conftrudion^ and have their exiftence and properties from that» 
whether we fee them or not. 

C H A>. UK •: I : . 

Of the addition and fubftraSion of reS angles and fquareu 

WHEN the learner has made himfelf ;x^fter of the d^^njionfir^r 
tions contained in this fecond book ; it will be prpp^f (o turn liis 

thoughts 
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thoughts to the ufe which may be made of the properties of thefc 
re^angles and fquares which he has been confidering : and as al-^ 
moft the fimpleft ufe^ which can be made of magnitudes^ is ad- 
ding them to one another or taking them from one another ; it is 
very manifeft that thefe properties will be in a manner ufeleis^ 
until' we have acquired a readinefs in adding them together, and 
taking them from one another : and this indeed is one of the mod 
intricate and extcnfive principles in geometry. Much of this bufi- 
aefs may, and indeed ought to be learnt from this vtty book; for 
whoever (hould treafure up in his memory whatever is contained 
in this book, it would be but ufelefs lumber unlefs confidered 
under this particular pdint of view. And fo much for the neceflity 
of this practice ; but a few examples will befl: explain my meaning. 

Suppofe in the fecond propofition you were required to a,dd the 
rdflangle contained by AB and BC to the redangle contained by 
AB and AC ; thefe taken together make the fquare of AB : agaia 
if from .the fquare of AB you take away the re<3:angle contained 
by AB and BC ; the remainder is the redtangle contained by AB 
and AC ; all this is obvious from the infpedion of the figure ; but 
as thefe confequences may be wanted when the figure is not at 
hand for infpeftion, the reader ought to be able to derive thenx 
readily from any fingle flraight line cut into two fegments. But 
again in the third propofition if you add the reftangle contained by 
AC and CB to the fquare of CB it makes the redlangle contained 
by AB and BC ; or if you add the re(5tangle contained by AC and 
CB.to the fquare of AC it makes the redangle contained by AB 
and AC : And farther if from the rectangle contained by AB and 
BC you tak^ away the fquare of BC there remains the re<£iangle 
contained by AC and CB. 

In the fourth propofition if you take the fquares of AC and CB 
from the fquare of AB there is left the re<9!ingle contained by AC 
and CB taken twice : or if the fquare of AC be added to the 
re^angle contained by AC and CB taken twice ; their fum will be 
equal to the difference between the fquares of AB and BC ; and 
this is alfo obvious from the Infpeftion of the. figure. 

The fifffa propofition, in which is coQipare4>the redangles made 
by the equal fcgaaents of a line with thoie aoade by the unequal 

fegments^ 
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fegmentSy furnifhes frequent opportunities for this kind of prac« 
tice ; thus if from the fquare of half the line BC you take away 
the fquare of CD the remainder is the the rectangle contained by 
AD and DB ; and this fquare of CD added to the redtangie con-* 
tained by AD and DB makes up the fquare of half the line. And 
in the iixth ^propodtion if from the fquare of CD you take the 
fquare of CB the remainder is the redangle contained by AD and 
DB. One might jud obferve upon the fifth; that the rectangle con* 
tained by AD and DB and the fquare of BC are bounded by the 
iame extent of line i but that the fpaces inclofed differ by the 
jfquare of CD. 

It would he tedious to be more particular upon this fubjedt j I 
ihall therefore conclude with obferving that fquares are generally 
added together or fubftraAed from one another by the forty feventh 
propofition of the iirfl book ; and that they are doubled by the 
afliftance of a right angled ifofceles triangle as in the ninth and 
tenth propofitions } ^d may be halved upon the fame principles. 



CHAP. IV. 

In which is Jbewn the abfurdity of applying numbers to illufirate the 

propqfitions in this book. 

IF you. draw two indefinite ftraight lines at right angles to each 
other» and cut off fromone^ feven equal parts, beginning at the 
angular pointy and from the other four of the fame equal parts, 
and compleat the right angled parallelogram i then, through each 
of the divifions, drawing lines parallel to the fides of the redtanglei 
the whole furface is divided into fquares all equal and twenty eight 
in number^ which is the produft of four multiplied by feven. And 
becaufe this parallelogram is equal to any other upon the iame or 
an equal bafe and between the iame pardlel lines i and a triangle 
in the fame circomftances, the half of it : dicrefore this otbei^ 
parallelogram, though not divifible into fquares, is faid to contaitt 
twenty tight fndi fqoarea ; and the triangle fourteen of the fame* 
And as any rediliaeal j^ure is divifiUe mto triangles, upon iheie 

principlea 
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priaciples any reftilinjcal figure inay have its cootentd txpreft ia 
fquare meafure^ inches feet or yards according to the ixiearure by 
which you fuppofe your lines to be divided. 
. Now this way of exprefiing the furface or contents of a right 
angled parallelogratu in fquare meafure by the produd: of the two 
fides about one of the right angles^ has introduced a very abfurd 
praSke upon this fecond book, which fome facitious gentlemen 
have been pleafed to ftile illuftrations. 

But we (hall be beft able to decide how far this method of e^j>^tf«- 
tion can be called an iUuftration by confidering the ufe for which 
it ia intended. Now the common affairs of life require, that vire. 
fhould pay a particular attention to fmall and large portions of est-- 
tenfibq within certain limits ^ which made it neceflary to aflume 
particular parrs of extenfion as a common meafure r and for tbis- 
purpofe at firft eertein parts of the human body feemed to have 
been ufed as is obvious from the Aames of meafures; an inch, z< 
foot,, a fpan Hc^ and vet^ probably he who obferved that the feet 
of different men were unequal in length,^ and thus proved the ne^ 
ceffity of having fome fixt Aandard meafure, flood pcetty high in* 
the opinion of bk cotemporaries for ingenuity. Suppofe them to^ 
have made the ftandard meafure which we call a foot; ^or Ibme 
purpoies this, would be too large cind fot^ others too fmallv The difi*^ 
tance of one place from another exprefl in feet could bring no dif^' 
tindi idea to the mind y it would be an improvement to take three-* 
feet and make an unit of that, under the different name of a yard^.' 
but ilil| more to take ons thoufand ieven hundred ' and fixty yards^^ 
and call it a mile; And by fuch contrivances emr perc^pffibns of^ 
diftance might be made tollerably accurate and fuited to our cir^ 
cumftances. Surfaces are meafuredupon the fame plan, and expre(fc 
in fquare feet, yards or miles upon the principles explained above:: 
and to the great comfort of the unthinking part of mankind alLi 
furfaces may be compared in a^ manner fufficiently accurate for the. 
purpofes of common life, not only without our ever attending to a.^ 
furface ^ but what is more without our. having any notion of ex- 
tenfion* For our attention is turned to no particular kind of mag-^^ 
nitude,, as we are only to confider whether one number be greater 
than another i and here it is not necefiary to form your judgement 
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by the nature of numbers, but by a particular method of notation, 
which you have been taught. 

It would be flrange enough to put one upon meafuring fuch fi- 
gures as Euclid treats of in this fecond book, in order to get at 
thofe properties which he fays belong to them ; but it would be 
the greateft abfurdity to call this an illuftration of Euclid's demon- 
flrations ; as the two methods are founded upon principles, in a 
certain fenfe diredtly contrary to each other : thefe menfurations 
drawing the reader's attention from Euclid's plan to fix it upon 
fomething elfe i or, more properly fpeaking, upon nothing. Nei- 
ther is the conclufion fcientifically accurate ; for the lines taken at. 
a venture cannot be divided according to any meafure ; particularly 
if the line be cut as is required in the eleventh propbiition, it is 
in^poilible to meafure it and its parts. But to reft this matter en- 
tirely upon the moft material objedion, viz. that it is diredly 
contrary to Euclid's ideas. He teaches how to turn any rectilineal 
figure into a fquare in the laft propofition of this book. Which 
ihews that his plan is to make every ftep we take the objedt of the 
underftanding, and therefore does not prefent a multitude of things 
to^ the mind which it is impoflible for it to comprehend, but two 
diftin<ft things for its contemplation : he does not exprefs irregular' 
figures by a multitude of fpiall fquares of any particular name ; 
but reduces any two, which he may have occafion to compare, to 
two fquares i nor has his reafoning a reference to any particular 
meafure. In fliort if my intention was to purchafe figures, I might 
truft to this pradtice ; but if I meant to reafon about their proper-' 
ties it mud be entirely laid afide. 
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THE triangle and rcdlanglc two of the great inftruments of 
geometrical inveftigation, being confidered> Euclid proceeds 
to the third, which i$ of no lefs importance than either of the other 
two. And is here in its proper place, becaufe the properties of 
the circle are derived, partly from the triangle, and partly from 
the redangle. 

In the fecond book the propofitions are arranged according to 
their fimplicity ; and not as in the iirft book according to the de- 
pendence which the propofitions have upon each other : becaufe 
the tenth might be read firft, for any connexion which it has with 
the firft nine propofitions ; the four laft indeed are connefted with 
fome of the preceeding propofitions, but none of the others. In 
this third book the arrangement is made partly according to the 
fimplicity of the properties and partly according to the connexion 
which they have with one another i and the explanation of this 
arrangement with fome remarks upon the method of demonftration 
Aall be the {ubje& of this dififertation. 

C H A P. I- 

. Contmnif^ remarks upon the mrangement iff the prapo/itms^ 

IN the two firft books our author confiders thd circle only as 
a mechanical inftrument, and the ufe made of it, refts entirety 
upon the third poftulate ; and unlefs it were introduced upon a dif» 
ferent footing, it could hardly be reckoned a geometrical figure^ 
In fhort in the firft two books it is only a pair of compafi^ with 
an indefinite extent and perfedly accurateti But here in this book 
i Vol. L m it 



Digitized by 



Google 



90 DISSERTATION V. 

it puts on. a very different charader» and is a geometrical figure 
bounded by one line called the circumference i and it is alfo added 
that there is a certain point within the figure from which all the 
lines djc^wn tq this circumference are eqiial ^ but thispointis to be 
founds before we cai» expeft to n»ak« moch oi tlM prapeities^cf the 
circle. The firft propofition teaches us how to find a ftraight line 
pafling through this point i and not fimply a ftraight line> but a 
finite ftraight line^ the cutting which in halves will find the center. 
TX\k being; foupd it feeing both i^tural. aiKl necefiTarytchconEda; 
w(hether t^< circuQifer^eoce of a circle be totally aod eflentialTy dif- 
ferent fcqn» z (ifaigb.t; Ujie j which it is proved. tOr be. in (he ^oodj^ 
l^y ^e^yiQg. th^( cver^ ftraight ^^ne jpining any two points in th< 
circ(vn£;reQC( falls entirely withia the^ circle^ and <caa neither a^r 
ply itfelf to any part of the circumferenccj nor even m»et It.excepit 
ifK the. tviQ afTuoaLed joints ;, frxHO. whch it CoIIqws that, a ftraight 
lipf? caoaQt. ant the cjccumfeieooe of a circle io cnp^e points thaji^ 
two.' ^ , . ' . 

Sut. to retjiroi to the.ccintei:;. tb«.isveftigaAiQO o£ this point would! 
(kpw. th^ the centjsrt will always, bi^ found in any ftraight line cutr 
tji^g anoth^cr^, tccmin^icd by tbe. circle, in halves and at rigjit 
an§le_s.: this, difronery. b;-ings, us, dirc<3tly to, thp 4^hurd* jKop^^fitipn^ 
for it would not be diSlcult toacojigiop that.any ftraight line drawn^ 
frooi- the. cfioteif to the point ia. which any Hw was cut in hjUvosj^ 
would fall, iui with this i^erpendicularK and the «)ntraryjL and thi^ 
would lead to the demonftration.of the fourth grogofition, which 
muft have been fuggefted already . by the property of the center^ 
fiat all lines pqffing through it and terminated by the circle are cut in 
halves there i becaufe it .^ouliilbciprapgr to demonftrate that no 
other point has this property, and it is here ftiewn that not even 
two*Kner teitmnteted^by^tttc <2ircle can* be* cut iir RalVescfir my other 
point. But not to be tedious, the meditating upon the center would 
wryi Mtorally had toi kEodifoowqii ofi tht.fis;ft) fShuiw ptc^nfitidiis ; 
and] ibis fcatdly«to be ttnogined ti»t a^gcoiiieiisntmwcnBldLdcapitha 
eontemplatioiii ofi the feooad^ propafitiooi heftwr fae:Uadidi&ovmnir 
io wj^atimamm- a ftraight'lino dnwn . thraugb* mppoiiitiiQi thr Gii>« 
cumfenmor of the ctncfe would «moet( it» drauaifiBrence,. wfiidi 
would laadi to. tHo oonfidoratioa \a£ Ubk: ilMranti^^ hnoataaoih^ 

e^htocnth 
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dghteMth and nioeteefith propofitiom. Ahd it would be very pro^ 
per for the ftudeiK to examine the firft nineteen propofittons again 
and agatn« before be proceed any farther in the book^ 



CHAP, IL 
Tife Jime /uije& continued. 

THB firil and fecond propofitions might lead in a very eify and 
natoral jnaaaer to the difcovery of the firft nineteen ptopoGtions ; 
but die idea of fioular fegmenes is by nomeans an obvious one ^ 
for the coalmen notion is to the laft degree vague and ondetermi- 
nate z fo that ever fince I couid pretend Xjo form any opinion upoA 
thia fabjedt I have always regarded this ae one of the onoft maf^ 
terly parts of geometry, of the moft fubtile invention, and as ha-4 
vtog the moft eXtenfive and tinexpe^ked confequenctsi and yet 
when it is tmoe confidered that the angle at the center is double of 
the angle at the circumference, it all follows in a fimple and fee^ 
mingly obvious manner 5 for when it is once proved that all anglM 
in the fiunb ftgnaent are equal ; if they ifaoold (ince begin to con-^ 
jedare that thefe angles did not depend open any particular cir« 
cle^ but were fixt by the fegment of the circle which they were 
confidering^ they would then arrive at tfhetr definition of fimilar 
fcgmenta^ and the whole bufineft was done : and Segments of cirtles 
could be compared with each other not in a vague manner but ac«^ 
eurately and with the fanoie precifion as redtilineal figures $ and the 
equality of the circumferences of equal circles could be a&ertained 
in a mtener full as fatisfadory as the bafes of the two triangles 
are proved to be equal in the fourth prope&tion -cS liie firft bookt 
and thuk^ we could take o&c circumference doifble or treble of ano^ 
tber, ymik the fame eafe that one firaigbt tiiie may be made double 
or treble of another. £t is not eafy to £iy pofitively, ^r&at fed thfent 
to their definition of fimilar fegments, but the moft natural ftep to 
it feems to be the proving that fhe> angles in any femicircle are 
right angles, and that there feenoed to be no other ckcumftance 
about a fegment fixt except the angles which it contained. Thofe 
whoi jwdge of 4ie demonftriitidn ^f s» proportion by the number 
? ' ma of 



Digitized by 



Google 



92 DISSERTATION V. 

of fteps which it contains arc apt to pafs over the demonftration^ 
of feme of thefe propofitions, as of little difficulty and lefs impor- 
tance ; but to the judicious they will appear^ as they really aret of 
the firfl: importance In this fcience. The learner who would be 
properly acquainted with this fubjeft fhould confider the propofi- 
tions from the nineteenth to the thirty fifth> as all tending to the 
fame purpofe, and after giving them a very particular feparate exa- 
mination> carefully trace their connexion with each other. 

In the thirty fifth propofition it is faid that the redangles con-* 
tained by the fegments of lines interfering one another within a 
circle are always equal ; and the thirty fixth is, that the fquard of 
any tangent is equal to the reAangle contained by the whole cut- 
ting line, drawn from the fame point, and the fegment of it with- 
out the circle. From which it follows that if any number of 
ftraight lines be drawn from a point without a circle, cutting the 
circle, the redkangles contained by the whole line and the part 
without the circle are all equal, which is the fame property as that 
delivered in the thirty fifth, when the lines interfed one another 
within the circle. 

To conclude, the reader will perceive upon a careful examina^ 
tion of this book, that there are three great fources from which 
the properties of the circle are derived, namely the center ; the 
fimilar fegments ; and the equal redangles made by the fegnients 
of lines terminated by it. We may fay indeed that they are all 
ultimately derived from the center ; but it appears to me that the 
fludtnt will find it very ufeful to confider them under thefe three . 
diftind heads. 

The plan of the fourth book is fo very obvious and regular that 
it feems fufiident juil to advertife the reader, that it is taken up ia 
performing four problems, infcribing the figure within the circle 
^fcribing the figure about the circle^ infcribing a circle witbia the 
figure and deicribing a circle about the figure. 

CHAP. iri- 

Containing fame remarks on the demonjlratims^ 

EUCLID has a certain idea of demonftratioii which he inva- 
riably adheres to; and although it be perfedly regular and accurate. 
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jet it does not always take in every circumftance which beginners 
require to be put in mind of: this I mention to avoid the imputa- 
tion of vanity^ left any additional hints to fit the demonftration 
more to the difpofition of beginners might be looked upon as an 
attempt to fupply fome defefi: in the demonftration : whereas they 
are intended only to remind the reader^ that he may miftake the 
meaning of the demonftration, by trufting to the fir ft view which 
is prefented to his imagination. And I here again repeat^ what has 
been mentioned before, that he ihould examine the fimpl^ft in- 
ftances firft, making them gradually more general uatU be arrive 
at iiich a conclufipn as the nature of the thing requires, ob&rving 
tthat confequences have been drawn from every part of the fuppo« 
iition, and whether any confequence depends upoa a particular po- 
fitiod of the lines ; and this is to be done not from any hopes of 
oorre^iii^ the author, but .only to get the better, of his owii pre* 
jttdices ; becaufe the author's tzik would beendlefs and indefinite, 
if he (hould undertake to give fuch derbonftrations aa would remove 
all the prejudices which we are apt to take up upon this fubje£t« 

In the fecond book, there is fomething fo determinate in the 
pofition of the lines, that any variation which the figures can un* 
4ecgo, either in (hape or fize, will hardly occafion any mifconcep- 
tion in the meaning of the propofition. But this is fo far fropi 
being the cafe with regard to the ^gure which is the fubje<!i% of 
this book, that by enlarging its fi^e it may feem to have very dif* 
ferent properties : for a circle defcribed only with a radius equal (o 
the feinidiameter of the Earth, will differ fo little front a ftraigbt line 
in its circumference, according to vul^r comprehenfioo,. that per* 
haps: for an hundred yards it would m^e a more accurate ftraight 
line than was ever drawn by any inftruments : and how are the 
contacts, interfe&ions and other properties of fuch circles to .be 
dctermiiied but by reaibning fcieattfically from the nature of the 
circle. But neither the neceffity nor beauty of fuch demonftratipns 
can be perceived by thofe who confine their notions to fuch circles 
as they can defcribe with a pair of compafies. 

I have indeed humoured this kind of prejudice in the defcription 
of the figures for the fecond and fixteenth propofitions, becaufe I 
never foand a beginner who could enlarge his notions of theie fi« 
guies to make the pofition which the demonftration requires feem 

probable*. 



Digitized by 



Google 



;94 D I S S E R-T A T I O N Y. 

.pro1>ab)€. Tb« rxsdcr may ther^ore give theie danotAdtmm t 
turn more fuitable to the figures by coafidering that when he htti 
,proved> in the fecond proportion that DB is Jonger than. D£ and 
that they are both drawn from the penter, and as DB reaches .only 
to the circumference^ therefore the (horter line D£ cannot extend 
£o far. In the fame manner, in the iixteenth DA being ptored to 
l>e longer than DG i and being both drawn from the center, and 
DA reaching pnly tp the circumference the line DO caooot reach 
fo far 5 therefore the point G is within the circle, and confequeotly 
the line AF cute th^ circle. Let ru? one imagine that I ptopofit 
this as a demonflration } I have only expreft my&lf tbosin comit 
ptifnce with vulgar prejudice; for the legitimate demonftratioiia 
«re thofe givqn by Euclid. 

In the eighth propofition the reader might juft obfenre, that DK 
may be proved to be ihorter ^an IpL ; in the fame mam»r that 
DP in the former part of the propofition is proved ta be kfs thaqi 
DE j and it might be farther proper to compare this. propofition 
with (he feventh ; w}ien it will appear that they both contain, the 
&me property of the circle, only the point is taken within the 
circle in the one and without it in the other ; alfo it may be proper 
tQ remark that the point D muft be in the plane of the icircle, 
otherwife the line DlVf would not cut the circumference ; and. the 
Tame is to be obferved whcQ we are required to draw a tangent 
from a point without a citxrle : and that the tangent itfelf muft^be 
ki the plane of the circle. But Euclid takes it uni£[>rmLy for gcafMaed 
that all his lines are in the fiune plane until becomes to theefeveath 
book* In the ninth propo&tion the |:eider might fnppoie ihe point 
•£ to be within the angle ADB and obferve what difierenoeit will 
mak« in the demon ftratioiii he qannpt then prove that DC wall he 
greater than DB and DB th^ DA $ biit he can prove that DB is 
greater than DC which Ja fnflkieot for his pnrpofe. It is:poffihle 
to miftake the meaning of the efeveoth propditioo, as. if it o»fi« 
ned the conta£k 4Df the circlea to a fingle point i but that is mot.ki 
meaning ; fuppofe an^ ppint of coat^Qt^ the ftraigfat line joiniiig 
the centers will pafa thcough tbe very point which you. take; for 
if the lino FG w%a a}fo ta paft througK another point oiS cMilafi) 
tlie abfdirdity vroufed be jsftat greats that GD 4^U.1» equal ta 
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GkHl auiB^ at the fsme time greadier^ as thai it flibald W left t&an 
GH. attd at the fame tone greatdr* There u SuoMthin^ father fia*^ 
gnltr iff tfareightetnth'propoistioii^ for h fcems^ to ibeflo be nothing 
bat the corolkrjif to the fixteemb propofituyn ; beeauftr a idrntg^nt 
tkeca^'is aifiraigbt Hne at right angles^ upon the extremity of thtf 
dUametcr;* accdi-dang this notioiv tbrrefionre the one proves that AE 
» pck^ddictdar to AB' -, and the other that AB is: perpeiidicuialr to 
AE' which h cerfainly the lame; thing. Unteis it GMuhb be> ulvged 
hi £niour ei Etidid that the corolhir)^ does> not % that every tao*' 
gdnti k ^ rigbu anrgiea to: die diameter paffins^r through flie poitit 
ffiloMitaA; bm on^ ri it be at ri^c^ angles it will bea:tnigeat9 
btttiic appears to oafc tibr. thxtar is* do* room foi^ dns' diftindioir in 
fle inadfaot csdk ^ for whenr vrer fa^^^ that AE i^ perpeiuKctilar w AlB? 
it is not the converfe of that proportion 60^% that AB*is pedpeok 
dkulaM iw AiE* It , WQidd' be^ a pe^p^ eawcd^ Apr tfid Addent in 
iteadirig! tke feveniteaidr. fpiepofokds ttoi prove M^hat itiro tabgenti 
oig^'. br draiiaii ivoHr aisy^ ]ioidt^widK)u^ a circ&y aad[ thou tbd^ 
aneeqiialy. tfim^i thii icr n(»r'aaeo9di«g ito' Eoblk^s plad; 
* icabrn«r td tbe^ twoniiei4ivpii(ipo6tiioia^ wh£ah' fliotild beeka^ 
'mMX^wM»^AtfgttaotStcMtp^hf(ii{^ fw dvierydifiiihA 

ealb^: and.TOfyiifg the pofideni o€ the Angular peine thnale^i ttm 
wi^Ib eincttmferenee BAD€^: after this- is doar it \f illf berpvopee 
£nr the ftudent to matte ail cbtufe angie ad tHo' cireaciifetetice^. 
whiehi wiii gyre him a» pMtiealait kindiof angle atithicpcedteri aild it 
rnigh* admie of' fome: diifpcuxv ^xdntdieril'asl v^ ber redbofedlanl dilgie| 
iaxi Buddtsi ftmfe off ttoe wwi p houle^er it nojlf^lnn pvovtdvtet Ue 
do»b]eoS the obtiiiifcr angle acthetciiM^ the circle. . Ae 

thiit isva.yei^i&fundaMeocabpitippfidohv^'die rt3adeFmaqpjbft obforv^y 
(what I have recommended to him for a conftant practice) the com' 
fequences which are drawn from every part of the fuppofition ; the 
angles are faid to be at the center and circumference ; and to fland 
upon the fame circumference. Now if either of thefe circum* 
ftances be omitted^ the triangles will not be ifofceles &c The 
next propofition fhould alfb be particularly examined in all its^ 
cafes ; when the fegment is greater than a femicircle^ equal to a. 
femicircle, and lefs than one ; indeed if an angle increaiing until 
the lines take the fame dire(3:ion is to be coniidcred as equal to two 

right: 
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« t 

right angles, and if what an angle wants of fonr i%ht angles h to 
be regarded as an angle, . there is but one cafe of the propofition; 
however if thefe do not make an an^e, yet by drawing a line 
through the center dicy will be angles in Euclid's fenie of die 
term, and the demonftraUon of the other two caies will be otmoos. 

I (hall conclude my remarks upon this book by defiring the 
reader to take notice of a theorem which follows ^m the tbirtj 
third proportion ; viz. If two triangles have their bales equal, 
and alib the angles under which the bafes are extended ; and if 
they be between the fame parallel lines ; the two triangles will be 
equal in every refped. This is mentioned to fhew diat the joining 
the prcgierties of the circle to thofb of the triangle will enlarge 
our notions very much ; becauie we never could have diicovered 
this by the triangle alone. 

In the fifth propofition of the fourth book, Sim/on thinks dut 
Euclid ihould have proved that the perpendiculars to die fides of 
the triangles will meet i and it ieems ta me equally neccflaiy to 
ihew that the tangents will meet in die third propofition ; indeed 
if they did not the angle AKB would ceaie to be an angle, and 
AKB would be a ftraight, but it is equal to the outward angle of 
a triangle therefore &c. Or in both thefe inftances it may be de-* 
monftrated as Clavhu has done by joining AB in the one ; and DE 
in the other ; which brings them to the eleventh common notion* 

But although I "recommend it to every ftudent to examine all 
poffible fnppofitions, yet for realbns which have been mentioned 
already fuch omiflions leem to me very confident with Euclid's 
plan of demonftration ; for he fuppofes his reader attentive i and 
therefore gives him only, what h^ judged to be the necefiary affif«* 
tance*. 
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I. ▲ Poi N T is that of. which no partr^ be taken. . z. Bot 
JmJL A x^iNE ias length without breadth* 3*. Alfo extremi"- 
^ JL ties of a line are points. 4. Any line which lies evenly 
between the points in itfelf is a straight lin£. 5* And that 
h A SURF ACS which has length and breadth only^ 6. Alfo extre* 
mities of a furface^ are lines, j. Any furface which lies evenly 
between the ftraight lines in itCblf is a plane. 8. But a plane 
ANGLE is the inclination of lines tooiie another; tbat isvf two 
lines in a plane, aieeting each other and not lying in a ftraight 
line. 9. Alfo it is called a rectilineal angler when the 
lines containing the angle ^are ftraight. 10. But when a ftraight 
line ftanding upon a ftraight line makes the adjacent angles equal 
to one another ; each of the equal angles is aright angle: and 
the ftanding ftraight line is called a perpendicular to that on 
Vol, I. A which 
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Book I. \^hlch it Hands, ii. An obtusi^ ahgle is that which is greater 
^^^"^^ than a right angle. 1 2. But an acute angle is that which is Icfs than 
a right angle. 13. That which is an extremity of any thing is ca/kJ 
A TE|iM. I4f The /pace bounded by one or more terpas is called 
a Fioui^E. 15. A ci^^CLr is a plaqc figure.beunded by onq line, 
which is called a circumference: upon which all the ftraight 
lines falling, from one point of thofe lying within the figure, are 
equal to one another. 16. And the point is called the center of 
the circle. 17. But a diameter of a circle is any right line 
drawn through the center, and terminated both ways by the 
cirquioference of the circle : which alfo divides the circle into two 
e(^iial parts. i8.» Alfo a ^emi-circle ii the figure bounded hf 
a diameter, and the circumference of the circle cut oflf by it* 
19, A SEGMENT of a circle is the figure bounded by any ftraight 
line and the circumference of a circle. 20. The figures bounded 
by ftraight lines are called rectilineal figures. 21. Of 
tbefe^ fuch as are kwnded hy thirfe, ^1^ coifed trilateral. 
22. As thofe by four quadrilateral. 23. But thofe bounded 
by more than four ftraight lines are called multilateral. 24.^ 
Again of trilateral figures, an equilateral triangle particu- 
larly is that which has three equal fides. 25. But an isosceles, 
that which has only the two.fidos equak a6. And a scalene, that 
which has the three fides unequal. 27. But moreover of trilateral 
figuies,. that.agatA i& a. .RjojfiTrAJHaLxxt triavoli^ whick has. 
a right angle. 2^. And an obt^usjs ANOX^a triangUu that which 
h^s an obtuffi angle^ 7/^^ Alfo that which haa tfarecr acute angles, 
an ACUTEn^NGLsni /TtfflgZs.. 30.. But of quadrilaleral figiurea^! 
thatis>a sQUiVRE, which. is equilateral and rcfSkaogi:^. 31.. And. 
aip oBLOMGi ^hat wiiich thougl^ redtaogolof «iR ttoL equiJateraL. 
32. And. a RHoMBua, thought dquilateral, ia not . redaogi^r.. 
jy But that which is neither lequUjateral, nor refkan^ar^ having 
only its appdfi]te fidet' and aaglea equal dto one anoth^r,^ u a rhom-^ 
BOjn^Bs. 34/ And all otber quadrilateral figures except tbe& 
may be called trapeziums. 35. Any ftraight lines^ which are 
in the fame plane, and being produced iodefiniteljf towards both- 
fides meet each other on neither, arc parall£I.s« 

POS- 
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Bodlc L 
POSTULATES. 

I. Let It be taken for granted, that a (Iraight line may be 
drawn froofi any one point to any other point. 2. And that a fi^- 
nite flraight line may be produced in d ftraight line continually. 
3. Alfo that a circle may be defcribed with any xlenter and at 
any diftance. 

C O M IV^ O N NOTIONS. 

I. Magnitudes, whieh are equal to the fame magnitude, are 
equal to one another. 2.. And if equal ones be added to equal 
ones, the wholes ire equal. 3. And if from equals, equals be 
taken away^ the remainders are eqpal. 4. And if to unequals, 
equals be added, the wholes are unequal. 5. Alfo if from une- 
quals, equals be t^en dway» ttie, rem!ainders are unequal. 6. And 
the doubles of the fame are equal, to one another* 7. Alfo the 
halves of the fame are equal to one another. 8. Magnitudes 
which fit each other exa£lly are equal to one a:nother. g. Alfo 
the whole is greater than its part. 10. And all right angles are 
equal to one another. 1 1 . And if a ftraight line meeting two 
ftraight lines, make thofe aogle^ ^hich are inward and upon the 
fame iide of it, lefs than two right angle's^ the two ftraight lines 
being produced indefinitely will meet each o^her on the fide where 
the angles are kfs than two right anglesr. 1 2» Alio two ftraight 
lines do not inclofe a ipace* . 



P R O P O S J t to N L. 

Upon a giv^n- finite i&aight line to defcribe an equiTatexal. tri-*^ 
angle. 

Let AB be the given fiiiitQ ftraight' line: it is required to de- 
icribp an equilateral, triangle upon the ftraight line'AB* 

With the ce»ter A awl it ie/diftince ABf (by poftj 3.)' let the 
circle BCD be defcriWd:' and agaiii, witli the qenter.B,. but ai 

A 2 ' the 



Digitized by 



Google 




4. T H E E L EM E NT S 

Book I. the diftance BA (by poft. 3.) let the circle ACE be dcfcribed : and 
from the point C in which the circles cut one another (by poft, 
I.) let the ftraight lines CA, CB» be drawn to the points A and B. 

Since therefore the point 
A is the center of the circle 
BCD (by Def. 15.) AC is 
equal to AB : ^gain^ becaufe 
the point B is the center of 
the circle A CE (by Def. 15O 
BC is equal to BA. But it 
has been alfo demonftrated 
that CA is equal to ABj each 

therefore of the Jiratgbt lines CA, CB is equal to AB j but (by 
com. not. 1.) magnitudes which are equal to the fame magnitude 
are equal to one another, and the firaight line CA is therefore 
equal to the Jiraight line CB ; wherefore the three ftraight lines 
CA, AB, BC are equal to one another. 

The triangle ABC is therefore (by Def. 24.) equilateral, and 
i$ defcribed upon the given finite ftraight . line ,AB. Which 
was to be done. 



PR O P. II. 

At a given point, to place a ftraight line, equal to a given 
ftraight line: ' <: ' 

Let the given point be the point A, 4nd the given ftraight line 
iht Jiratgbt line BC: it is required at the point A to place a ftraight 
line equal to the ftraight line BC. . ^^ 

For let the ftraight line AB be dfavvn (by p6ft. i.) from the^ 
point A to the point B; and upoa it let the equilateral triangle 
DAB be defcribed (by prop, i.) and lei the fttaight lities AE, 
BF be produced (by poft.. 2.) in ftraight lines with DA and Dft j 
and then with the point B as a center and at the diftance BC, let 




Since 
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Since therefore the 
point B is the center of 
the circle CGH the 
Jlratgbt line BC is (by 
dcf. 15.) equal to BG : 
and again, becaufe the 
point D is the center of 
the circle GKL the 
Jiraigbt line DL is equal 
to tht Jiraigbt line DG 
(by Dcf, 15.) the parts 
of which viz. th^Jiraight 
tine DA is equal to the 
Jlraigt line DB, therefore 
the Jiraigbt line AL the 
remainder is equal (by 

com. not. 3.) to the Jiraigbt line BG the remainder, but the 

Jiraigbt line BC has been fhewn to be equal to the Jiraigbt line 

BG: each therefore oi xh^ Jiraight lines AL, BC is equal to the 

firaight line BG \ but magnitudes equal to the fame, are alfo equal 

to one another : and therefore the Jiraigbt line AL is equal to the 

Jiraigbt line BC. 

Wherefore at the given point A, the ftraight line AL is placed 
equal to the given ilraight line BC. Which was to be done. 




Book I. 



PROP. III. 

Two unequal Araight lines being given, to cut oflF a part from 
the greater equal to the lefs. 

Let the Jiraigbt lines AB and C be the« two unequal ftraight lioi^s 
given : it is required from the greater the Jiraigbt line AB to cut 
oflf a ftraight line equal to the ftraight line C the lefs. 

Place (by prop. 2.) at the point A a ftraight line AD equal to 
the Jiraigbt line C 1 and then with the point A for a center, bu$ at 
the diftajice AD^ let the circle DBF be de&rihed^ . 

.Ai4 
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Book I. And fince the point A is the 
center of the circle DEF, the 
ftraight line AE is equal to the 
ftraight line AD (by def. 15.) bat 
the Jlraight line C is alfo equal to 
the Jlraight line AD : each there- 
fore of the Jlraight lines AE and C 
is equal to the Jlraight line AD : 
wherefore alfo the Jlraight line AE 
is equal (by com. not, i.) to the 
Jlraight line C. 

Wherefore two unequal ftraight lines AB and C being gi\ren> 
from the Jlraight line AB the greater, the Jlraight line AE has 
been cut off equal to the Jlraight line C the lefs. Which was 
to be done. 

P R O P. IV. 

If two triangles have the two fides equal to the two fides, each 
to each, and have the angle equal to the angle, the angle contained 
by the equal ftraight lines : they (hall alfo have the bafe equal tor 
the bafe, and the triangle (hall be equal to the triangle ; and the 
. other angles under which the /tc}^ equal fides are extended, fhall be 
equal to the other angles^ each to each. 

Let the triangles ABC, DEF be two triangles having the two 
fides tht Jlraight lines AB, AC equal to the two fides the Jlraight 
lines DE, DF each to each, the one, the Jlraight line AB to the 
Jlraight line DE ; the other the Jlraight line AC to the Jlraight line 
DF I and an angle, that contained by BA, AC or BAC equal to 
that contained by ED, DF or EDF: I (ay, that alfo t\tt Jlraight Hne. 
BC a bafe is equal to the Jlraight line EF a ba(e : and the triangle 
ABC (hall be equal to the triangle DEF, and the other angles, un* 
der which the tw» equal fides are extended, fhall be equal to the 
other Singles each to each; the one, the angle contained by AB, BC 
or ABC to that contained by DE, EF or DEF i the other, that 
contained by AC, CB or ACB to. that contain^ by DF, F£ or 
DFE. 

For 
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For the triangle ABC be- 
ing applied to the triangle 
DBF; and the point A in 
particular being put upon the 
point D, but .the ftraigh't line 
AB.upon the upon thtjiraigbt 
line DE, alfo the point B will 
apply itfelf to the point E, 

becaufe xht Jiraigbt line AB is equal (by fuppofition) to the 
firmgbt line DE : but the Jiraigbt line AB having applied itfelf to 
x\k<t Jiraigbt line DB, the ftraight line AC will alfo apply itfelf to 
the Jiraigbt line DF, becaufe the angle contained by BA, AC or 
BACk equal to that contained by ED, DF or EDF (by fupp.) : 
wherefore alfo, becaufe again (by fupp.) the Jiraigbt line AC is 
equal to ^t Jiraigbt line DF, the point C will apply itfelf to the 
point F: certainly alfo the point B has applied itfelf to the point E, 
wherefore the ^raigbt line BC a bafe, will apply itfelf to the Jiraigbt 
line £F a bafe: for if, the oxie, the point B having applied itfelf 
to the point E, and the other, the point C to the point F, the 
Jiraigbt line BC a bafe will not apply itfelf to the Jraigbt line EF, 
two ftraight lines will inclofe a fpace, which (by com. not. 12.) 
is impofiible : therefore the Jiraigbt line BC a bafe will apply it£elf 
to the Jiraigbt line EF, and (by cona. not. 8*) will be equal to it: 
wherefore alfo the whole, the triangle ABC will apply itfelf to the 
whole, the triangle DBF, and (by com. not. 8.) will be equal to 
it : and the other angles will apply themfelves to the other angles,^ 
and (by com. not. 8.) will be equal to them; the one contained 
by AB, BC or ABC to that contained by DE, EF or DEF i the 
other contained by AC, CB or ACB to that contained by DF, FE 
or DFE. 

If therefore two triangles have the two fides equal to the two 
fides, each to each, and have the angle equal to the angle, the an--^ 
gle contained by the equal ftraight lines : they (hall alfo have the 
bafe equal to the bafe, and the triangle ihall be equal to the triangle; 
and the other angles, under which the twa equal fides are exten- 
ded, ihall be equal to the othec angles, each to each. Which was 
to be demonilrated. 

PROP. 
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P R O P. V. 

The angles at the bafe of ifofceles triangles are equal to one 
another; and if the equal ftraight lines be produced^ the angles un- 
der the baie (hall be equal to one another. 

Let the triangle ABC be an ifofceles triangle, having the fide 
AB equal to the fide AC, and let the ftraight lines BD, C£ be 
produced in ftraight lines to AB, AC ; I fay that the one, the 
angle contained by AB BC or ABC is equal to the angle contained by 
AC, CB or ACB ; the other, contained by CB, BD or CBD to the 
angle contained by BC, CE or BCE. 

Let any point which you may accidentally happen upon, as the 
point F be taken in the line BD, and let xYicJiraigbt line AG be cut 
off (by prop. 3.) from the greater the Jiraight line AE, equal to 
the lefs the ftraight line AF i and let the ftraight lines FC, GB be 
drawn. 

Since therefore the one Jiraight line AF is 

equal to the ftraight line AG and the other 

AB to the Jiraight Une AC, certainly the two 

FA, AC, are equal to the two, GA, AB; 

each to each, and they contain a common 

angle, the angle contained by FA, AG or 

FAG: therefore (by the 4th prop.) the 

ftraight line CF a bafe is equal to the Jiraight 

line GB a bafe, and the triangle AFC will be 

equal to the triangle AGB, and the other 

angles will be equal to the other angles, each 

to each, under which the equal fides are ex- 
tended, the one contained by AC, CF or ACF to the angle con-- 

tained by AB, BG or ABG^ and the other contained by AF, FC or 

AFC to the angle contained by AG, GB or AGB. 

And fince a whole iht Jiraight line AF is equal to a whole the 
Jiraight line AG, parts of which the Jiraight line AB is equal to the 
Jiraight line AC, wherefore (by com, not. 3.) the Jiraight line BF a 

remainder is equal to the Jiraight line CG a remainder : but the 
Jiraight line FC has been proved equal to iht Jiraight line GB ; cer- 
tainly 
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tainly the two BF, FC arc equal to the two CG, GB, each to each; Book i. 
and an angle the angle contained by BF, FC or BFC is equal to an ^"^"^^^ 
angle^ the angle contained by CG, GB or CGB, and the Jlraigbt 
line BC is a common bafe of them. And therefore ( by the 4th 
prop.) the triangle BFC will be equal to the triangle CGB, and 
the other angles, under which the two equal fides are extended^ 
will be equal to the other angles, each to each ; wherefore the one 
contained by -FBC is equal to the angle contained by GCB ; and the 
other contained by BCF to the angle contained by CGB. Becaufe 
therefore a whole the angle contained by ABG has been proved equal 
to a whole the angle contained by ACF, parts of which, the angle 
contained by CBG is equal to that contained by BCF, therefore the 
angle contained by ABC which remains is equal (by com. not. 3.) 
to that contained by ACB which remains, and they are at the bafe 
of the triangle ABC ; but the angle contained by FBC has been alfo 
proved equal to that contained by GCB, and they are under the bafe. 
Wherefore the angles at the bafe bf ifofceles triangles are equal 
to one another ; and if the equal ftraight lines be produced, the 
an|;les under the bafe fhall be equal to one another. Which was 
to be demonftrated. 



PROP. VI. 

If the two angles of a triangle be equal to one another, alfo the 
£des extended under the equal angles, fliall be equal. 

Let there be a triangle the triangle ABC, having the angle con^ 
tained by ABC equal to the angle contained by ACB : I fay alfo 
that a fide, xhtjiraigbt line AC, is equal to a fide the flraight line AB. 

For if the Jlraigbt line AC is unequal to 
the Jlraigbt line AB, the one of them is 
greater : ^et the flraight line AB be the 
greater; and (by prop* 3.) let. the ftraight 
line.DB be cut off from the greater the 
Jlraigbt line AB eqijal Co the Ui%x\it Jlraigbt 
line AC, and let the Jlraigbt line DC be 
drawn. 
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Book 1. Since therefore the Jlraigbt tine DB is equal to ihtjiraigbt line 
AC, but ihc Jiraigbt line BC common; certainly the two DB, BC 
are equal to the two AC, CB, each to each i and an angle, the 
angle contained by DBC is equal to the angle contained by ACB (by 
Aipp.) ; wherefore (by prop, 4,) thtjlraigbt line DC a bafc is equal 
to the Jlraigbt line AB a bafe, and the triangle ABC will be equal 
to the triangle DCB, the greater to the lefs which is abfurd (by 
com., not. 9.) ;. wherefore iht Jiraigbt line AB is not uiicqual to the 
Jlraigbt tine AC ; therefore equal. 

If therefore the two angles of a triangle be equal to one another,^ 
alfo the fides, extended under the equal angles, (hall be equals 
Which was to be demonftrated. 

PROP. VIL 

Upon the fame ftraight line,, other two ftraigbt lines, equal each 
to each to the fan^ two flraight lines> will not join together at dif- 
ferent points towards the fame parts» if they have the fame extre- 
mities as the firft ftraight lines. 

For if it be pofllbIe> upon the fame ftraight line the Jlraigbt tine 
AB, let other two ftraight lines,, the Jlraigbt lines AD, DB equals 
each to cach^ to the fame two ftraight lines, the Jlraigbt lines AC, 
CB, be joined together at different points^ the points C and D ;. 
the points C and D ^eing towards the fame parts ; having the fame 
extremities the poihts A, B as the firft ftraight lines ; fo that the 
one CA be equal to the Jlraigbt line DA, having the fame extre- 
mity with it^ the point A ; and the other CB to' the rigbt tine DB,. 
having the fame extremity with it, the point Bi and let the ftraight 
line CD be drawn. C 

Since therefore the firaigbt line AC is 
equal to the Jlraigbt line AD^ alfo an angle 
the angle contained by ACD it equal (by 
prop. 5,) to the angle contained by ADC: 
wherefore the angle contained by ADC is 
greater than the angle contained by DCBi 
therefore the angle contained by CDB. is 
is greater by much than the angle contained 
by DCB. 
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II 



Since again the firaigbt line CB is equal to thtjlraight line DB Book L 
(by fupp.) alfo an angle the angle contained by CDB is equal (by 
prop* 5.) to the angle contained by DCB : but it has been (hewn to 
be much greater than it, which is impoffible. 

Therefore upon the fame ftraight line, other two ftraight lines 
equals each to each, to the fame two ftraighflines will not join to* 
gether at different points towards the fame parts, if they have the 
fame extremities as the firft Araight lines. Which was .to be de* 
monflrated. 



PROP. vin. 

If two triangles have not only the two fides equal to the two fides, 
each to each, but have likewife the bafe equal to the bafe ; they 
(hall alfo have the angle equal to the angle, the angle contained by 
the equal ftraight lines. ' 

Let there be two triangles^ the triangles ABC, DEF having the 
two fides the Jraight lines AB, AC equal to the two fides xht ftraight 
lines DE, DF, each to each, the one AB,to the ftraigbt line 
DE, and the other AC to thcftraigbt line DF 1 but let them have 
alfi) a bafe iht Jiraigbt line BC equal to a bafe the JiraigAt line EF, 
I fay alfo that an angle, the angle contained by BAC is equal to an 
angle^ the tmgle contained by EDF. 

For the triangle ABC being ap- 
plied to the triangle DEF, and not 
only the point B being put upon the 
point E, but alfo the ftraight line 
BC being put upon the ftraight line 
EF, the point C alfo will apply //- 
fe^to the point F, becaufe thefinfight 
line BC is equal to the firaight line ^ 
EF : cc/tainly ^e ftraight line. BC having, applied itfeJf to the 
ftraight line EF, aWb iht ftraight, Urns BA, AC will apply themfelves 
to the firaigbt lines ED, DF : for if a bafe as the firaigbt lim BC 
ihould apply itfelf to a bafe the firaigbt line EF, but the fides BA, 
AC do not apply thenffelves to the firaigbt Hues ED, DF, but 
change their dire^ionyr^^ tbetn as ikke firaigbt lines EG, GP; upon 
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Book I, the fame ftraight line, other two ftraight lines equal, each to each,. 

^^^'"^^ to the fame two ftraight lines will join together at different points 
towards the fame parts, having the fame extremities ; but (by 
prop, 7.) they do not join together; and the fides BA, AC, cannot 
therefore not apply themfehes to the JiraigJbt lines ED, DF, the bafe 
BC applying itfelf to tHe bafe EF, wherefore they do apply them-- 
felves, fo that alfo an angle the ang/e contained by BAC will apply 
if/e/f to the angle contained by EDF, and fhall be equal to it (by 
com. not. 8,) 

If therefore the two triangles have the two fides equal to the two 
fides, each to each, and have the bafe equal to the bafe ; they (halt 
alfo have the angle equal to the angle, that which is contained by 
the equal ftraight linesy Which was to be demonftratedJ 



PROP. IX, 

To cut a given redlilineal angle in halves. 

Let the given reftilineal angle be, the angle contained by BAC: 
it is required to cut it in halves. 

Let the point D be taken, any accidental point in the JiraigAt line 
AB; and let the Jiraigbt line AE be cut off (by prop. 3.) from^t 
Jlraight line AC equalto the Jiraigbt line AD, and let the ftraight 
line DE be drawn (by poft. i.) and (by prop, i.) let the equilate- 
ral triangle the triangle DEF be dfcfcribed upon the ftraight line 
DE and (by poft. i.) draw the ftraight line AF : I fay that the an- 
gle contained by BAC is cut in halves by the ftraight line AF. 
' For fince the Jlraight line AD is 
equal to the Jlraight line AE, but 
the Jiraigbt line AF common, cer- 
tainly the two, the Jlraight lines 
DA, AF are equal to the two EA„ 
AF, each to each, and a bafe the 
the Jiraigbt line DF is equal to a 
a bafe the Jiraigbt line EF; there- g 
fore (by prop. 8.) an angle, the 
angle contained by DAF is equd to 
an angle, the angle contained hy EAF. ' ^. -^u .\, . 

Wherefore 
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Wherefore the given rcftilineal angle, the angle contained by Book L 
BAG is cut in halves by the ftraight line AF. Which was to be 
done« 



P R O P. 11. 

To cut a given finite ftraight line in halves. 

Let ihtjlraight line AB be the given finite ftraight line : it is re- 
quired to cut tht Jiraigbt line AB in halves. 

Let an equilateral triangle the triangle ABC be defcribed (by 
prop, i) upon it, and let the angle contained by ACB be cut in 
halves (by prop. 9.) by the ftraight line CD : I fay that the ftraight 
line AB is cut in halves in the point D. 

For fince the ftraight line AC is equal 
(by conftrudion) to the ftraight line CB, 
but iht ftraight line CD common, certain- 
ly the two AC, CD are equal to the two 
BC, CD, each to each, and an angle, the 
angle contained by ACD is equal (by conft.) 
to the angle contained by BCD : therefore 
(by prop. 4.) a bafe th^ ftraight line AD is 
equal to a bafe the ftraight line BD. A D B 

Wherefore the given finite ftraight line the ftraight line AB is 
cut in halves in the point D. Which was to be done. 




P R O P. XL 

To draw a ftraight line at right angles to any given ftraight lint 
from any point given in it. 

Let the one, the given, ftraight line be xht ftraight line AB, and 
the other the given point in it the point C : it is required from the 
point C to draw a ftraight line at right angles to the ftraight line AB^ 

Let any point which you may accidentally happen upon, as the 
point D be taken in the ftraight line AD ; and let the ftraight line 
C£ be placed (by prop. 3.) equal to CD; and let an equilateral 
triangle the triangle DFE be defcribed upon the ftraight line DE, 
and let FC Jbe drawn. I fay that a ftraight line the ftraight line FC 
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Book I. hath been drawn at right angles to the given ftraight line xhtjiratgbt 
^"^"^ line AB, from any point given in it the point C. 

For fince the ftraight line CD 
is equal to the ^raigAl line CE 
(by conft.) and the ftraight line 
CF common ; certainly the two 
DC, CF are equal to the two 
EC, CF each to eachj and a bafc 
itit ftraight line DF is equal (by-r- 
conft,) to a bafe th^ ftraight line 
EF : wherefore (by prop. 8.) an angle the angle contained by DCF 
is equal to an angle the angle contained by ECF, and they are adr 
jacent or confequent : but when a ftraight line ftanding upon a 
ftraight line makes the adjacent angles equal to one another; each 
of the equal angles is a right angle : therefore each of the angles 
€ontained by DCF, FCE is a right angle. 

Wherefore a ftraight line the ftraight line FC hath been drawn at 
right angles to the given ftraight line the ftraight line AB» from 
any point given in it the point C. Which was to be done. 

PROP. XII. 

To draw a perpendicular ftraight line upon any given indefinite 
ftraight line^ from any given point, which is not in it. 

Let the one, the given indefinite ftraight liney be the ftraight 
line AB, and the other, the given point, which is not in it ; ie the 
point C ; and it is required upon the given indefinite ftraight line^ 
the ftraight line AB, from the given point, the point C, which is 
not in it, to draw a perpendicular ftraight line. 

For on the other fide of the ftraight line AB take any point 
which you may accidentally happen upon as the point D and with 
the point C indeed for a center, bat at the diftance CD let a circle 
be defcribed, the circle FGE ; and let the ftraight line FG be cut 
in halves (by prop. lo.) in the point H, and let the ftraight lines 
CF, CH, CG be drawn (by poft. i.) : I fay that upon the given 
indefinite ftraight line, tht ftraight line AB, from the given point, 
the point C, which is not in it, a perpendicular hath been drawn^ 
the ftraight line CH. For 
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For fince the ftraight line FH E Book t 

is equal to ihcjlraigbt line HG (by 
cohft.) and tbe ftraight line HC 
common; certainly the two FH^ 
HC are equal to the two GH, HC, 
each to each; and a bafe the 
ftraight line CF is equal (by def.^ 
15.) to a bafe ihtjiraigbt line CG : 
wherefore (by prop. 8.) an angle, 

the angle contained by CHF is equal to an angle, the angle contained 
by GHC, and they are adjacent : but when a ftraight line ftanding 
upon a ftraight line makes the adjacent angles equal to one ano- 
ther ; each of the equal angles is a right angle : and the ftanding 
ftraight line is called a perpendicular to that on which it ftands. 

Therefore upon the given indefinite ftraight line th^Jiraigbt line 
AB, from the given point, the point C, which is not in it^ a per- 
pendicular hath l)een drawn,, thc^raigbt line CH. Which was ta 
l^e done. 

PROF. XIII. 

Whenever a ftraight line ftanding upon a ftraight line makes an-- 
gles : it will make either two right angles, or angles equal to two« 
right angles. 

For let any ftraight line, the ftraight line AB, ftanding upon a 
ftraight line the Jlraigbt line CD, make angles,, thofe contained by 
CBA, ABD : I fay that the angles contained by CBA, ABD are: 
either two right angles, or equal to tvsro tight angles^ 

If indeed the angle contained by CBA 
be equal to the angle contained by ABD, 
they are (by def. 10.) two right angles: 
but if not, let the ftraight line BE be 
drawn from the point B (by prpp. 1 1.) 
at right angles to the Jlraigbt line CD : 
therefore the angles contained by CBE, D 
EBD are two right angles :. and fince the 

angle contained by CBE is equal to two, the angles contained by 
CBA, ABE ; let the angle contained by EBD, a conmioa one be 

added :. 
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Book I. added: therefore (by com. not. 2.) the a?jgles contained by CBE^ 
*"*"^'^' EBD are equal to three, the angles contained by CBA, ABE, EBD. 
Again, becaufe the angle contained by DBA is equal to two, the 
the angles contained by DBE, EBA ; let the angle contained by 
ABC a common one be added : therefore (by com. not. 2.) the 
angles, the angles contained by DBA, ABC are equal to three, the 
angles contained by DBE, EBA, ABC : but the angles contained by 
CBE, EBD have alfo been proved equal to the fame three : but 
magnitudes which are equal to the fame magnitude, are equal to 
one another : and the angles contained by CBE, EBD are therefore 
equal to the angles contained by DBA, ABC : but the angles con^ 
tained by CBE, EBD are two right angles, and the angles contained 
by DBA^ ABC are therefore equal to two right angles. 

Whenever therefore a ftraight line ftanding upon a ftraight line 
makes angles ; it will make either two right angles, or angles equal 
to tvra right angles. Which was to be demonftrated. 

PROP. XIV. 

If, with any ftraight line, and at the fame point in it, two 
ftraight lines, not lying towards the fame parts make the adjacent 
angles equal to two right angles, the ftraight lines fhall be in a 
ftraight line with one another. 

For with any ftraight line, xh^Jlraigbt line AB, and at thtfame 
point in it, the point B, let two ftraight lines, the ftraight lines 
BC, BD not lying towards the fame parts, make the adjacent angles, 
the angles contained by ABC, ABD equal to two right angles : I fay 
that the ftraight line BD is in a ftraight line with Ha^ ftraight lineCE. 

For if the ftraight line BD is not in a ftraight line with the 
ftraight line CB i let the ftraight line BE be in a ftraight line with 
the ftraight line CB. 

Becaufe therefore a ftraight line, A 

the ftraight line AB ftands upon 
a ftraight line, the ftraight line 
CBE, therefore the angles contained 

by ABC, ABE are equal to two , ^ 

right angles: but the angles con^ 
tained by ABC, ABD are alfo (by C 
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iup.) equal to two right angles : therefore the angles contained by Book I. 
CBA, ABE are (by com. not. i.) equal to the angles contained by ^"^"^ 
CBA, ABD ; let what is common^ the angle contained by ABC be 
taken, away, therefore what remains the angle contained by ABE is 
equal (by com. not. 3.) to what remains the angle contained by 
ABD, the lefs to the greater, which is impoffible : therefore the 
ilraight line BE is not in a ftraight line with thtjiraigbt line BC : 
certainly in the fame manner we fliall fliew that neither any other 
but^ the Jlraigbt line BD is : therefore the Jiraigbt line CB is in a 
ftraight line with i\itjiraight line BD. 

Wherefore if, with any flraight line, and at the^m^ point in it, 
two ftraight lines, not lying towards the fame parts, make the adja- 
cent angles equal to two right angles, the ftraight lines fliall be in a 
ftraight line with one another. Which was to be demonftrated. 

P R O P- XV. 

If two ftraight lines cut onef another they (hall make the angles 
at the vertex equal to. each other. 

For let two ftraight lines, the Jiraigbt lines AB, CD cut one 
another at the point E : I fay that the one the angle contained by. 
AEC is equal to the angle contained by DEB and the other contain^ 
ed by. CEB to the angle contained by AED. 

For fince a ftraight line, the ftraigbt 
line AE ftands upon a ftraight line the 
ftraigbt line CD, making angles, the an* 
gles contained by CEA, AED : therefore 
the angles contained by CEA, AED are 
equal to two right angles (by prop. 13.): 
again, becaufe a ftraight line, x\xt ftraigbt 
line DE ftands upon a ftraight line, the 

ftraigbt line AB, making angles the angles contained by AED, 
DEB : therefore the angles contained by AED^ DEB are equal to 
two right angles : but alfo the angles contained by CEA, AED have 
been demonftrated to be equal to two right angles : therefore (by 
com. not. I.) the angles contained by CEA, AED are equal to. the 
angles contained by AED, DEB : let the angle contained by AED 
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Bdok I. wAi^Jb is common be taken slway, wherefore (by com* ndt. 3.) the 
dngle eontaimd by CEA which remains is equal to the angle contained 
by BED which remains : certainly in the fame manner it will be 
{hewn^ that alfo the angles contained by CEB» DEA are equal. 

If therefore two ilraight lines cat one another they ihall make 
the angles, ix the vertex equal to each other, Whkh Wlis to be de-> 
ihonft fated. 

Corollary. Certainly it is manifeft from this, that ilfo wbaterer 
ifumber of ftraight lines cttt one another^ they will make the angles 
at the fedlion equal to four ri^ht anglet. 



PROP. XVI. 

One of the fides of any triangle being produced^ the outward 
angle is greater than either of thofe two which are within and op- 
pofite. 

Let there be a triangle, the triangle ABC, and let one fide of it 
the ftfaight line BC be prdduced to the point D : I fay that the to- 
gle without, the angle contained by ACD is greater than etthet of 
thofe two which ate Within and oppofite^ die angles contained 
under CBA, BAC 

Lee the ftraight line AC be cot in hdves in the point E (by pfop« 
10.) i and the ftraight line BE being drawn (by poft. i.) let it 
(by poft. 2.) be produced to ^e point F, and let the ftraight line 
£F be placed (by prop. 3.) equal to the Jraight line BE and let 
the ftraight line CF be drawn (by poft. i.)> had let the ftraigbt line 
AC be produced to G* 

Since theftfore the one A 

Jlraight line AE is equal to the 
ftraight line EC (by conft.) 
and the other the Jlraight line 
JE^ to thtjttwght line £F| 
e«¥fainly the two AE, ES 
are equal to the tWO C£, £F, 
each to each^ and an ^ngle, 
Ifhe angle contained by AEB^ 
h equal to an Mgle, the angli 

contained 
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contained h^ PEC (by prop. 15*) for t&sy are vertical : wherefore Bookl. 
(by prop. 4.) ^ ^^^^ the ftraigbt line AB is equal to a bafe the 
ftraight line CF and the triangle ABE is equal to the triangle 
FEC9 and the remaining angles are equal to the remaining angles, 
under which the ^ual fides are extended, each to each : wherefore 
the angle contained by BAE is equal to the angle contained by ECF : 
but the angle contained hy ECD is greater (by com. not. 9.) than 
the angle contained by ECF: wherefore the angle contained by 
ACD is greater than the angle contained by BAE : in like manner 
al£) the firdight line BC havii^^ been put in halves, the angle coa« 
tained by BCO, t|)at is (by prop. 15.) the angle contained by 
ACD, is alfo greater than the a^le contained by ABC. 

Wherefore one of the fides of any triangle being produced, the 
outward angle is greater than j^ther of thofe two nvbicb are withia 
and oppofite. Which was to be d^monilrated. 

PROP. XVII. 

The two angles of any triangle are lefs than two right angles^ 
being interchanged eveiy way. 

Let t^er^ he a triapgle the triangle ABC ; I fay that the two an- 
gles of the triangle ABC are lefs than twp xight angles^ being in* 
terchanged every way. 

For let iht Jiraigbt line BC be produ- A 

ced to the point D. 

, And ^cip the ; angle con;tained by 
ACD is an outward angle of the triangle 
ABC, it,is^r^atcr,tl»n ^e in.wa?d.and 
pppofite, , the acgljB jcpntaiae4 by ABC : .f 
let a Common one^ be a^^^d^^^f t^e x^P&f^ 

contained by ACB : therefi^^rp *he angles fojHmned ,by ACI^> ACB 
are greater (by com. not. 4^) thiiA .l^oiz sontaiwd \y ABC B^A| 
but the anklet contained by jA^D, ACP are j^quftl to two r^bt .an- 
gles; therefore tl^pfe r(?«/^iip?r^,A3C, ^BSJA4re4cfc Jhan.two rjght 
angles. And in Iilce>inann«rr7ve,fti4ll j(hw th;?Lt jthe angles .fpntaiped 
by^AC; ACB arFIcii"ifc^.two,|jglbjt iaijglq,. ^Mo^tk^enontain^d 

lgr;CA^M^Bq.;^j, :t:h)u'- :;.'.'. '''•.- .':. ^ *:'.'.:'/•' 1, ' 

C i • ' Wherefore 
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Book I. Wherefore the two angles of any triangle arc Icfs than two right 
angles^ being interchanged every way. 

PROP, XVIII. 

The greater fide of'evcry triangle fubtends the greater angle. 

Let there be a triangle, the triangle ABC, having the fide AC 
greater than the ^de AB, I fay that alfo the angle contained by 
ABC is greater than the angle contained by BCA. 

For becaufe the firaight line AC is greater than the Jlraigbt line 
AB let the Jlraight line AD be placed (by prop. 3,) equal to the 
ftraight line AB, and let \h^ Jlraigbt line BD be drawn. 

And fince the angle contained by ADB a 

is an outward angle of a triangle, the 
triangle BDC, it is greater(by prop. 16.) w 

than the inward and oppofite, the an-- 
gle contained by DCB. But the angle 
contained by ADB is equal to the. angle 

contained by ABD (by prop. 5.), becaufe the fide AB is equal to 
xhtjide AD : therefore alfo the angle contained by ABD is greater 
than the angle contained by ACB; wherefore the angle contained 
by ABC is much greater than the angle contained hy ACB. 

Therefore the greater fide, of every triangle, fubtends the greater 
angle. Which was to be demonftrated. 

PROP. XIX, 

The greater fide of every triangle is extended under the greater 
angle. * ' ' 

Let there be a triangle, the triangle ABC, having the. angl^ con^ 
tained by ABC-greater than' the angle contained by BCA ; I fay that 
alfo the fide AC is greater than the fide AB. ; ; . : ^ 

' For if not: certainly t\ic Jlraigbt iine ' ' . A 

AC is tqual to the Jlraigbt line AB, or 
lefs : but indeed the Jlraigbt line AC is 
not equal to tht Jlraigbt line AB, for then 
ilfo an angle, the angle contained hy ASC ' 
would b6 equal (by prop. 5.) to the angle ^ 
contained by ACB : but (by fupp.) it is not : thtvcfortitiojfraigbi 

- ' line 
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Kne AC is not equal to ihtjiraigbt line AB ; neither is the Jiraigbt Book I. 
line AC lefs than the Jlraigbi line AB ; for if it were lefs, then 
(by prop. 1 8.) an angle the angle contained by ABC would be lefs 
than the angle contained by ACB : but (by fupp.) it is not : there- 
fore the Jiraigbt line AC is not lefs than iht^ Jiraigbt line AB; but 
it has been demonftrated, that it is not equal to it 5 wherefore the 
Jde AC is greater than the fide AB. 

Wherefore the greater fide of every triangle is extended under the 
greater angle. Which was to be demonftratcd. 

P R O P. XX. ^ 

The two fides of every triangle are greater than the remaining 
fide, being interchanged every way. 

For let there be a triangle, the triangle ABC : I fay that the 
two fides of the triangle ABC are greater than the remaining ^^ 
being interchanged every way: viz. BA, AC greatenhzn BC ; and 
AB, BC greater than AC ; laftly BC, CA greater than AB. 

For let the Jiraigbt line BA be pro- D 

duced to the point D^ and let the 
ftraight line PA be placed (by prop. 
3.) equal to CA, and let tht Jiraigbt 
line DC be drawn. 

Since therefore th^ Jiraigbt line DA 
is equal to the firaight line AC, alfo . 
(by prop. 5.) the angle contained by 

ADC is equal to the angle contained by ACD. : buti the angle con^ 
tained by BCD is greater than the angle contained by ACD (by 
com. not. 9.) : wherefore the angle contained by BCD is alfo 
greater than the angle contained by ADC : and bocaufe the triangle 
DCB is a triangle having the angle contained, by ^CD greater than 
the angle contained by BDC, and (by prop. 19.) the greater (ide i^ 
extended ; under the greater angle, wherefore « th^ y?r<2;]fi&ir /m^ DB 
is greater than i\i^ Jiraigbt line BC ; but the iW'aight line BD is 
equal to the ftraight lines AB, AC ; tb^^refoce jfiie ftraight lines 
BA, AC itro greater than :the ^ftraight: Nne.BC :: certaiojy in the 
feme manner we fhall demonftrate rthat cilfo AB^r^Q V<f greater 
than AC i and BC, CA greater than AB, There^ 
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Sook I. Therefore of every triangle the two fides are greater than the 
remaining^^^, being interchanged every way* Which was to be 
detnonftrated. 

PROP. XXI. 

If two ftraight lines be joined together within a triangle, upoa 
one of its fides from the extremities of it, the joined lines {hall 
indeed be lefs than the two remaining fides of the triangle, but 
will contain a greater angle^ 

For let two ftraight lines, the ftraight lines BD, DC be joined 
together within a triangle, the triangle ABC upon one of the fides 
the ftraight line BC drawn from the extremities the points B, C ; 
I fay that tki^firaight Knes BD, DC are indeed lefs than the two 
remaining fides of the triangle the Jiraigbt tines BA* AC ; but 
contain a greater angle, the angie •contained by BDC greater than 
the angle contained by BAC« 

For let id»flr4ugbt line BD be produced Co the ftmt £• 

And becaufe the two £des of any triangle A 

are greater than the remaining^^f, therefore 
the two fides of the triangle AB£, tbe ftnught /n^ 

lines AB, AE are greater than Ait^ ftraight line 
BE (by prop. 20.) j let the ftraight line EC a 
common me be added : therefore (by com. 

not. 4.) ih^flraigbt lines BA, AC are greater ^ 

than the ftraight line4 BE, EG. Again, be- B C 

caufc the two fides of the triafngk CED, the ftraight linesCE^ ED 
ai^gfeftttefthin^^tiie ftraight iibe CD, let the ftraight line DB a 
A[otnf»en one t)e aiided; therefore (by com. not. 4.) the ftnaight 
tines GE, Efi are gt«it«rthan the ftraight lines CD^ DB.: but the 
ftr<mgbt Ones ABA, -AG have been flaewn to be greater than the 
fiptlght Ihiis -BE, ^ i vhevefore BA; AC are greater by much 
lihan BD, DC. - v ': . , 

^Again, lidciKiib the ^Mtward. angle of every triangle is :gKater 
fliah thelnwird tin* ^e^difce (by prop. 16.) : therefore the out* 
^tHl ^fUgle^bf the li»at>gle CDE, the trngk contained % ISXIQ is 
j^atfii: thtlii tli^ ioktinHed hy^OBXH : For the fame reafdnAh^re^ 
Fdre dUoiiie 4utwArd:tan^-bf «iie triangle ABE, 'the 4mgk Mon^ 
' . f. • . , - tained 
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tamed by CEB is greater than that iwtcintd by BAC : but the Book L 
angle contained by BDC ha$ been dcmonftrated t^ be greater than ""^"^^ 
that contained by CEB : therefore the angle contained by BDC it 
greater by much than that contained by BAC. 

If therefore two ftraight lines be joined together within a tri- 
angle^ upon one of its fides from the extremities of it» the joined 
lines ihall indeed be lefs than the two remaining £des of the tri- 
angle, but will contain a greater angle. Which was to be demon* 
(bated. 

PROP. XXII. 

To describe a triangle of three ftraight lines, which are equal 
to three given ftraight lines : but it is necetfary that two of them 
be greater than the remaining one \ being interchanged every way. 

Let the three given ftraight lines be A, B, C ; of which let 
the two be greater than the remaining one\ being interchanged 
t:^,zr'^ way, that is A and B greater than C : A and C greater than 
B ; as alfo B and C greater than A : it required to defcribe a tri* 
zxi^e of Jlraigbt lines t(\\xz!L to A, B,-C. 

Draw any ftraight line DE ter- 
minated at the point D but indifi- 
nite towards the point E 5 and (by 
prop. 3«) let DP be made equal to../ 
A, and FG equal to B i but GH ^ 
equal to C : and with the point F 
for a center, and at the diftance 
FD let the circle DKL be defcrib- 
ed i and again with the point G for 

a center, and at the diftance GH let the circle KLHbe defcrib- 
ed ; and draw KF, KG : I &y that the tniasii^ie KPG hzth been 
deicribed x>f three ftra^ht lines equal to A,iB, C^ . 

For becaufe the point F is the center of the cicderDKL, F)D 
u equal to FK : but FD is equal (by conft.) to A* therefore FK 
is equal to A. Again l>ecaufe the poiztt G is the .ceoter of the 
circle LKH, (by def. 15.) GKis equal to GH| but'GH is^equal 
to C, therefore GK is equal to C : bat FG is alio equal >tO B 1 
therefore the three ftraight lines KFf FG» GK asc egual tD.^e 
three A, B, C. There- 
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Book I. Therefore the triangle KFC is defcribed of three ftraight lines; 
^^. which are equal to the three given ftraight lines A^ B, C. Which 
was to be done. 

PRO P. XXIIL 

With a given ftraight line, and at a point in it, to make a rec- 
tilineal angle equal to a given reAilineal angle. 

Let AB be the given ftraight line, and the point A the point in 
it ; and DCE the given reftilineal angle : but it is required with 
the given ftraight line AB and at the point A in it to make a redi^ 
lineal angle equal to the given redtilineal angle DCE. 

Take in each of the /ines CD, 
CE any points whatever D and E, 
and join DE^ and (by prop. 22,) 
dcfcribe the triangle AGF of three 
ftraight lines, which are equal to 
the three, CD, DE, CE ; fo that 
CD be equal to AFi CE to AG , 
andalfo DE to FG. 

Since therefore the two DC, CE are equal to the two FA, AG, 
each to each, and the bafe DE equal to the ba(e FG ; therefore 
(by prop. 8.) the angle DCE is equal to the angle FAG. 

Wherefore with agiven ftraight line AB, and at a point in it the 
point A, a rectilineal angle FAG is made equal to the given reCtili* 
neal angle DCE. Which was to be done. 

PROP. xxiv. 

If two triangles have the two (ides equal to the two fides, each 
to each, but have the angle greater than the angle, the an^k con- 
tained by the equal ftraight lines : alfo they will have the baie 
greater than the bafe. , 

Let there be two triangles the triangles ABC, DEF having the 
two fides AB, AC equal to the two fides DE, DF, each to each ; 
AB to DE, and AC to DF i but let an angle the angle contained by 
BAC be greater than the angle contained by EDF j I fay that the 
bafe BC is greater than the bafe EF. 

For 
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For becaufe the angle BAC ^ p Bool I, 

is greater than the angle EDF ; 
let there be made^ with the 
ftrai^ht line DE and at. the 
point D in it^ the angle EDG 
equal to the angle BAC ; and 
let DG be made equal (bj prop. 
3.) to either of the Mnes AC, 
DFi and let GE^ GF be joined. 

Since therefore AB is equal to DE and AB to DG ; certainly the 
the two BA| AC are equal to the two ED, DG, each to each ;. 
and the angle BAC is equal (by cooft.) to EDG therefore the bafe 
BC is equal to the bafe EG. Again, becaufe DG is equal to DF» 
Ae angle DFG is equal (by prop* 5.) Co the angle DGF $ therefore 
the angle DFG is g«ater than the ang/e EGF ; therefore the angk 
EFG is greater by much than the angle EGF; and becaufe there 
is a triangle, the friang/e EFG, having the angle EFG greater 
than the angle EGF^ but (by prop* 19.) the greater fide is exten- 
ded under the greater a^gle : therefore the iide EG is greater than 
£F? and EG ir equal to BC (by part. i. of this prop.); wfaere&Nrc 
sMo BC is greater than £P. 

Wherefore if two triangles have the two fides equal to the two 
fides> each to each, and have the angle greater than the angle, the 
angle contained by the equal ftraight lines ; they will alfo have the 
bafe greater than the bafe. Which was to be demon^ated, 

PROP. XXV. 

If two triangles have the two fides equal to the two fides each to 
cadi, and have the baife j;n:ater than the bafe % they will alfe have 
theai^ie greater than the angle, iS^Mtgk contained by the equal 
ftraight lines. 

Let tlwre be two triangles the triangles ABCj DBF having the 
two fides BA, AC equal to the two fides DE, DF, each to each^ 
AB to D£ and AC to DF ; but let the bafe BC be greater than, 
the .bafe £F : I £ty alfo that an angle, the angle BAC is greater 
than an angle, the angle EDF. 

Vol. I. D For 
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Book I. For if not ; certainly it is equal to it, or 
lefs. But certainly the angle BAG is not 
equal to EDF; for then (by prop. 4.) the 
bafe BC would be equal to the bafe EF :* but 
it is not (by fupp.); therefore the angle 
BAG is not equal to EDF : but neither in- 
deed is it lefs ; for if it were lefs, alfo the 
bafe BG would be lefs (by prop. 24.). than the 
bafe EF : but it is not (by fupp.) ; therefore the angle BAG is not 
lefs than EDF : but it has been demonftrated that neither is it 
equal : wherefore the angle BAG is greater than EDF, 

Wherefore if two triangles have the two (ides equal to the two 
fides each to each, and have the bafe greater than the bafe ; they 
will alfo have the angle greater than the angle, the angle contained 
by the equal flraight lines. Which was to be demonftrated. 

PRO P. xxvr. 

If two triangles have the two angles equal to the two angles^ 
each to each, and one fide equal to one fijde i either (he fide which 
is at the equal angles, or that which is extended under one of the 
equal angles : they wiU alfo have the two remaining fides equal to 
the two remaining fides each to each, and the remaining angle equal 
, to the remaining angle. 

Let there be two triangles the triangles ABG, DEF baying the 
two angles ABG^ BGA equal to the two angles DEF, EFD ^ach 
to each; the angle ABG equal to the an^le DEF; and the angle 
BGA equal to EFD : and let them have alfo one fide equal to on& 
fide: 

Firft, the fide at the equal angles, the ftraight line BG equal to 
£F : I fay alfo that they will have the two remaining fides equal to 
the two remaining fides, each to each ; AB equal to D£ and AG to 
DF ; and the remaining angle equal ta the remaining angle, the 
angle BAG equal to EDF. 

For if AB is unequal to DE, one of them will be greater than 
the other : let AB be the greater and make GB. equal, (by prop. 3.,) 
to DE, and let GO be joined. 

Whcrc^ 



Digitized by 



Google 



O F E U C L I D. 27 

Wherefore becaufe BG is equal to DE (by conft,) and BC to EF Book I. 
(by fupp.) certainly the two BG, BC arc equal to the two DE, EF 
each to each; and the angle GBC is equal (by fupp.) to DEP: 
therefore (by prop. 4.) the bafe GC is equal to the bafe DF; and 
the triangle GCB will be equal to the triangle DEF ; and the re- 
maining angles will be equal to the remaining angles, each to 
each, under which the equal fides are extended : therefore the an- 
gle GCB is equal to the angle DFE 5 but the angle DFE is fuppofcd 
equal to BCA; therefore BCG is equal to BCA the lefs to the greater, 
which is impoffible ; therefore AB is not unequal to DE ; therefore 
equal : but BC is alfo equal to EF ; therefore the two AB, BC ave 
equal to the two DE, EF, each to each, and the angle ABC is equal 
to the angle DEF; wherefore the bafe AC is equal to the bafe DF 
and the remaining angle B AC is equal to the remaining angle EDF. 

But again, let the 
fides extended under 
the equal angles be 
equal, as AB equal to 
DE: I fay again that 
alfo the remaining fides 
will be equal t6 the re- ^ 
maining fides; AC to 

DF and BC to EF; and befides the remaining angle BAC is 
equal to the remaining angle EDF. 

For if BC be unequal to EF, one of them is greater than the 
other; let BC> if it be pofilible, be the greater, and make (by prop. 
3.) BH equal to EF, and let AH be joined. 

And fince BH is equal to EF (by conft.) and AB to DE (by 
fupp.) ; certainly the two AB, BH is equal to the two DE, EF, 
each to each, and they contain equal angles ; therefore (by prop. 
4.) the bafe AH is equal to the bafe DF, and the triangle ABH is 
equal to the triangle DEF, and the remaining angles will be equal 
to the remaining angles, each to each, under which the equal fides 
are extended ; wherefore the angle BHA is equal to EFD ; but 
the angle EFD is equal (by fupp.) to the angle BCA; and (by 
com. not. I.) BHA is therefore equal to BCA ; the outward angle 
of the triangle AHC viz. BHA equal to the inward and oppofite 

D z o BCA 
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took u BCA^ wbich (by prop. 16.) is impoflible : tvkerefore BC U not 
unequal to EF^ therefore // is equal : but AB is alfo equal to DE ; 
tberefore the two AB, BC are equal to the two DE, EF and they 
contain equal angles ; therefore (by prop. 4.) the bafe AC is equ^ 
to the bafe DF, and the triangle ABC is equal to the trilngle 
DEF and the remaining angle BAC is equal to the reaiaining 
angle EDF* 

If therefore two triangles have the two angles equal to the tWQ 
angles, each to each, and have one fide equal to one fide ; either 
the fide which is at the equal angles, or that which is extended 
undet* one of the equal angles : they will alfo have the /tM remain^ 
tng fides equal to the t'mo remaining fides, each to each, and the 
remaining ahgle equal to the remaining angle. Which wu to be 
demonftratfed* 

PROP. XXVII. 

If & ftraight line falling upon two ftraight lines makes the alter* 
nate angles equal to one another, the ftraight lines will be parallel 
to one another. 

For let the ftraight line EF falling upon the two ftraight lines 
AB, CD make the alternate angles AEF, EFD equal to one ano- 
ther. I fay that the Jlraight line AB is parallel to the ftraight lin^ 
CD. 

For if not, AB and CD being produced will meet, either to* 
wards the the parts B, D or towards A, C : let them be produced 
and let them meet towards the parts fit D in th^^mt O. 

Certainly (by prop, it.) the 
•utward anglt AEF of the tri- A , , . E/ ^ B 
angle EFG is greater than the. 
inward and oppofite angle 
EFG i but it is alfo (by fupp.) 
tqud, which is impofiible : 
therefore AB, CD being pro- 
duced, will not nMCt towards 
the parts B, D 5 certainly in 
the fame manner it will be 

ftiewn, that neither ni^Ultbey meet towards Aa Cj but t\^kjiriiigbt 
• lines 
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tines meeting one another Cowards neither parts are parallel: there* Book L 
fore AB is parallel to CD* ^''^'^ 

Wherefore if a ftraight line falling upon two ftraight lines make 
the alternate angles equal to one another, the ftraight lines will be 
parallel. Which was to be demonftrated. 



PROP. XXVIII. 

If a ftraight line falling upon twq ftraight lines make the out- 
ward angle equal to the inward and oppofite, and towards the 
fame parts ; or make the inward angles and towards the lame parts 
equal to two right angles : the ftraight lines will be parallel to one 
another. 

For let the ftraight line EF falling upon the two ftraight lines 
AB, CD make the outward angle EGB equal to the inward and op- 
pofite and towards the fame parts the angle GHD ; or the inward 
and towards the fame parts, the * angles BGH, GHD equal to two 
right angles ; I fay that AB is parallel to CD. 

^ For becaufe the angle EGB is equal 
to the angle GHD ; but EGB is equal 
(by prop. 15.) to AGH, alfo the angle 
AGH is therefore (by com. not. i.) 
equal to GHD : and they are alternate ; 
therefore (by prop. 27^) AB is paraUel to 
CD- 

Again becaufe the angles BGH, GHD are (by fiipp.) equal to 
two right angles ; and alfo the angles AGH, BGH are equal (by 
prop. 13.) to two right angles; therefore (by com. not. i.) the 
angles AGH, BGH are equal to the ar^es BGH, GHD : let the 
common angle BGH be taken away, therefore {by com. not. 3.) 
the remaining angle AGH is equal to the remaining asigle GHD r 
and they are alternate ; wherefore (by prc^. 27.) AB is parallel ta 
CD. 

Wherefore if a ftraight line falling upon two ftraight lines make 
the outward angle equal to the inward and oppofite and towards the 
fame parts i or make the inward angles and towards the iame parts 

equal 
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Book I. equal to two right angles : the (Iraight lines will be parallel to one 
^"""^ another. Which was to be demonftrated. 

PROP. XXIX. 

Or a ftraight line falling upon the two parallel ftraight lines 
makes the alternate angles equal to one another ; and the outward 
angle equal to the inward and oppofite and towards the fame parts ; 
and the inward angles and towards the fame parts equal to two 
right angles. 

For let the ftraight line EF fall upon parallel ftraight lines, the 

Jlraigbt lines AB, CD : I fay that it makes the alternate angles 

AGH, GHD equal i and the outward angle EGB equal to GHD the 

inward and oppofite and towards the fame parts ; and BGH, GHD 

the inward and towards the fame parts equal to two right angles. 

For if AGH be unequal to GHD, one 
•f them is greater: let AGH be the 
greater : and becaufe AGH is greater 
than GHD, let BGH which is common 
be added; therefore (by com. not. 4.) 
the angles AGH, BGH are greater than ^ 
BGH, GHD : But alfo the angles AGH, 

BGH arc (by prop. 1 3.) equal to two right angles i and therefore 
the angles BGH, GHD are lefs than two right angles ; but thofe 
Jlraigbt lines which are produced indefinitely from angles lefs than 
two right angles meet one another {hy com. not. u.) ; therefore 
AB and CD being produced indefinitely will meet one another ; but 
they do not meet, becaufe they are fuppofed parallel : therefore 
AGH is not unequal to GHD, therefore it is equal. 

But the angle AGH is equal to the angle EGB (by prop. 15.); 
and therefore (by com. not. i.) EGB is equal to GHD. 

Let the commpn angle BGH be added : wherefore the angles 
EGB, BGH are eqW to the angles BGH, GHD : but the angles 
EGB, BGH are (by prop. 13.) equal to two right anglqs; and 
therefore the angles BGH, GHD are (by com. not. i.) equal to 
two right angles. 

Or a ftraight line, therefore, falling upon the two parallel 
Araight lines, makes the alternate angles equal to one another ; and 

the 
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the outward angle equal to the inward and oppofite and towards the Book L 
fame parts; and the inward angles and towards the fame parts 
equal to two right angles. Which was to be demonilrated. 

PROP. XXX. 

Straight lines parallel to the fame ftraight line are alfo parallel 
to one another. 

Let eaeh of ihtjlraight lines AB, CD be parallel to EF : I fay 
alfo that AB is parallel to CD. 

For let the ftraight line GK fall upon them. 

And becaufe the ftraight line GK \ 

hath fallen upon parallel ftraight lines ^ \g B 

AB, EF therefore (by prop. 29.) the an- \H 

glc AGH is equal to GHF : again, be- £ -V '~^ 

caufe the ftraight line GK hath fallen \ 

upon the parallel ftraight lines EF, CD C kV D 

the angle GHF is equal to GKD : but 

the angle AGK hath been proved equal to GHF : and therefore 
(by com. not. i.) AGK is equal to GKD^ and they are alternate 
angles: therefore AB is parallel to CD (by prop. 27.) 

Wherefore the Jlraigbt lines which are parallel to the fame 
ftraight line, are parallel to one aaother^ Which was to be de- 
monftrated. 

PROP. XXXI. 

Through a given point to draw a ftraight line parallel to a given 
ftraight line 

Let the given point be the point A j and the given ftraight line 
the JlraigJbt line BC ; it is required through the point A to draw a 
ftraight line parallel to the ftraight line BC. 

Let any point whatever the point D be E .A F 

taken in BC; and let AD be joined. And y^ 

let the angle DAE be made, with the ^^ 

ftraight line AD and at the point A in it, B D C 

equal to the angle ADC (by prop. 23.) : and let the ftraight line: 
AF be produced in a ftraight line with AR. 
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Book I. And becaufe the ftraight line AD falling upon the two ftraight 
lines BC, EF hath made the alternate angles, the angles E AD, 
APC equal to one another, therefore (by prop. 27.) EF is parallel 
to BC. 

Wherefore through a given point the point A a ftraight line E AF 
hath been drawn parallel to the given ftraight line BC. Which 
was to be done. - 

PROP, xxxir. 

One of the fides of any triangle being produced, dhic outward 
angle is equal to the two inward and oppofite angles : and the three 
inward angles of the triangle are equal to two right angles. 

Let there be a triangle, the triangle ABC, and let one of its 
fides BC be produced to the point D : I fay that the outward angle 
ACD is equal to the two inward and oppofite mes CAB, ABC % 
and that the three inward angles of the triangle viz. ABC, BCA, 
CAB are equal to two right angles. 

For let CE be drawn (by prop. 31.) through the point C paral- 
lel to the ftraight line AB. 

And becaufe AB is parallel to CE and 
AC hath fallen upon them ; the alternate 
angles B AC, ACE are equal (by prop. 27.) : 
Again> becaufe AB is parallel to CE and 
the ftraight line BD hath fallen upon them ; 
the outward angle ECD is equal to the in- 
ward and oppofite ABC ( by prop. 29.) : 

but ACE has been alfo Ihewn to be equal to BAC 5 the whole 
therefore, the outward angle ACD is equal to the two inward and 
and oppofite ones BAC, ABC. 

Let the common angle ACB be added : therefore the anfgles 
ACD, ACB are equal to the three angles ABC, BAC, BCA 5 but 
ACD, ACB are (by prop. 13.) equal to two right angles; and 
therefore (by com. not. 1 .) ACB, CBA, CAB are equal to two 
right angles. 

Wherefore one of the fides t)f any triangle being produced, the 
outward angle is equal to the two inward and oppofite angks : and 
the three inward angles of the triangle are equal to two right angles. 
Which was to be demonftrated. PROP. 
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PROP. XXXIII. ^,^' 

The ftraight lines joining equal and parallel Jiraight lines towards 
the fame parts, are alfo themfelves equal and parallel. 

Let th« firmgbt lines AB, CD be equal and parallel ; and let the 
Araight lines AQ BD join them towards the fame parts : I fay 
that AC, BD ate alfo equal and parallel. 

For kt BC be joined. 

And betanfd AB is parallel to CD, and 
fiC hath ftllleii upon them ; the alternate 
angle*, the aUgks ABC, BCD are (by 
prop. ^9.) equal to one another : and be- 
caufe (by fupp.) AB it equal to CD, and 

tht Jiraigbt Kne BG common; certainly the two AB, BC are equal 
to the twd XSC^ CB ; and the angle ABC is equal to BCD ; there- 
fore (by prop. 4.) the bafe AC is equal to the bafe BD ; and the 
triangle ABC is equal to the triangle BCD ; and the remaining 
angles will be equal to the reniaining angled, under which the equal 
fides are extended, each to each \ therefore the angle ACB is equal 
to the angle CBD : and becaufe the ftraight line BC falling upon 
the two ^aight lines AC, BD hath made the alternate angles ACB, 
CBD equal to one another ; therefore (by prop. 27.) AC is parallel 
to BD ; and it has been demonft rated alfo to be equal. 

Wheiiefore the ftraight linies joining equal and parallel ftraight 
Bnes towards the fame parts are alfo themfelves equal and parallel. 
Which was to be demonftrated. 

PROP. XXXIV. 

The oppofite fides and alfo the oppofite angles of parallelogram 
fpaces are equal to one another, and the diameter cuts the fpaces 
in h*lv6». 

Let there be a parallelogram, the parallelogram ACDB and its 
diameter the ftraight line BC : I fay that the oppofite fides and alfo 
the angles of the parallelogratn ACDB are equal to one another, 
and the dianietier BC cats it in halves. 

Vol.. I. E For 
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Book I, For becaufe AB is parallel to CD and 
^"^^'"^ the ftraight line BC hath fallen upon 
them ; the alternate angles ABC, BCD 
are equal to one another (by prop. 29,) : 
Again becaufe AC is parallel to BD and 
BC hath fallen upon them ; the alternate ^ 

angles ACB, CBD arc (by. prop. 29.) equal to one another : Thccf 
are two triangles ABC, CBD having the two angles ABC, BCA 
equal to the two angles BCD, CBD, each to each 5 and one fide 
equal to one fide, the Jide at the equal angles, the ftraight line BC 
common to them both : therefore they will have the remaining 
fides equal to the remaining fides, each to each, (by prop. 26.) and 
the remaining angle equal to the remaining angle ; wherefore the 
fide AB is equal to CD ; and AC to BD ; and the angle BAC equal 
to the angle BDC ; and fince the angle ABC is equal to the angle 
BCD ^ and the angle CBD, to the angle ACB ; therefore the whole 
(by com. not. 2.) angle ACD is equal to the whole ABD; but the 
angle BAC hath been proved equal to the angle BDC. 

Wherefore the oppofite fides ^nd alfo the angles of parallelogram 
fpaces are equal to one another. 

But I fay alfo that the diameter cuts them in halves : for becaufe 
AB is equal to CD \ and BC common ; certainly the two AB, BC 
are equal to the two DCf CB ; each to each ; and the angle ABC 
is equal to the angle BCD ; therefore (by prop. 4.) alfo the bafe 
AC 1/ equal to the bafe BD i and the triangle ABC is equal to the 
triangle BCD. 

Wherefore the diameter BC cuts in halves the parallelogram 
ACDB. Which was to be demonftratcd*. 

PROP. XXXV. 

The parallelograms are equal to one another, which are upoa 
the fame bafe and between the fame parallel lines. 

Let there be parallelograms, the parallelograms ABCD, EBCF 
being upon the fame bafe BC and between the fame parallel lines 
AF and BC : I fay that the parallelogram ABCD is equal to the 
parallelogram EBCF. 

For 
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For becaufe ABCD is a parallelogram, F 
AD is (by prop. 34.) equal to BC : and for 
the fame reafon £F is equal to BC ; fo that 
(by com. not. i.) AD is equal to EF ; and 
D£ is common; therefore (by com. not. 2.) 
the whole AE is equal to the whole DF ; 
but (by prop. 34.) AB is alfo equal to DC; 
therefore the two EA, AB are equal to the 
two FD, DC, each to each i and- the angle FDC is equal to the 
angle EAB (by prop: 29.) the outward to the inward : therefore 
the bafe EB is equal to the baie FC ; and the triangle EAB is eqdal 
to the triangle ,FCD: let the common triangle PEG be taken 
away ; therefore the remainder, the trapezium ABGD is equal to 
the remainder the trapezium EGCF; let a common part be added, 
the triangle GBC : therefore (by com. not. 2.) the whole, the pa- 
rallelogram ABCD is equal to the whole, the parallelogram EBCF. 

Therefore the parallelograms, being upon the fame bafe, and 
between the fame parallels are equal to one another. Which was 
to be demonftrated. 

PROP. XXXVI. 

The parallelograms, being upon equal bafes and between the 
fame parallels, are equal to one another. 

Let there be parallelograms, the parallelograms ABCD, EFGH 
upon equal bafes the firaigbt lines BC, FG ; and between the fame 
parallels AH, BG : I fay that the parallelogram ABCD is equal to 
the parallelogram EFGH. 

For let BE, CH be joined. . 

And becaufe BC is (by fupp.) equal 
to FG, and alfo FG (by prop. 34. ) to 
EH; therefore (by com. not. i.) BC 
is equal to EH ; but they are likewife 
(byfup.) parallel; and BE and CH 
join them ; but Jlraigbt lines which 
join equal and parallel ftraight lines towards the fame parts are 
equal and parallel (by prop. 3 3.) ; therefore EB, CH are equal and 
parallel; wherefore EBCH is a parallelogram, and is equal to 

E 2 ABCD 
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Btofe I. ABCD (by pr<^p. 35.) for it haa the feme bafe with it the firaigbt 
"^^^ line BC, and it is between the fame paroUek witbrtt ^ ftrmgbt 

lines BC, AH. Certainly for the fairtc reafoa alfei EFGH it equal 

to EBCH ; therefore (by com. not. i.) the paraUelogram ABCD i9 

equal to EFGJJ. 

Wherefore the parallelograms, being upon equal baft«. and 

between the fame parallels arc equal to one anothwr. Wbiph. was 

to be demonftrated. 

PROP. XXXYXI. 

The triangles, which are upon equal bofea and bctwocB thci 
fame paralkls^ are equal to one anotliuer. 

Let there be triangles, the triangles ABC, DBC, b^g upon- 
the fame bafe i)s^ Jiraigbt line BC 1 and between the fame paralleki 
the Jlraigbt lines AD., BC ; I f^iy that tb© triangle ABC i« equal 
to tlie'triangle DBC, 

Let AD be produced towards^ bolfa parts 
to the points E and F ; and through the 
point B let BE be drawn parallel to AC ; 
and through the point C let CF be drawii 
parallel to BD. 

Therefore each rf thc^«r^/ EBCA, 
DBCF is (by conft. and fup.) a parallelogram : and EBCA ie equal 
(by prop. 35.) to DBCF for they are upon the faqa© ba^ BC and 
between the fame parallels BC, EF : and the triangle A&C is hajf 
of the parallelogram EBCA (by p«'0p/34.), for the^ dSaraeter AS 
cuts it in halves; but the triangle DBC is hal^ of t|>e-paFftlle}o^ 
grarn DBCF, for the diameter DC cuts it^ \n halves : but the 
halves of equal magnitudes are equal j wherefore the triangle ABC 
is. equal to the triangle D3C. 

Therefore the tri^ngle^ which are upon the fatne- bafe, and be^ 
tween the fame paralld^ are equal to one another. Whicb wa^to 
be demonftrated. 

PROP, xxxvm. 

The triangles, which are upon equal bafcs and between the iamc 
parallels, are equal to one another. ' . 

Let 
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Let ABC, DBF b^ triangles whkh are upon eqtfal bftfcft BC# ^^^ , 
£F ; and between the fame parallels the Jlraight lines BF, AD : I 
fay that the triangle ABC is equal to the triangle DBF. 

For let AD be produced towards both 
parts to G and H ; and through B let 
BG be drawn parallel to CA; and through 
the point F let FH be drawn parallel to 
DE. - 

Therefore (by the conftruftion) each 
of the fgures GBCA, DEFH is a paral- 
lelogram : and (by prop. 3^6.) GBCA is 

equal to DEFH, for they are upon equal bafes BC, EF ; and be-t 
tween the fame parallels BF, GH : and (by prop. 34.) the tri* 
angle ABC is half of the parallelogram GBCA; for the diameter 
AB cuts it in halves ; alfo the triangle DBF is half of the parallel-- 
ogram E>EFH, for the diameter DF civts it in halves : but (by 
com. not. 7.)/ the halves of equal maghitudfes are equal : wlacre^ 
for/e the triadgte ABC is equal to the triangle DBF. 

Therefore the hiangles^ which are upon equal bafes and be* 
tween the fame parallels^ are equal to one another. Which was to 
be demonftratedi 

PROP- XXXIX. 

The equal triangjies^ which are up9n>jt^e ia«ne bd£ryand tdwatds 
the fame parts^ are between the iiune pa^aUelg. 

Let ABC> DBC be the equal triangles, which are upon^the fame 
bafe BC.and towards the fame parts: I fay' that they are' betwfeeii 
the fame parallels : for let AD be joined : 1 fay that AD^ is par^ld 
tJoBC* 

For if it is not> let A£ be drawn (bj^prop^ 3a..):^roug^ tfae 
point A parallel to the ftraight line BC^ an.d let EC be joined. 

Wherefore (by prop. 37.) the triangle ABC is 
equal to the triangle £BC> for it is upon the fame 
bafe with it the Jiraight line BC 5 and between the 
fame parallels BC, AE : but the triangU ABC is 
equal (by fup.) to the triangle DBC ; therefore (by 
com. not. I.) the triangle DBC is equal to the tri- 
ao^e EBC, the greater to the lefs (by com. not. B^ 
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BookL 9O "^hich is imponible: wherefore AE is not parallel to BC : 
^"^""^^^ certainly we (hall dcmonftrate in like manner^ that neither is any 

other Jlratgbt line except AD ; therefore AD is parallel to BC. 
Wherefore the equal triangles, which are upon the fame bafe^ 

and towards the fame parts, are between the fame parallels. Which 

was to be demonftrated. 

P R O P. XL. 

The equal triangles, which are upon equal bafes, and towards 
the fame parts, are between the fame parallels. 

Let ABC, CDE be the equal triangles, which are upon equal 
bafes the Jiraight lines BC, CE ; and towards the fame parts : I 
fay that they are between the fame parallels j for let AD be joined 
I fay that AD is parallel to BE. 

For if // is not j let FA be drawn through A D 

the point A (by prop. 31.) parallel to BE, 
and let FE be joined. 

Therefore (by prop, 38.) the triangle 
ABC is equal to the triangle FCE ; for 
they are upon the equal bafes BC, CE 5 and B C E 

between the fame parallels BE, AF ; but (by the fup.) the triangle 
ABC is equal to the triangle DCE ; and therefore (by com. not.i.) 
the triangle DCE is equal to the triangle FCE ; the greater to the 
lefs (by com. not. 9.) which is impofiible : wherefore AF is not 
parallel to BE : certainly we (hall demonftrate in the fame manner 
that neither is any other except xkit ftraigbt line AD : therefore 
AD is parallel to &E. 

Wherefore the equal triangles, which are upon equal bafes, and 
towards the fame parts, are between the fame parallel lines. Which 
was to be demonilrated . 

PROP. XLL 

If a parallelogram have the fame bafe with a triangle ; and be 
between the fame parallel lines ; the parallelogram will be double 
of the triangle. 

For 
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For let the parallelogram ABCD have the fame bafc with the Book^. 
triangle EBC, the Jiraight line BC ; and let them be between the 
feme parallels BC, AE : I fay that the parallelogram ABCD is 
double of the triangle BEC, 

For let AC be joined. A D E 

Certainly the triangle ABC is 
equal to the triangle EBC (by prop. 
37.) ; for it is upon the fame bafe 
with it, the Jiraight line BC and be- 
tween the fame parallels BC, AE 5 _ 
but the parallelogram ABCD (by ® 

prop. 34. ) is double of the triangle ABC ; for the diameter AC 
cuts it in halves : wherefore the parallelogram ABCD is alfo 
double of the triangle EBC. 

If, therefore, a parallelogram have the fame bafe with a triangle^ 
and be between the fame parallels; the parallelogram will be double 
of the triangle. Which was to be demooArated. 

PROP. XLH. 

To make a parallelogram equal to a given triangle, in a given 
rectilineal angle. 

Let ABC be the given triangle ; and D the given redilineal on* 
gle : it is required to make a parallelogram equal to the triangle 
ABC, in a re^ilineal angle equal to D. 

Let BC be cut in halves (by prop« 
10.) at the point E ; and let AE be 
joiped ; and let the angle CEF be 
made with the ftraight line EC and 
at the point E in it equal to the angle 
D (by prop. 23.) ; and through the 
point A let AG be drawn parallel to 
^EC; and through the point C (by 

prop. 31.) let CG be drawn parsdlel to £F : therefoire FECG is a: 
parallelogram. 

And becaufe BE is equal taEC, the triangle ABE (by prop. 38.) 
is alfo equal to the triangle AEC ; for they are upon equal bafea 

BE,. 
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Book I. BE, EC and between the fame parallel lines BC, AG ; wherefore 
the triangk ABC is double of the triangle AEC : but the parallel** 
o|;ram FECG is alfo (by prop 41.) double of the triangle AEC : 
for they have the fame bafe, and are between the fame parallels ; 
therefore (by com, not. 6.) the parallelogram FECG is equal to 
the triangle ABC; and has the angle CEF equal to the given 
angle D. 

Therefore a parallelogram the parallelogram FECG has been 
made equal to the given triangle ABC, in an angle the angle CEF» 
which is equal to the angle D. Which was to be done. 

PROP. XLIII. 

The complements of the parallelograms about the diameter of 
every ps^i^allelograjxi are equal to one another. 

Let ABCP be a paraliLelogram, and AC the diameter of it ; and 
let EH, FG be the parallelograms about AC ; and the paral^ 
klograms BK, KD thofe which are called complements : I fay that 
the complement BK is equal to the complement KD. 

For fince ABCD is a paral- 
lelogram, and AC the diame- 
ter of it ; the triangle ABC 
if (by prop. 34.) equal ta the 
triapgte ADC : again becaufe 
EKHA is a parallelogram, and 
AK the diameter of it; the 

triangle AEK is (by prop. 34.) equal to the triangle AHK : cer- 
tainly for the fame reafon alfo the triangle KFC is equal to the 
triangle KGC : becaufe therefore the triangle AEK is equal to the 
triangif AHK> andf KFC to KGG ; the triangle AEK together 
with thp triiMigle RGC istqual (by com. not. 2.) to the triangle 
AHK tDgethcr witk the triangle KFC ; but the whole triangle 
ABC is equal to the whole triangle ADC; therefore (by com. not, 
^) tlMr€maindir>^ the complement BK is equal to the remainder 
the complement KD. 

Who^efore (he oom^dements of the- patallelograms about the 
diameter cS eveiy paralldogram are- equal to one another. Which 
wae^ to be demonftrated. PROP. 
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To apply a parallelogram^ to a given ftraight line, equal to a 
given triangle, in a given reftilineal angle. 

Let the given ftraight line be AB i but the given triangle the 
triangle C ; and the given redilincal angle, the angle D -, it is re- 
quired to apply a parallelogram to the given ftraight line AB, equal 
to the given triangle C ; in an angle equal to D. 

Let the parallelogram 
BEFG be made (by prop* . 
42.) equal to the triangle 
C, in an angle EBG 
which is equal to D : and 
let it be placed in fuch a 
manner that BE may be 
in a ftraight line with 
AB ; and let FG be pro- h" 

duced to H; and through 

the point A, let AH be drawn (by prop* 31.) parallel to cither of 
the Jiraigbt lines BG or EF ; and let HB be joined. 

And becaufe the ftraight line HF bath fallen upon the parallels 
AH, EF; therefore the angles (by prop, 29.) AHF, HFE are equal 
to two right angles : wherefore the angles BHG, GFE are lefs ' 
than two right angles : but (by com. not. 11.) i\\o(t Jiraigbt lines, 
which are produced indefinitely from angles lefs than two right 
angles, do meet each other 5 therefore HB, FE being produced will 
meet : let them be prpduced, and let them meet in the point K ; 
and through the point K, let KL be drawn parallel to either of the 
lines EA, FH ; and let GB, HA be produced to the points M, L. 

Therefore HLKF is a parallelogram, and HK its diameter ; and 
AG, ME are the parallelograms about HK ; and LB/ BF the pa-- 
raUehgrams called complements : wherefore (by prop. 43.) LB is 
equal to BF : but BF is alfo equal to the ttiangle C ; and therefore 
(by com. not. i.) LB is equal to C : and iince the angle GBE is 
equal (by prop. 15.) to ABM, but GBE is equal (by conft.) to 
D; alfo (by com. nor. i.) ABM is equal to the angle D. 

Vol. L F Where- 
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Book I. Wherefore a parallelogram LB hath been applied to the given 
■^■"^^^"^ ftraight line AB, equal to the given triangle C ^ in an angle ABM» 
which is equal to the angle D. Which W46 to be done. 




PROP. XLV. 

To n)ake a parallelogram equal tq a giv<;n redtilineal ^gure in a 
given rectilineal angle. 

Let the given rediilineal^f^r^ be ABCD ; and E the given rec- 
tilineal angle : it is required to make a parallelogram equal to the 
rectilineal j/i]g[2<r^ ABCD in an angle equal to E* 

For let DB be joined i and 
(by prop. 4?.) let the parallel- 
ogram FH be made equal to 
the triangle AfiDf in the angle 
HKF, which is equal to E; 
and (by prop, 44.) let the pa- 
rallelogram GM, equal to the 
triangle DBCj be applied to 
the ftraight line GH, in the 
angle. GHMf which is equal to E. 

^ And becauife the angle E is eK|aal to either tf the angles HKF, 
GHMi therefore »lfQ (by com. not. i,) HKF ia equal to GHM:. 
let the common angle KliQ be added $ therefore (by com. not. 2.) 
FKH, KHG «rc equal to KHG, GHM ; but (by prop. 29.) EKH, 
KHG arc equal to two right angles ; wherefore akaKHG^QHM 
are equal to two iFight aiigles : to a certain ftraigikt line GH> aod 
to a point in it H, the two ftraight lines KH> HM tK>t lying flo^ 
wards the fame parta^ make the adjacent angles ^qual to two light 
angles ; therefore (by prop, 14.) KH is in a (haight litw ift^ith 
HM : and fince the ftraight line GH hath fallen i^onthe parallels . 
KM» FG ; the alternate angles MHG.» HGF are equal (bj^ pcdpu . 
29.) : let the common angle HGL be added : therefore thc^i^j 
MHG, HGL are equal to HGF, HGLi but (by propu 2^.) 
MHG, HGL are equal to two right angles ; therefore alfo HGF, 
HGL are .equal to two right angles; wherefore (by prop. 14.) 
FG ia in a ftraight line with GL. And becaufe KF is equal amd 
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alio panlfel €0 <?^ ; but GH h eqkat dfid alfi pkrdtkl t6 ML ; ^o^ t. 
therefore (by conA* not. i. ind prop* 30.) KF is e^jual and [Jafallcl' 
to ML ; and the ftraight lines KM, FL j.oin them : and (by prop* 
33.) KM, FL are equaj a;id parallel. /W^hcrefore KFLM is a pa- 
rallelogram i and becaufe the triangle ABD is equal to the paral- 
^tei6g^am 'HI^, and tht triangle DBC to the parallelogram G^I; 
thercifofe the whole rcdlilineal fgure ABCD is equal to the whole 
parallelogram KFLM. 

Wherefore a parallelogram KFLM is made equal to t given rec- 
lilineal j%arir ABGD in an angle, the angk FKM^ which is equal 
to the given angle E. Which was to be done. 

PROP. XLVL 

To defcribe a fquare upon a given ftraight line. 

Let the giv^ ftraight line be AB : it is required to deibrilbe a 
fquare upon the ftraight line A&. 

Let AG be drawn (by prop, rr,) at right angles to the ftraight 
line AB from the point A in it ; and (by j^op. 3.) make AD equal 
tOr AB: and lei DE be drawn, (b)( prop. 31.) throiJgh the point 
D, parallel to AB; and let! SB? be dt^wa througly the poklt B 
parallel t6 AD, ; r . . 

Theifefore the^»r^ AD^B i* A paraHcIo- ^ 
gram ; wherefore (by prop. ^4.) AB is equal to jj 
DE I afid AD to ]^B ; but sflfd AJ^ is equal to 
AD (by cohft.) therefore the four Jlratgi^ 7m^> 
BA, AD, DE, EB are equal' tcf one Mother : 
whereforfe the parallelogram ADEB is equilatc- 
*aJ; r fay that it is allb reftatigulaf r For be- A fe 

eaufe die ftraight line A1^ h^ Mien upon tire 
two parallds^ AB,jb^ i thtreftife (by prop. 29.) thitf angles BAD, 
ADE arii equal to two rig^htf-angles ; but BAd i& a right angle (by 
eonft.) ; theiiefore ADE is a right angle; but the oppofite fides 
aiid rffd the angleisf 6f patralWogram fpacds are equal to one another 
(by prop. 34.) y iAierbit>re each of the oj^pofilti angles; is^^ a right' 
angle, the tf^igf/fi^ABE, BED; wherc?fore the /jiilr^ ADEfi is rec- 
tangular ; btit it had been demonilrated tb biidcjtii lateral alfo. 

F 2 There- 
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Bo(d( I. Therefore (by def. 30.) it Is a fquare ; and it hat^ t>een defcri- 
'—V--' bed upon the ftraight line AB. Which wa? to be done. 

P R O P. XLVII. 

In right angled triangles^ the fquare of the fide fubten^ing the 
right angle,, is equal to the fquare$ of the fides containing ^he right* 
angle. . ^ 

Let ABC , be a right angled triangle, having the angle BAC a 
right angk: I fay that the fquare of J3C is equal to the fquares of 
BA, AC. ' / : . . / 

For (by prop. 46.) let the fquare BDEC be defcribed upon BC j 
and the Jquares GB, HC upon BA, AC, and through the point A 
let AL be drawn parallel either to BD or CE ; and let AD, FC be 
joined. i • • T 

And bcc^ufe each of the angles 
BAC, BAG is (by conft. and fup.) a 
ti^i angle }^ to a certain line BA, and 
to the point A in it, two (Iraight lines 
AC, AG, not^ \y}f^g towards the fanne 
parts» make.' the adjacqnt langle^ qqual 
to two' right angles 5 therefore (by 
prop. 14.) AC is in a ftraight line with 
AG : certainly for ^he fame reafon alfo . 
AB is in a (Iraight ^pCrwit^ A^i^ V\^, 
fince the angl^ DBC is equal to the 
angle FBA (byicom.. nojt. jo.), for p^cli 
§f tbem is a right angle, let the comm9n angle ABC b^ added; 
therefore (by com. not. 2.) the whole angle DBA is equal. to the 
whole angle FBC ; and becaufc ^he two firaigbt lines DB, BA are, 
equal to the two CB, BF, wc^ to each (being Jides vf/tbe fame^ 
fqu re) and the angle DBA is equal to the angle FJ^C ; . tbercforp 
(by prop. 4.) the bafe AD is equal to the bafe FC, and the triangle 
ABD is equal to the triangle FBC ; und the parallelpgram BL is 
double of the triangle ABD (by prop, 4i^.O ». ^9^ ^^PY ^^^^ ^^^ 
fame bafe BD and are between th^ iapie parallds^Bp^ 4If *. .^^ 
the fquare GB is double of the trianglp F^C i- fpri %ga^>. thfy have 

the 




Digitized by 



Google 



O F E U C L I D. 45 

the fame bafc FB, and are between the fame parallels FB, GC ; Book i. 
but the doubles of equal magnitudes are equal to one another (by ' — ^-^ 
com. not 6,) wherefore alfo the parallelogram BL is equal to the 
fquare GB; Certainly in the fame manner it will be demonftrated, 
having joined AE» BK» that the parallelogram CL is equal to the 
fquare HC ; therefore the whole fquare DBCE is equal to the two 
fquares GB, HC ; and BDEC is the fquare defcribed upon BC j 
and GB, HC the fquares described upon BA, AC : wherefore the 
fquare BE defcribed upon the fide BC is equal to the fquares upon 
the fides BA, AC, • 

Wherefore in right angled triangles, the fquare of the fide fub- 
tcnding the right angle is equal to the fquares of the fides, con- 
taining the right angle. Which was to be dcmonftrated, 

PROP. XLVIII. 

If the fquare of one of the fides of a triangle be equal to the 
fquares of the two remaining fides of the triangle ; the angle con- 
tained by the two remaining fides of the triangle is a right angle. 

For let the fquare of BC one fide of the triangle ABC be equal 
to the fquares of the fides BA, AC : I fay that the angle BAC is a 
right angle. 

For from the point A let the ftralght line AD be drawn at right 
angles to AC ; and make AD (by prop. 3.) equal to BA; and 
join DC. 

And bccaufe DA is equal to AB, the 
fquare of AD is equal to the fquare of AB ; 
let the common fquare of AC be added i 
therefore (by com. not. 2.) the fquares of 
DA and AC are equal to the fquares of BA and AC : but the 
fquares of DA and AC arc (by prop. 47.) equal to the fquare of 
DC I for DAC is (by conft.) a right angle ; and the fquare of BC 
is equal to the fquares of BA and AC, for this is fuppofed : where- 
fore (by com. not. i.) the fquare of DC is equal to the fquare of 
BC ; fo that alfo the fide DC is equal to BC ; and fince AD is 
equal to AB and AC common i certainly the two AD^ AC are equal 

to 
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B^k^I. to the two AB, ACr and the bafc DC is equal to the bafe BCj 
tbereficKnr the angle DAC is equal to the angle BAC ; bu« DAC k 
a right angle ; therefotve the angk BAC 16 a right angle* 

Wherefore if the fquare of one of the fides of a triangle be 
equal to the iquares of the two remaining fides of the trisoigte i 
the angle contained by the two remaining fidea of the triaogle liB a 
right angle. Which was to be demonftrated^. 
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BOOK II. 



DEFINITIONS. 

I. TpVERY right angled parallelogram is faid to be contained g^^ ^ 
M2j by the two Araight lines containing the right angle* w->rw * 

2. Of every parallelogram fpace, let any one of the paralle* 

lograms about the diameter of it> together with the two comple- 

ments^ be called a Gnomon. ^ 

PROP. I. 

If there be two flraight Unes^ and one of them be cat into any 
number of fegments ; the re&angle contained, by the two ftraight 
lines is eqnal to the redangles contained by the undivided line and 
each of the fegments of the divided line. 

Let there be two ftraight lines A, BC » and let BC be cut as.it 
may happen in the points D and £ : I iay that the reAangle con- 
tained 
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Book II. tained by A and BC is equal to the rectangle contained by A and 
^"■"^^ BD, and to that contained by A and DE, and befides to that con^ 
tained by A and EC. 

For let BF be drawn from the point B at right angles to BC ; 
and let BG be made (by prop. 3. B, i.) equal to A ; and let GH 
be drawn, through the point G parallel to BC (by prop. 31. B. i.); 
and let DK, EL, CH be drawn through the points D, E, C pa- 
rallel to BG. 

Certainly the rectangle BH is equal to 
the reftangles BK, DL, EH ; and BH is 
the redlangle contained by A and BC ; for 
(by def. i. B. 2.) it is contdned by GB, 
BC ; but BG is (by conft.) equal to A : 
and BK is a reSlangle contained by A and 
BD; for (by def. i.) it is contained by 
GB, BD ; and GB is equal to A : but the 
redangle DL is contained by A and DE \ for DK, that is BG (by 
prop. 34. B. I.) is equal to A : and alfo in like manner EH is a 
reSlangle contained by A and EC , therefore the redangle contained 
by A and BC is equal to the reSlangles contained by A and BD ; 
and A and DE and alfo A and EC. 

Wherefore if there be two ftraight lines, and one of them be 
cut into any number of fegments \ the redangle contained by the 
two Araight lines is equal to the re(flangles contained by the undi- 
vided line and each of the fegments of the divided line. Which 
was to be demonflrated. 

PROP. IL 

If a ftraight line be cut as it may happen, the redangles con- 
tained by the whole and each of the fegments are equal to the 
fquare of the whole line. 

For let the ftraight line AB be cut as it may happen in the 
point C : I fay that the redtangle contained by AB and BC ; to- 
gether with the redtangle contained by BA and AC is equal to the 
fquare of AB. 

For let the fquare ADEB be defcribed upon AB (by 46. i.); 
and let CF be drawn (by 31. i.) parallel either to AD or BE. 

Certainly 



Digitized by 



Google 



OF EUCLID, 



49 



Certainly the nBangle AE is equal to the rk-- 
tangles AF and CE : and the reSlangle AE is the 
fquare of AB i and the reSangle AF is a redangle 
contained by BA, AC ; for (by dcf. i. a.) it is 
contained by DA, AC ; and AD is equal to AB 
(being fides of a fquare) : and the re£tangle CE 
is contained by AB, fiC > for EB is equal to AB : 
wherefore the redangle contained by BA, AC together with that 
contained by AB^ BC is equal to the fquare of AB. 

If therefore a ftraight line be cut as it may happen, the reAan-^ 
gles contained by the whole and each of the fegments are equal to 
the fquare of the whole line. 
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PROP. III. 

If a ftraight line be cut as it may happen, the re<5tangle contain 
ned by the whole and one of the fegments is equal to the redangle 
contained by the tino fegments % and to the fquare of the foremen-- 
doned fegmentt 

For let the ftraight line AB be cut as it may happen in the point 
C : 1 fay that the redtangle contained by AB, BC is equal to the 
redangle contained by AC, CB ; together with the fquare of BC. 

For let CDEB the fquare of BC be defcribed (by 46. i.) ; and 
let EU be produced to F : and through' the point A let AF be 
drawn (by 31. i.) parallel to either of xki^ ftraight liws CD, BE. 

C^rtaidly the re^angle AE is equal to the 
reSangl^ AD, CE i and the re&angle AE is 
a redangle contained by AB, BC ; for ( by 
def. I. B. 2.) it is contained by AB, BE; 
but BE is equal to BC (being fides of a 
fquare) : And the redtang^ AD is contained 
by AC, CB ; for DC is equal to CB ; but 
the re&angk DB is the fquare of CB : there- 
fore the reAangle contained by AB, CB is equal to the redtangU 
contained l^y AC, CB ; together with the fquare of BC. 

If therefore a ftraight line^be cut as it may happen, the redangle, 
contained by the whole and one of the fegments, is equal to the 

Vol. !• G redtangle 
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Book II. redangle contained by the two fegments ; and to the fqiiare of the 
^"^'■^ forementioned fegment. Which was to be demonftrated. 
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PROP. IV. 

If a flraight line be cut as it nuy happen, the (quare of the 
whole line is equal to the fquares of the two iegments, and to the 
iredtangle, contained by the two fegnaents, taken twice. 

For let the flraight line AB be cut as it may happen in the point 
C : I fay that the fquare of AB is equal to the fquarea of AC, CB 
and the refiangle contained by AC, CB taken twice. 

For let the fquare ADEB be defcribed upon AB (by 46. i.); 
and let BD be joined, and through the point C let CGF be drawn 
parallel to either of the iines AD, BE ; and through the point G 
let HK be drawn parallel to either of the lines AB, DE» 

And becaufe CF is parallel to AD and 
BD hath fallen upon them ; the outward 
angle BGC is equal to the inward and op- 
pofitc ADB : but the angle ADB (by 5. i.) H 
is equal to ABD, becaufe the fide BA is 
equal to AD; therefore (by com. not. i.) 
the angle CGB is equal to GBC s fo that 
alfo (by 6. i.) the iide BC is equal to the 
fide CG : but (by 34. i.) CG is equal to D F E 

BK and CB to GK ; wherefore alfo GK is 

equal to KB : wherefore CGKB i& equilateral ; I fay alfo that it 
is reAangulac : For becauCb CG is parallel to BK and CB hath 
fallen upon themj therefore (by 29^ i.) the angles KBC, BCG are 
equal to two right angles ; but KBC is. a right angle s wherefore 
alfo GCB is a right angle j fo that alfa (by 34. i.) the oppofite 
angles CGK, GKB are right angles : wherefore the ^isre CGKB 
is rectangular ; and it has been demonftrated to be equilateral 1 
therefore (by def. 30. i.) it is a fquare and it is defcrihed upon BC : 
Certainly for the fame reafon alfo the figure HF is a fquare ; and 
it is defcribed upon HG that is upon AC : therefore ^t figures HF^ 
CK are the fquares of AC, CB. And becaufe AG is equal to GE 
Xby 43. !•) i ^^^ ^^ ^^ ^^ reEtangle contained by AC, CB ; for 
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• 

GC is equal to CB ; and GE is therefore equal to the reStangh con^ Book n«. 
tained by AC, CB : wherefore AG, GE are equal to the reSiangle 
contained by AC, CB taken twice ; but alfo HF, CK are the fquares 
of AC, CB i therefore the four figures HF, CK, AG, GE are 
equal to the fquares pf AC, CB and the reBangle contained by AC, 
CB taken twice : but HF, CK, AG, GE are the whole figure 
ADEB, which is the fquare of AB ; wherefore the fquare^ of AB 
is ^qual to the fquares of AC, CB and the reSiangk contained by 
AC, CB taken twice. 

Wherefore if a ftraight line be cut as it may happen, the fquare 
of the whole line is equal to the fquares of the two fegments, and 
to the reSangle contained by the two fegments taken twice. 

Another Demonftration. 

I fay that the fquare of AB is equal to the fquares of AC, CB 
aad to the redaogle contained by AC, CB taken twice. 

For, making ufe of the fame figure, becaufe BA is equal to AD, 
(by 5. 1.) the angle ABD is equal to the angle ADB ; and fince 
^by 32^ I.} the three angles of every triangle are equal to two right 
angles; therefore the three angles of the triangle ABD viz. ABD, 
ADB, BAD are equal to two right angles ; but BAD is a right 
aiigle (bdng an angle of a fquare) ; therefore the remaining angles^ 
ABD, ADB are equal to one right angle ; and they are equal : 
each, therefore, of the angles ABD, ADB is the half of a right 
ang^e: but BCG is a right angle (by prop. 29. i.) for it is equal 
to the inward and oppoiite angle at A i therefore the remainder 
CGB is the half of a right angle : wherefore the angle CGB \t 
equal to CBG ; fo that alfo (by 6. x.) the fideBC is equal to tlie 
fide CGi but (by 34. i.) CB is equal to KG, and CG to BK: 
wherefore Uti^ figure CK is equilateral ; but it has a right angle, the 
angle C6K : wherefore CK is a fquare \ and it is defcribed upon 
CB. Certainly for the fame reaibn alfo HF is a fquare 1 and is equal 
to the fquare of AC : wherefore CK, HF are fquares, and are 
equal to the fquares of AC, CB : and becaufe AG is equal to G& 
(1^ 43. 1 .) and AG is the re& angle contained by AC, CB i for CO 
is, equal to CB ; and EG is equal to the reSiangle contained by AC» 
CjB i thereforei the J^res AG, GE are equal to the reSlangle ctm^, 
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Book II. tamed by AC^ C6 s taken twice : but CK, HF are equal to the 

^^"^ fquares of AC, CB i therefore iYi^ figures CK, HF, AG, GE are 

equal to the fquares of AC, CB and the reStangle contained by AC» 

CB taken twice : But the fquares CK, HF and the re(9;angle& AG^ 

C£ are the whole fquare AE, which is the fquare of AB. 

Wherefore the fquare of AB is equal to the fquarea of AC, CB ; 
and to the redtangle contained by AC, CB taken twice* Whick^ 
was to be deniQnftrated. . . > 

Cor. Certainly from thefe demonfirations it. is inanifeft that in 
fquare fpaces the parallelograms about the diameter are fquares. 

P R O P. V. 

If a ftraight line be cut into equal and unequal fegments \ the 
ledangle contained by the unequal fegmenta of the whole line^ to- 
gether with the fquare of the line between the fwitx of fcdtion is. 
equal to the fquare of half the line.. 

For let any ftraight line AB be cut into equal fegments at the 
point C ; and into unequal fegments at the /0m/ D; I fay that the 
re<5tangle contained by AD, DB togetter with the fquare ef CD as 
equal to the fquare of CB. 

For let the fquare CEFB be defbribed upon BC i ao^ let BE be 
joined ; and let DHG be drawn, through tlie poitU D; palaUel.tD 
either of the lines CE^ BF ; and again through the poiaA . H let 
KLM be drawn parallel to either of the lines CB, EF ;. andragaia 
through the point A let AK be drawn parallel to either of the MniM 
CL, BM. . . 

' And iince the complement CH. is 

equal to the complement HF ; let DM jT^ I ' ' kIXIm* 

%i>bich is common be added ; therefore "' ^ 

the whole CM is equal to the whole 

DF; : but CM is equal to AL (by prop* 

36. 1.) becaufe AC is equal to CB : £ G.F . 

therefore alfo (by com. not. i.) AL is 
equal to DF i let CH which is common be added i therefore l^ 
whole AH is equal to DF and DL : but AH is the reStangk c$n^ 
tained ^y AD^ DB for DH is equal to DB (by cor. to 4. z.) :, but 

FD. 
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FD, DIji or FDL is called a Gnomon (by dcf. 2# 2.) i:)tl*creforc Boakn. 
the Gnomon FDL is equal to the reSlangle contained by AD^ DB : 
Let LG which is common be added i which (by Cor. to 4. 2.) is 
equal to the fquare of CD : wherefore the Gnomon FDL and the 
fquan LG is equal to the rectangle contained by AD, DB and the 
fquaie of CD :. but the Gnomon FDL and the fquare LG is the 
whole fquare CEFB, which ^fs the fquare of CB : Wherefore the 
rcdangle contained by AD, DB together with the fquare of CD 
is equal to the fquare of CB. 

Wherefore if a ftraight line be cut into equal and unequal Jeg^ 
mmts j, the rei^ngle contained by the un€;qaal fegments of ^e 
whole line^ together with the fquare of the line between the ffpints 
of fedion,; is equal to. the fquare of half the line. Which was to 
be demonftrated. 

PRO P. VL 

.If a. ftraight line. be ctrt in halves, and any ftraight line be added 
to it in a ftraight line ; the redlangle contained by the whole with 
the part produced, and the. {>art produced, together with the fquare 
of half the line ; is equal to the fquare defcribed upon the com- 
pounded Knt, that is of half the line and the part produced, as 
Upon one line. 

¥qt lM*any ftraight line AB be.cirt inhalTesarthe point C, and' 
let any ftraight line BD be added tout in a.ftxaight line : I fay that 
the rectangle contained by AD, DB together with the fquare Gi 
BG 18 equal' to the fqnare ^f CD. 

' For let the iquare CEFD be defcribed (by 46. i.) upon CD> 
and let D£ be joined ; abd through the point B let (by 31*1.) 
BHG fteidrawn parallel to eidier of the Rnes CB, DF ; and through 
the point H, let KLM be drawn parallel to either of the lines AD^ 
£F i and farther through the paint A let AK be drawn parallel to 
either of the lines CL, DM* 

Therefore becauffc AC iis equal to CBi A C B D 
the reBangle AL (by prop. 36.1.) is equal 
to the reStangle CH fc but CH n alfo. equal 
(by 43. 1.) to HF ; wherefore AL isKi 
equal to HF ; let CM wbicb is common 
be addcd^ therefore the* whole AM £» 
equal to CM, MGithat i& (by def. a.2») 
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Book n. to ^^^ Gnomon CMG ; but AM is the reSlangle contained by AD^ 
'^ v*-' DB (by dcf. i. 2.) for DM is equal to DB (by cor. to 4. 2.) ; there- 
fore the Gnomon CMG is equal to the rectangle contained by AD^ 
DB : let GL which is common be added ; which is equal (by cor^ 
to 4. 2.) to the fquare of CB : therefore the rectangle contained by 
AD, DB together with the fquare of CB is equal to the Gnomon 
CMG and the fquare LG : but the Gnomon CMG and the /quart 
LG is the whole fquare CEFD, which is the fquare of CDs 
wherefore the redtangle contained by AD, DB together with the 
fquare of CB is equal to the fquare of CD. 

Wherefore if a ftraight line be cut in halves, and any ftraight 
line be added to it in a ftraight line $ the refkangle contained by 
the whole with the part produced and the part produced i together 
with the fquare of half of the line i is equal to the fquare defcri- 
bed upon the compounded line ; that is of half the line and the 
part produced, as upon one tine. Which was to be dembnftrated* 



PROP. VII. 

If a ftraight line be cut as it may happen; tht fquare of the 
whole line and the fquare of one of the fegments, thefe fquares^ 
tiJcen together^ are equal xo the redtangle contained by the whole* 
and the faid fegments, taken twice and the fquare of the remai**' 
niog fegment. 

For let any ftraight line AB be cut as it may happen in the point 
C I I fay that the fquares of AB, BC are equal to the redangle 
contained by AB, BC taken twice and the fquare of AC. 

For let a fquare ADEB be defcribed upon AB : and let the 
figure be conftruded. 

And becaufe AG is equal to GE (by 43. 
!(») ; let CK which is common be added : \ 
therefore the whole AK \^ equal to. the / . 
whole CE ; therefore AK, CE are the double H 
of AK : but AK, CE is the.Gnomon AKF : 
and the fquare CK : therefore the Gnomon 
AKF and the fquare CK are double of the 
redangle AK : but the double of AK is 
aUa^qual to the redfcangle C9ntained by AB, .. D F E 
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BC taken twice i for BK is (by con to 4. 2.) equal to fiC : \^ere- Book B. 
fQre the Gnomon AKF and the fquare CK are equal to the rec-* 
tangle contained by AB, BC taken twice : Let HP which is com* 
mon be added^ which is the fquare of AC : therefore the Gno- 
mon AKF and the fquares CK and HF are the whole fquare 
ADEB and the fquare CK, which are the fquares of AB, BC : 
wherefore the fquares of AB> BC are equal to the redangle con- 
tained by AB, ^C taken twice together with the fquare of AC. 

Wherefore if a ilraight line be cut as it may happen ; the fquare 
o£ the whole line and the fquare of one of the fegments, thefe 
fquares, talcen together^ are equal to the redangle contained by 
the whole and the faid fegment, taken twice ; and the fquare of 
the remaining fegment. Which was to be demonftrated. 



PROP. VIII. 

r 

If a ftraight line be cut as it may happen ; the reAangle con* 
tained by the whole /we and one of the ^fegments, taken four times, 
together with the fquare of the remaining fegment, is equal to the 
fquare defcribed upon the whole ahd the faid fegment, as upon one 
ime. ... 

. For let any ftraight line AB be cut as it may happen in the point 
C : I fay that the redlangle contained by AB, BC ^ taken four times,, 
together with the fquare of AC is equal to the fquare defcribed 
upon AB,.BC ; as upon one line. 

For let BD be produced in a ftraight line with AB ; and make 
BD equal to CB s and let the fquare AEFD be defcribed upon 
AD : and let the double figure be conftruAed* 

Therefore becaufe CB is equal to BD ; 
but (by 34. 1.) CB is equal to GK, and 
BD to KN ; alfo (by com. not. i.) GK is M 
equal to KN. Certainly for the fame rea- -^ 
fon PR is equal to RO : and becaufe CB 
is equal to BD, and GK to KN j there* 
fore alfo the Jigure CK is equal to BN (by 
36. I.), and GR to RN ; but the fgure 
CK^s equal to RN (by 43. i.) j for they ' E HX F 

are 
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Book 11. arc the complements of the parallelogram CO : wherefore BN is 
alfo equal to GR (by con. not. i.) : therefore the four figures xht 
reSlangles BN, KC, GR, RN are equal to one another ; the four 
therefore are quadruple of CK : Again becaufe CB is equal to BD; 
but BD (by cor. to 4. 2.) is equal to BK, that is to CG (by 34.i.)> 
and CB to GK, that is, is equal to GP ; therefore CG is equal to 
GP : And becaufe CG is equal GP 5 and PR to RO 5 alfo the rec^ 
tangle AG is equal (by 36. i.) to MP : and PL to RF i but MP 
and PL are equal (by 43. i .), for they are the complements of the 
parallelogram ML : therefore alfo AG is equal to RF : wherefote 
the four figures^ the redangles AG, MP, PL,*RF are equal to one 
another : therefore the four figures are quadruple of AG : but it 
has been demonftrated that the four CK, BN, GR, RN are qua* 
druple of CK ; therefore the eight which contain the Gnomon 
AOH are quadruple of AK ; and becaufe AK is the reStangle cm-- 
tained by AB, BD ; for BK is equal to BD ; therefore the redtangle 
contained by AB, BD taken four times is equal to the Gnomon 
AOH : let XH which is common be added, which is equal to the 
fquare of AC : wherefore the re<^angle contained by AB, BD taken 
four times, together with the fquare of AC is equal to the Gno« 
mon AOH and the fquare XH : but the Gnomon AOH ^nd.the 
fquare XH is the whole fquare AEFD, which is the fquare of AD : 
therefore the rectangle contained by AB, BC taken four times to^ 
gether with the fquare of AC is equal to the fquare of AD,, that . 
is to the fquare defcribed upon AB and BC as upon one Hne^ 

Wherefore if adraight line be cut as it may happen ; the tec* 
tangle contained by the whole Ime^ and one of the iegments ; 
taken four times ; together with the fquare of the remaining feg-> 
ment, is equal to the fqugre defcribed upon the whole and the faid 
fegmentj as upfiQ one line. Which was to bo demonftrated* 

P R O P. IX. 

If a ftraight line be cut into equal and unequal fegments ; the 
fqnares, of the unequal fegpients of the whole line, is double both 
of the fquare of half the line and of t^e line between the points of 
fe€tion. 

For 
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For let the ftraight line AB be cut into equal fegmcnts at the Book n. 
point C, and into unequal ones at the point D : I fay that the ^-^"^ 
fquares of AD, DB are double of the fquares of AC, CD, 

For from the point C, let CE be drawn at right angles to AB % 
and let it be made equal to either of the lines AC, CB ; and let 
EA, EB be joined ; and through the point D let DP be drawa 
parallel to EC i and through the point F, let FG be drawn pa- 
rallel to AB, and let AF be joined. 

And becaufe AC is equal to CE, the an- g 

glc EAC (by 5. I.) is equal to AEC : and 
fince the angle at C is a right angle, there- y^G 

fore the remaining angles AEC, EAC are 
equal to one right angle (by 32. i.) : there- 
fore each of the angles AEC, Ex\C is the 

half of a right angle. Certainly for the fame reafon alfo each o£ 
the angles CEB, EBC is the half of a right angle ; wherefore the: 
whole angle AEB is a right angle : and becaufe GEF is half a 
right angle, and EGF a right angle (by. 29. i.) for it is equal ta 
the inward and oppofite ECB ; therefore the remainder £FG is 
half a right angle (by 32. i.) ; therefore the angle GEF i« equal 
to the angle EFG^ fo that alfo (by 6. i.) the fide EG is. equal to 
the fide GF : Again becaufe the angle at B is half a right angle, 
and FDB a right angle (by 29. i.) for again it is equal to the in- 
ward and oppofite ECB i therefore the remaining angle BFD \% * 
half a right angle : therefore the angle at B is equal to the angle 
DFB 5 fo that alfo the fide DF is equal (by 6. 1.) to the fide DB : 
And becaufe AC is equal to CE : the Jquare of AC is alfo equal 
to the Jquare of CE ; therefore the fquares of AC, CE ; are dou- 
ble of the Iquare of AC : but the fquare of EA is equal to the 
fquares of AC, CE (by 47. i.) for the angle ACE is a right angle : 
wherefore the fquare of EA is double of the fquare of AC : Again 
becaufe EG is equal to GF, the fquare of EG is equal to the fquare 
of GF 5 therefore the fquares of EG, GF are double of the fquare 
of GF ; but the fquare of EF is equal to the fquares of EG, GF 
(by 47. I.) 5 therefore the fquare of EF is double of the fquare of 
GF; but (by 34. i.) GF is equal to CD 5 therefore the fquare of 
EF is double the fquare of CD : but the fquare of AE is alfo thq- 

Vol- L H double: 
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Book n. double of the fquare of AC *, wherefore the fquares of AE, EF 
^^^*^ are double of the fquares of AC, CD ; but the fquare of AF is 
equal, (by 47. i.) to the fquares of AE, EF ; for the angle AEF 
i& a right angle ; therefore the fquare of AF is double of the fquares 
of AC, CD : but the fquares of AD, DF are equal (by 47. 1 .) to 
tlie fquare of AF, for the angle at D is a right angle 5 therefore 
the fyuares ef AD, DF are double of the fquares of AC, CD : but 
DF is equal to DB ; wherefore the fquares of AD, DB are double 
of the fquares of AC, CD. 

Wherefore if a ftraight line be cut in-to equal arid unequal Jeg-^ 
merits 5 the fquares of the unequal fegmerfts of the whole line, is 
double both of the fquare of half the hm, and of ifee Une between 
the points of feCtion. Which was to be deftionftrated, 

PROP. X. 

If a ftraight line be cut in halves, and any ftratght line be ad^^ 
ded to it in a ftraight lime ; the fquare of the whole with the part 
produced, and the fquare of the part produced^ thefe fquares taken 
both together are double both oH the fijuare of half the line, aad 
of the fquatt-e defcribed upon the compounded line, that is. of haif 
the Une and the part produced, as upoft one line. 

For let any ftraight line AB be cut in halves at the p^rU C ; and 
let any ftraight line BD be added to it in a ftraight line ; I fay that 
the fquares of AD, DB arc double of the Iquares of AC, CD. 

For from the point C let CE be drawn at right angles to AB 
(by II. I •) and let it be made equal to either of the lines AC, CB > 
and let AE, EB be joined ; and through the p$int E let EF bd 
drawn (by 3 1 . i .) parallel to AD \ and through the ptAnt D let 
DF be drawn parallel to CE ; And becaufe a certain ftraight line 
EF hath fallen upon the paraBcl ftraight lines EC, FD ; (by 29* 
i«) the angles CEF, EFD are therefore equal to two right angles 1 
therefore the angles FEB, EFD are Icfs than two right angles % 
but (by com. not. 11.) ftraight lines produced from angles \ei^ than 
it wo right angles meet one another ; therefore EB, FD being produ- 
ced towards the parts B, D will meet one another ; let them be 
prbduced.and meet at the point G 1 and let AG be joined* 

. . And 
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Aflif becauie AC i« equal to CE* ^ _ Book in 

(by 5. !•) the angle A£C is equal to 
the angle £AC i and the angle at C is 
% right angle *, wherefore each of the 
atigles £AC, AfiC is half a right angle. 
Certataiy for tlie faoeie reia£bn alfo^ each 
of the angles CEB, EBC is half a right 
angle 5 wherefore the angle AEB is a 

right angle ; and (ince EBC is half a Tight angle ; therefore alfo 

(by 15. I.) DBG is half a right angle j but (by 29. i ) BDG is a 

sight aiigle, for it is equal to DCE^ (ox they are alternate ^ wJicre- 

fore the recsaining angle DGfi is (by 32. i.) half a right angle; 

therefore the angle DGB is equal to the angle DBG 1 fo that alfo 

{hy ^. I*) the fide BD k equal to the iide GD : Agaia becaufe 

EGP is half A right angle ; and the angle at F (by 34. i.).is ii 

right anjle^ for tt is equal to the loppofifte angle at C : >yherc£brfi 

the xfimaining angle FEG i^ half a right angle ; wherefore the 

ang^JBGF is equal to the angle FEG ; £0 that (by 6. i.) the fide 

GF is QC|ttal ^to the iidie £F« And bacaufe EC ;is equal to CAi 

alib the iepMst of 6C is equal to die fq4are of AC ; therefofe ti» 

fi^uafisfi s£ £C» CA sat double of the fquare of C A ; but (l3y 47i 

I.) the fquare of EA is equal to the fquares of EC^ CA s therefore 

the fquare of EA is double of the fquare of AC. Again, becwfe 

GF is equal to EF, ^Ifo the. fquare of FG i^ equal to the fquare 

of EF ; therefore i\xt,fqmres of FG, FE arc double of the fquare 

of FE; but the fquase of EG is ^qualito the fquares of. EF,F^i 

wherefore tlie fquare x>{ EG is double jof the fquaiE of £F ; , but 

£F is (l:)y 34. i.) equal to CD ; thefcfbre the fquare of EG i^ 

double of the fquare of CD ; h^i^tiit. fquare of JBAihat. been d^fo 

demon(lrated to; be doiubk o£. the: fquare of AC ; wfaerefoiie: tho 

fquares jof AE, EG ^re double of xthe fquaries of AC,v*CD«:'. bat 

the. fqujre of AQ is {hy 47. u) ;equai to the fquares of AE, £G i 

therefore the fquare of AG is double of ^^fquarts of AC, CD ; 

iutt the :fquar^ of AG is.eqijai to ihe fquares of AD, DG i wherein 

fore the fquares of AlD, DG ;.are.doobde dfiho Squares of ACj, 

CD : (htttiDG is equal to DB ;;ihere£i»re the fquaras of AD» D5 

acedouble.of.th/i ^asQsof AC, CD« \i: : . l i 

H 2 Where- 
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Bookn. Wherefore if a ftraight line be cut in halves, and any ftraight 
'"^-^'-^ line be added to it in a ftraight line; the fquare of the whole with 

the part produced, and the fquare of the part produced, theiib 
fquares taken both together are double both of the fquare of half 

the line, and of the fquare defcribed upon the compounded linei 

that is of half the line and the part produced, as upon one Itne^ 

Which was to be demonftrated. 



PROP. XL 

To cut a given ftraight line, fo that the redtangle contained by 
the whole and one of the fegments may be equal to the fquare of 
the remaining fegment. 

Let AB be the given ftraight line ; it is required to cut the line 
AB, fo that the redangle contained by the whole and one of the 
iegments, may be equal to the fquare of the remaining fegment. * 

For let the fquare ABDC be defcribed upon AB ; and let AC be 
cut in halves in the point E ; and let BE be joined ; and let CA be 
produced to F ; and let EF be made equal to BE ; and let the' 
(quare HF be defcribed upon AF ; and let GH be produced to K; 
I fay that AB is cut in the point H fo that the rectangle contained 
by AB, BH is equal to the fquare of AH. 

For becaufe the ftraight line AC is cut in 
halves in the point E, and AF is added to it ; 
therefore the reSangle contained by CF, FA 
together with the fquare of A£ is equal to 
the fquare of EF ; but EF is equal to EB ; 
wherefore the reAangle contained by CF, FA 
together with the fquare of AE is equal to 
the fquare of EB ; but (by 47* i«) iht fquares 
of B A, AE are equal to the fquare o£ EB ; 
for the angle at A is a right angle ; therefore 
the re£langle contained by CF, FA together 
with the fquare of AE is equal to the fquares of BA, AE ; let the 
common fquare of AE be taken. away; therefore the remainder, 
the reSangie contained by CF, FA is equal to the fquare of AB ; 
and the re&angle FK is the reO^ungle contained by CF, FA % forFA 

, . . is 
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is equal to FG ; and AD is the fquare of AB ; therefore FK is Boofc ii. 
equal to AD ; let AK which is common be taken away ; therefore "^""^"^ 
the remainder FH is equal to HD ; and HD is the reftangle con- 
tained by AB, BH ; for AB is equal to BD : and FH is the fquare 
of AH I wherefore the redlangle contained by AB, BH is equal 
to the fquare of AH. 

Wherefore the given ftraight line AB hath been cut in the point 
H, fo that the redtangle contained by AB, BH is equal to the fquare 
of HA, Which was to be done. 



PROP. XIL 

In obtufe angled triangles, the fquare, of the fide fubtending 
the obtufe angle, is greater than the fquares of the fides containing 
the obtufe angle by the reSlangle twice taken contained by one of 
the fides about the obtufe angle upon which produced the perpen- 
dicular /alls, and the line intercepted without, from the perpen- 
dicular to the obtufe angle. 

Let ABC be an obtufe angled triangle, having an obtufe angles 
the mngk ACB^ and let the perpendicular AD be drawn from the 
point A, upon BC produced : J fay that the fquare of AB is greater 
than the fquares of AC, CB by the rectangle contained by BC» 
CD taken twice. 

For fihce the ftraight line BD hath been A 
cut as it may happen in the point C ; where- 
fore (by 4. 2.) the fquare of BD is equal to 
the fquares of BC, CD and the rectangle con- 
tained by BC, CD taken twice : let the com- 
mon iquare d AD be added ; therefore the ^ ^ ' ■ . ^ . 

fquarp of BD, DA are equal to the iquares of 
BC> CD, DA and to the redangle contained by BC, CD taken 
twice : but the Jquare of AB is (by 47. i.) equal to the Jquares of 
BD, DA i for the angle at D is a right angle ; and the fquare of 
AC a tt{val to the Jqtiores of CD; DA ; wherefore the fquare of 
AB is ^equal to the. iquares of J^,. CA and to the reAangle con- 
tained by BC^ CD taken twice ; fo that the fquare of AB is greater 

than 
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Book u. than the fquares of £C> CA by the re&aogie coatainod by BC«CD 

'■"^'^ /iii^'ff twice. 

Wherefore in obtufe angled triangles the £)uare of the fide fub- 
tending the obtufe angle is greater than the fqnares of «be fidea 
containing the obtufe angle by the reSl^ufgk twice 4^kben. C9ntainod 
by one of the fides about the obtufe angle upon wJaich produced 
the perpendicular falls, and the line intercepted without from the 
perpendicular to the obtuie angle. Which was to be 4€fxwBtftrated. 

PROP. XIII. 

In acute angled triangles, the fquare of the fide fubtending the. 
•cute angle is lefs than the fquares of the fides coAtaifiing the 9cute 
angle, by the rectangle taken twicCj qpntaiaed by one of l^Jide^ 
about the acute angle upon which the perpendicular falls and tb^ 
line intercepted within, from the perpendicular to cbe acu^ angkt 
^ Let there be an acute angled triac^gle, the triaiigU, ABC^ having 
the angle at B an acute angle ; and let the perpendicular 4D be 
drawn from the point A upon BC : I fay that )t^ iqiiane;^ AC is 
kfs thiui tbe fquares of CB, BA by <h^ xtQang\t^X^WS>i^iim 
twice 

. For becanfie the ftraight line CB hath 
been cut as it may happen in the point D j 
therefore the fquares iofCB> fiff>'are eqvfalito 
the redangle CB> £D taken I(W)C9 And V> ttlM 
fquare of DC (by 7. 2^) : let tbfc compMcta 
fquare of AD be added : thtrt&xK tbe.fqMicefi ^ 
of CB, BD, DA are equal :to; the fo^kangle . . .... . s. - <\ .1 1 

contained by CB,BDrfyi6»:tpi!»fe> ^bt^.tajtbelf^nArefriof^^ QiAa 
but the fquare of AB is-eqnfik tQ(tbi3 Jjfmfr^^ RD, JXK ^ 47foi^) 
ib^.^ea^le«it Dns adgfat.snglen md ikb jSpianio&M^(3(0cs^' 
to ihc Jfu«ris of C^, DA.: wiwrelcxie <he> j^tawmr sf Cfij BA '009 
tequal to the re^ngle «oalmhed by CB» BD^- fydam ttr'i^e aad,tht 
iquafe ff fACa fo ^«c |hib^(«re of AC ^Opocusild&.jtbsvl 3^ 
iqoares of CB»dBA:by the je(Siniglo cMttiiuieaL by>CB»SD?r<4« 
twicBi^ . ,1 -w . ■..'i . '. ; c;l vj ■, '.-. '.i:j> t^ i '(d La..;*; 

Where- 
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Whertfbre in acute angled triangica,: tdae fquare of the fide fob* Books, 
tending the acute angle is Icfs than the £quare$ o£ the fides coatal- ^— ^<-*^ 
fling the acute angkt hy the rcdanglc taken twice, contained hy 
one of the jft^j about the acute aogle upon which the perpendicular 
falls, and the line intercepted within, from the perpiendaciilar to 
^ aciice anglOr Which was to be demoniOyated* 



PROP. XIV. 

To make a fquare equal to a given redtilineal figure. 

Let A be the given reftilincal Jigure ; it is required to make a 
fquare equal to the given recflilineal Jigure A. 

Let the right angled parallelogram BD be made (by 45. i.) equal 
to the redlilineal ^^«r^ A; if therefore BE be equal to ED what 
was required hath been done ; for the fquare BD is made equal to 
the redtilineal Jigure A : but if not, one of them BE, ED is grea- 
ter : let BE be the greater, and let it be produced to F, and make 
EF equal to ED 5 and let FB be cut in halves (by 10. i.) in the 
point G ; and with the center G and at the diftance of one of the 
lines GB, GF let the femicircle BHF be defcribed, and let DE be 
produced to H, and let GH be joined. 

Therefore becaufe the 
ftraight line EF hath been 
cut into equal Jegments at 
the point G, and into un* 
tt^zl Jegments at E; there- 
fore (by 5. 2.) the red- 
angle contained by BE,EF 
together with the fquare of 
EG 18 equal to the fquare 
of GF; but GF is equal 
to GH; therefore the rediangle contained by BE, EF together with 
the Jquare of EG is equal to the fquare of GH ; but the fquarcs 
of HE, EG (by 47. i.) are equal to the fquare of GH ; wherefore 
the reSangle contained by BE, EF together with the Jquare of GE 
18 equal to the Jquares of HE, EG : let the common fquare of 
EG be taken away ; therefore what remains, the redtangle con- 
tained 
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Book II. tained by BE^ EF is equal to the fquare of EH : but the redangle 
*— ^^^ contained by BE, EF is BD, for EF is equal to ED : therefore 

the parallelogram BD is equal to the fquare of HE ; but BD is 

equal to the redilinea] ^gure A : therefore the redilineal Jigure A 

is equal to the fquare defcribed upon EH. 

Wherefore a fquare is made equal to the given reAilineal ^irre 

A, the fquare defcribed upon EH. Which was to be done. 
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DEFINITIONS. . 

!• TJ^QJJAL circlcsi are thofc of which the diameters are^^^^tm- 

X2j equal ; or of which the ftraigbt lines from the centers 
are equal. , 

2. A ftraight line is faid to touch ^ circle, which meeting the 
circle, and being produced does not cut ^e circle. 

3. Circles are faid to touch one another, which, meeting bach 
other, do not cut one another. ! . ; * 

4* la a cij^^le ftraight lines are (aid to be equafiy. diftanit from: 
riie center, when the perpendiculars drawn from the center upoa 
them are equal. 5. But that Une is faid to be more, diftant upon 
which the greater perpendicular fails. ^ 

6. A fegment of a circle is the figure bounded by a ftraight line, 
and the circumference of a circle. . 7. But an angle of a fegment 
is that contained by a ftraight Une and the circumference of a circle. 

Vol. L 1 8. But 
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Book III. S* But an angle in a fegment is ; when any point is taken in the 
^"""^'"^ circumference of the fegment^ ar>d fffom it ftraight lines are joined 
to the extremities of the ftrijight line which is the bafe of the feg- 
ment ; the angle contained by the ftraight lines fo joined, g. But 
when the ftraight lioea containing the angle receive any circum- 
ference» the angle is faid to fjtvid upcHx that. lo. Aod ^ feftor of 
a circle is, when an angle ftands at the center of the circle, the 
figure bounded by the ftraight lines containing the angle, and the 
circumference intercepted by them. 

1 1 . Similar fegments of a circle are fuch as receive equal angles i 
or in which the angles are equal to one another. 

P R O P. I. 

To find the center of a given circle. 
' Let the given circle be tie circle ABC ; it is required to find the 
center of the circle* • , 

Let any ftraight line AB be drawn in it as it may happen ; and 
Jet it be cut in halves at the point D, and from the point D let DC 
be drawn at right angles to AB, and let it be produced to E ; and 
let CE be cut in halves at the point F : I fay that F is the center 
of the circle ABC. ^ * ^ '. ',' il 

For if not, but if poftible let it be G; 
and let 6A, GD, OB be joii^d ; aiid be- 
osMhiADk(hf.QodSL) cq^ tp DB, tsid 
DG common ; certainly the two AD, 
BO afie^equal tatko tvM G£^ Effi oadi to 
each ; and the ba£t GA i& (fajD defi 15.1.)^ 
oqnal ^:thet.bafe GA; ,for thqr are from. 
the center G ; wherefore the angle ADO 
is tfqQairto:the/iiBg|B)Gd>0>;;but;when ft . s .. lu ..[ 

ftvai^t-Kne^ fading, npoatti^^ lioeiimktt the adjacent aogkfat 
0qti|A to ono another, eachicf the equal angka is arigilpt asf^Q (byi 
def. lo. I.) ; therefore GDB i& a right angle ; but Fp&iB alio m 
right aqgk. ; wherefiDW FDE ist equ4> to GDB, the greater to« the 
left) «rhidi'«s iippoftible » therefonithe point G i&flot.ifaeici9niNs^ 
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of the Circle ABC : certainly in the fame manner we ihall demon- look m. 
ftrate that neither is any other but the point F. 

Wherefore the point F is the center of the circle. Which was 
to be done. 

Cor. Certainly from this it is manifeft, that if in a circle any 
firaight line» cut any ftraight line in halves and at right angles, 
the center of the circle is in the catting Xne. 

PROP. n. 

If two accidental points be taken in fhef eircunvftirence ^f i 
circle ; the ftraight line joining thefe points will fall within the 
circle. 

Let ABC be a circle, and let two accidental points be taken in 
the circumference of it, as tit points A, B ; I fay that tht ftraight 
line, joining A and B, will fall within the circle. 

For if not, but if poffible let AEB fall withoot i and \tt the 
center of the circle ABC be taken (by i. 3.),- and let it be D; and 
let AD, DB be joined ; and let DF be produced to E. 

And ftnce DA is equal to DB, thei^efore 
Ae angle DAE (by 5. i .) is equal to DBE 5 
txid, becaofe one fide of the triangle DAE is 
produced the fide AEB, therefore (by 16. 
1.) the angle DEB is greater tha*i DAE : 
htit DAE is equal tb DBE ; therefok'e DEB 
fe greater than DBE j but (by i^. i.) the 
greater fide is extended under the greatier 
single ; therefore DB^ is greater than DE i 
but DB is equal to DF ; therdfbre DF is 
gfeatet than DE ; the lefs thiah the greater, 

fuppofing E without ibe circk^ which is impoffible t therefore <h6 
ftraight line joining A and B will not fall without the circle : Cer- 
foinly in the fame Aianner we fhall dtmonftrate that neither will it 
fall in the circumference : therefore within? the circk. 

Wherefore if two accidental points be taken in the circum-* 
ference of a circle, the ftraight line, joining thefe points, will fall 
witfaixi the circle. Which was to be demonftrated. 

I IE PROP. 
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PROP. III. 

If in a circle any ftraight line through the center cut in halves 
any ftraight line not through the center, it will alfo cut it at right 
angles i and if it cut it at right angles it will alio cut it in halves. 

Let ABC be a circle, an4 l^t CD any ftraight line in it through 
the center cut in halves AB any ftraight line, not through the 
center, in the point F ; I fay that it alfo cuts it at right angles. 

For let the center of the circle ABC be taken (by 1.3.) s and 
let it be.E, and let EA, EB be joined. 

And becaufe AF is equal to FB, and FE 
common ; certainly the two are equal to the 
two ; and the bafe EA is equal to the bafe 
EB; and (by 8. i.) the angle AFE is equal 
to the angle BFE : but when a ftraight )ine 
ftanding upon a ftraight line makes the adja* 
cent angles equal to one another, each of the 
equal angles is a right angle ; therefore each 
of the angles AFE, BFE is a right angle : 
therefore CD through the center cutting in 
halves AB not pafting through the center, alfo cuts it at right angles^ 

But let CD cut AB at right angles ; I fay that it alfo cuts it in 
halves; that is, that AF. is equal to FB. 

For the fame things being conftrudted, becaufe EA from the 
center is equal to EB, the angle alfo EAF is equal (by 5. i.) to 
EBF ; but the right angle AFE is equal to. the right angle BFE 5 
therefore there are two triangles EAF, EBF having the two angles 
equal to the two angles^ and one ftde equal to o(ic fide» viz. EF 
common to them, extended under one of the equal angles ; they 
will therefore alfo have (by 26. i.) the remaining fides equal to 
the remaining iides $ wherefore AF is equal to BF. 

Wherefore if in a circle, any ftraight line through the center* 
cut in halves any ftraight line not through the center ; it will alio 
cut it at right angles ; and if it cut it at right angles it will alio 
cut it in halves. Which was to be demonftrated. 




PROP. 
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P R O P. IV. BookllK 

If in a circle two ftraight lines cut one another, not paf&ng 
through the center ; they do not cut one another in halves. 

Let ABCD be a circle, and let two ftraight lines in it AC, BD 
cut one another in the point E, not pafling through the center ; I 
fay that they do not cut one another in halves. 

For if // be poffible, let them cut one another in halves, fo thkt 
A£ is equal to EC and BE to ED ; and let the center of the circle 
ABCD be taken (by i. 3.), and let it be F ; and let FE be joined. 

Wherefore fince a certain ftraight 
line FE through the center cuts in 
halves a certain ftraight line AC not 
drawn through the center, it wjll alfo 
cut it (by 3.3.) at right angles; there- 
fore FEA is a right angle : Again be- 
caufe a certain ftraight line FE cuts in 
halves a certain ftraight line BD^ not 
fajjing through the center, it will alfo 

(by 3* 3.) cut it at right angles ; wherefore FEB is a right angle ; 
but FEA has been alfo dembhftfated to be' a right angle : Where- 
fore the angle FEA is equal to the angle FEB ; the lefs to the grea- 
ter which is impoftible : wherefore the ftraight lines AC, BD do 
not cut one another in halves. 

Wherefore if in a circle two ftraight lines cut one anothefi not 
pafling through the center; they do hot cut one another in halves. 
Which was to be demonftrated. * 

PROP. V. 

If two circles cut one atidther, they will not have the fame center. 

For let two circles ABC, CDG cut one anothpr in. the points^ 
B, C ; I fay they will not have the fame center. 

For if // be poftible, let it be E ; and let EC ^e joined ; and 
let EFG be drawn as it may happen. 

And becaufe the point E is the center of the circle ABC, EC is 
equal to EF : again becaufe the point E is the center of the circle 
CDG» EC is equal to EG ; but EC has been already demonftrated 

to 




Digitized by 



Google 



70 



THE ELEMENTS 




look III. to be equal to EF: wherefore EF is equal 
to EG, the lefs to the greater, which is 
impoflible: wherefore the point E is not 
the center of the circles ABC, CDG. 

Therefore if two circles cut one ano- 
ther, they will not have the fame center. 
Which was to be demonftrated. 

PROP; 

If two circles touch one another within, they will not have the. 
fame center. 

For let the two circles ABC, CDE touch one another ia tl^q 
point C; I fay that they will not. have the fame center. 

For if it bt poffible, let it be F, and join FC, and let FEB be 
drawn as it may happen. . ^ 

Wherefore fince the point F is the 
center of the circle ABC j FC is equal 
to FB; again, becaufe the point F.is the 
center of the circle CDE % FC is egual 
to FE ; but FC has been alfo demon- 
ftrated to be equal to FB ; therefore FE 
IS equal to FB, the lefs to the greater, 
which isr impoflible : wherefore the point 
F is not the center of the circles ABC> CDE. 

Wherefore if two circles touch one another within, they will 
not have the fame center. Which was to be demonftrated* 




PROP. VIL 

If any point be taken in the diameter of a cirde, which is not 
the center of the circle i and from this point let certain ftraighr 
Hncs falF upon the cirde, that will be thcgrcateft in which the 
center is % and the remainder of the diameter the leaft j but of the 
others; the nearer to the line through the center rs always greater 
than one mdre remote j and two equaF ftraight Imcs only will faff 
from the fame point upon the drcle, oh eadi fide of the leaft. 

l.et 
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Let ABCD be a cirde, and let AD be its diameter } and let any Book lit 
point F be taken in AD, which is not the center of the circle ; 
apd let £ be the center of the circle ; and from the point F let cer-> 
taior ftraight lines FB, FC, FG fall upon the circle ABCD : I fay 
that FA is the greateft, and FD the leaft ; bot of the others FB 
i» greater than FC ; and FC than FG. 

For let ,BE^ CE, GE be joined. 
. And becaufe the two fides of every tri- 
angle are greater than the remaining ^^ ; 
therefore EB, EF are greater than BF ; but 
AE is e4ual to BE ; wherefore B£> £F are 
equal to AF : therefore AF' is greater than 
BF ;' Agaift; becaofe BE is equal to CE, 
and FE' cooHsunir ; certainly the two &Ev 
£F we equal. to the two CE^ £F ; bot the 
aogk BiEP is alfo greater than, the angler CEE ; wberdicrre (by 24, 
i>) the ba&.BF ia gccliter tfaato the bafb CF, Certainly for tbe? 
iaaie raafon^alfi) GF i^ gfefater ithasi^FG. * > :' \ 

iJi^uip fince GF^.FE.aFe.(Ji)y:ao.x.) gmaterthah EGj anfd EG* 
is eqiiid to ££> ; therefore GP^FE are greatec thaft £D y Let Ef' 
i9bkh is coalQlod be- taken v away ; i tkereforb tine' renaindef -CF ia^ 
gr4»ter thaUififlke retiacnder FDj wberffore /FA is .tlu»^ greatefts 
and FD the leail; and Ffiis greater tbatr FC) and FC «bah FOi.^ 

I fay tbat alio only two equal flraight Jines wi41 faU from the 
point Frupon the eiccle ABCD^ one on 1 each Jidi of the leaA Ft) :^ 
fpr Jot tbdjiaMgitiFEHibe icnade with tbd ihalgiit Kae £F; artd^ac> 
the pent E m it, eqoaL to tiveangfe &E1S i > ia^ kt fiH ]Si jornedl 
wberefott rbecaufe 6£ is i equal to £H, aad Ei^ ccfhaMU ; cer^ 
twnly the two GE, EF are equal to the two HE, EP y ami tb« 
stfgle GEF is equal toi the angle HBF > wherefore (by 4; i^'the 
I»fe FG is equai to the bafer Ffi r;:c]Tay thati another //>rf equal fd^ 
F&wtUiiotfiili{iq>anid»ecircle[» fpoM/tb6ip6ilit F : %t if He be 
poffible, let FK: fallj and fioce FK is equal «»' FG,' but Fit is 
equal to FG ; therefore FK i« equal FH> the neater t» the /i^ 
through the denlec eqaa) to the m^ inore remote; whidl'ife'in^of* 
fible. . ..1 . i . t K . i.^.'* ^ I - • ... .i : ^- 

Or 
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Bookm. Or thus. Let EK be joined; and becaufe CE is equal Xo 
EK, and FE common, and the bafc GF equal tfo the bafc FK j 
therefore (by 8. i.) the angle GEF is equal to the angle KEF i 
but the angle GEF is equal to the angle HEF i and therefore the 
angle HEF is equal to the angle KEF ; the ^lefs to the greater 
which is impoffible : therefore no other line will fall from the 
point F upon the circle equal to GF : therefore one only. 

Wherefore if any point be taken in the diameter of a circle &c« 
Which was to be demonftrated. 



, PROP. Yin. 

If any point be taken without a circle, and certaid ftraigHt lines 
be drawn from the point to the circle, one of which /i0^/ through ^ 
the center, but the other Unes as it may happen ; of thofe ftraight 
lines falling upon the concave circumference, the one paffing through 
tbc ceotef*. is the greateft \\ but of the other lines^ the onent^tec 
the Hue paffing through the tenter will always be greater than that 
more remote : But of the ftcaight lines. falling upon the convex 
circumference, the.leaft is that between the point and the diame* 
ter r but of the other lines the nearer to the leaft is lefs than that 
more remote ; and two equal fbraight lines, only will fall upon the 
circle from the point, one. on each ^de of the leaft. 

^.Let ABC be a circle ; and let any point D be taken without the 
circle ABC : and let certain flraight lines be drawn from it to the 
cu-cle vi^. DA, DE> DB, HG^ and let ADlbe through the center; 
li fay that of theilraight Unts falling upon AEFC.the concave ctr-- 
cumference^ the greateft is DA the line through the center : bnt 
the. line, nearer to the ^ne through the center will be greater than 
one niore remote j viz DE tiian DF and DF greater than DCi 
but 'of tke..Ar^ig<bt lines falling: uJ)on the convex, circumference 
HL'KG^ DG is^.the li^ft, v\fJ1^1i is between, the ipxi^int D and the 
diiatneter AQ ) but tlvie notrei:'ta the leaft PG. is lefs than one 
more remote ; viz. DK j^ than DL and DL than DH. 

For let; the center of the circle ABC be taken ; and let' it be M ; 
and let ME, MF, MC, MK, ML, MH be joined. 

;i . And 
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And becaufe AM is equal to EM ; let MD 
Vfhicb is common be added ; therefore AD is 
equal to EM, MD : but (by 20. i.) EM, 
MD are greater than ED; and therefore AD 
is greater than ED : Again becaufe ME is 
equal to MF ; and MD common ; therefore 
EM, MD are equal to MF, MD 5 and the 
angle EMD is greater than the angle FMD j 
wherefore (by 24. i.) the bafe ED is greater 
than the bafe FD : certainly in the fame 
manner we (hall demonftrate alfo that DF is 
greater than CD : wherefore AD is the 
greatefl ; and DE greater than DF j and DF than DC. 

And fincc MK, KD are greater than MD ; and MG equal to 
MK, therefore the remainder KD is greater than the remainder 
GD 5 fo that GD is lefs than KD, wherefore it is the leaft. And 
becaufe upon MD one of the fides of the triangle MLD two 
ftraight lines MK, KD are joined together within the triangle i 
therefore (by 21. i.) MK, KD are lefs than ML, LD ; of which 
MK is equal to ML ; therefore the remainder DK is lefs than the 
remainder DL : certainly in the fame manner we (hall demonftrate 
that DL is lefs than DH : wherefore DG is the leaft ; and DK is 
lefs than DL; and DL than DH. 

Alio I fay that only two equal ftraight lines will fall from the 
point D upon the circle 1 one on each fide of DG the leaft : with 
the ftraight line MD, and at the point M in it, let the angle DMB 
be made equal to the angle KMD ; and let DB be joined ; and 
becaufe MK is equal to MB, and MD common ; certainly the two 
KM, MD are equal to the two BM, MD, each to each ; and the 
angle KMD is equal to the angle BMD : wherefore (by 4« i.) the 
bafe DK is equal to the bafe DB : I fay that another firaight lint 
equal to the ftraight line DK will not fall upon the circle from the 
point D : for if it be pofiTible let it fall ; and let it be DN ; becaufe 
therefore DK is equal to DN ; but DK is equal to DB ; therefore 
alfo DB is equal to DN ; the nearer to the leaft DG equal to om 
more remote, which has been (hewn to be impofiiblc. 

Or otherwise. Let MN be joined, and becaufe KM is equal 

Vol. L K to 
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Book III *^ MN, and MD common, alfo the bafe DK equal to the bafc 
^— % — ' DN ; wherefore the angle KMD is equal to the angle DMN ; but 
the angle KMD is equal to BMD : therefore alfo BMD is equal to 
NMD ; the lefs to the greater, which is impoffible : Therefore 
more than two ftraight lines will not fall upon the cii cle ABC from 
the point D, one on each ^de of the leaft GD. 

Wherefore if any point be taken without a circle &c. Which 
was to be demonflrated. 



PROP. IX. 

If any point be taken within a circle, and more than two equal 
ftraight lines fall from the point upon the circle : the point takea 
is the center of the circle. 

Let ABC be a circle, and the point D within it ; and let DA, 
DB, DC ; more than two equal ftraight lines, fall from the point 
D to the circle ABC : I fay that the point D is the center of the 
circle ABC- 

For let AB, BC be joined, and let them be cot in halrea in the 
points E, F ; ED, DF being joined -, let them be produced to the 
points G, K, Hi, L. 

Wherefore becaufe AE is equal to 
EB, and ED common : certainly the 
two AE, ED are equal to the two BE, 
ED ; and the bafe DA is equal to the 
baf6 DBi tlierefore (by 8. i.) the angle 
AED is equal to the angle BED ; 
wherefore each of the angles AED, 
BED is a right angle 5 wherefore GK 
cutting AB in halves cUts it alfo at right 
angles ; and becaufe (by cof . prop. 1.3.) 
if in a circle any ftraight line cut any 

ftraight line in halves and at right angles, the center of the circle 
is in the cutting line i therefore the center of the circle ABC is in 
GK : certainly for the fame reafon alfo the center of the circle 
ABC is in HL ; and the ftraight lines GK, HL have no other 
point in common, but the point D ; therefore the point D is the 
center of the circle ABC. 

Where^ 
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Wherefore if any point be taken within a circle; and mofc than ^qoXl m. 
two equal ftraight lines fall from the point upon the circle; the point 
taken is the center of the circle. Which was to be demonflrated. 

Otherwise. For let there be^ any point P^ taken within the 
circle ABC and let more than two equal flraight lines DA, DB, 
JDC fall from the point D upon the circle ABC i I fay that D the 
point taken is the center of the circle ABC 

For if not ; but if poilible let it be 
£ ; and DE being joined, let it be pro- 
duced to the points F, G ; but FG is a 
diameter of the circle ABC : therefore 
,bccapfe a certain point hath been taken 
in FG the diameter of the circle ABC, 
which is not the center of the circle, 
viz. the point D ; DG will b? the great- 
eft (by prop. 7. 3.) and DC greater than 

DB ; and DB than DA ; but they are alfo equal ; which is impof- 
'fible : wherefore E is not the center of the circk ABC : certainly 
in the fame manner we (hall demonftrate, that neither is any other 
but the point D : wherefore the point D is. the center of the circle 
ABC. 

PROP. X. 

A circle does not cut a circle in more points than two. 

For if it be poffible j let the circle ABC cut the circle DEF in 
more points than two, viz. in B, G, H ; and BG, BH being joined, 
let them be cut in halves in the ppints K, L 1 and from the points 
K, L having drawn KC, LM at right angles to BG, BH let them 
be produced to the points A, E. 

Wherefore becaufe in the circle 

^ABC a certain ftraight line AC cuts 

in halves a certain ftraight line BH 

•and at right angles ; therefore the 

'Center of the circle ABC is in the 

-ftraight line AC : again, becaufe in 

the fame circle ABC a certain ftraight 

line NX cuts in halves and at right 

angles a certain ftraight line BG; 

K 2 there- 
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Book m. therefore the center of the circle ABC is in NX ; but it has alfo 
''■""^'■*^ been demonftrated to be in AG i and the ftraight lines AC, NX 
meet one another in ne point but the point O ; therefore the point 
O is the center of the circle ABC : certainly in the fame manner' 
we {hall demonftrate that O is the center of the circle DEF \ there* 
fore two circles ABC, DEF cutting one another have the fame 
center the point O which is impoflible (by 5. 3.). 

Wherefore a circle does not cut a circle in more points than two. 
Which was to be demonilrated. 

Otherwise. For again, let the circle ABC cut the circle DEF 
in more points than two \ viz. in the points B, G, F ; and let the 
center of the circle ABC be taken the point K; and let KF,KG» 
KB be joined. 

Wherefore fince a certain point hath 
been taken within the circle DEF, the 
point K ; and from K nx)re than two 
equal flraight lines KB, KF, KG have 
fallen upon the circle DEF : therefore 
(by Q- 3.) the point K is the center of 
the circle DEF ; but K is alfo the center 
of the circle ABC; therefore two circles 
<:utting one another have the fame cen- 
ter K ; which (by 5. 3.) is impoflible. 

Wherefore a circle does not cut a circle in more points than 
two. Which was to be demonflrated« 

PROP. XL 

If two circles touch one another inwardly, and their centers be 
taken ; the ftraight line joining the centers of them> being produ- 
ced, will fall upon the contact of the circles. 

For let two circles ABC, ADE touch one another inwardly at 
the point A ; and let F the center of the circle ABC be taken^ 
and G the center of the circle ADE :: I fay that the ftraight line 
joining G and F being produced will fall upon the poiiit A. 

For if not, but if poffible let it fall as the line FGDH k ^nd let 
AF, AG be joined. 

Where- 
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Wherefore becaufe AG, GF arc greater A Book HI. 

than FA, that is than FH ; for FA is equal 
to FH for they are both from the center s 
let FG which is common be taken away ; 
therefore the remainder AG is greater than 
the remainder GH ; but AG is equal to GD 
(by def. 15. i.) ; therefore GD is greater 
than GH ; the lefs than the greater ; which 
is impoiTible : wherefore the ftraight line 
joining F and G will not fall without the contaft at A j, therefore 
upon it. 

Wherefore if two circles touch one another inwardly, and their 
centers be taken ; the ftraight line joining the centers of them, 
being produced, will fall upon the contact of the circles.. Which 
was to be demonftrated. 

Otherwise. But let it fall as GFCi and let GFC be pro- 
duced in a ftraight line to the point H ; and let AG, AF be joined. 

Wherefore fince AG, GF are greater (by 20. i.) than AF; but 
AF is equal to CF : that is to FH ; let FG wbici is common be 
taken away ; therefore the remainder AG is greater than the re- 
mainder GH ; that is GD is greater than GH ; the lefs than the 
greater which is impoftible ; in the fame manner we (hall (hew the 
fame thing to be abfurd, if the center of the greater circle be 
without the lefs. 

PROP. XII. 

If two circles touch one another outwardly, the ftcaight line 
joining their centers will pafs through the contad.. 

For let two circles, ABC, ADE touch one anothen outwardly 
in the point A ; and let F the center of the circle ABC be taken ; 
and G the center of ADE 5 I fay that the ftraight line joining F 
and G will pafs through the contaA A« 

For if not, but if poflible let it pafs as FCDG s and let AF, 
AG be joined. 

Where- 
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Wherefore becaufe the point 
F is the center of the circle 
ABC ; FA is equal to FG : again 
becauf2 the point G is the center 
of the circle ADE ; AG is equal 
to GD ; but FA has been de- 
monftrated to be equal to FC ; therefore FA, AG are equal to FC, 
DG ; fo that the whole FG is greater than FA, AG ; but it w alfo 
lefs (by 20. I.) ; which is impdffible : wherefore the ftraight line 
joining F and G will not not pafs through-the contadt at A ; there- 
fore it will pafs through it. 

Wherefore if two circles touch one another outwardly, the 
ftraight line joining their centers will pafs through the contad : 
Which was to be dbmonftrated. 



PROP. XIII. 

A circle will not touch a circle in more points than one> who* 
ther it touch it within or without. 

For if it be poflible, let the circlb ABDC firft tocich the circle 
BBFD within, in mwre points than one; vi^. in the points, B, D. 

And let G, the center of ^the circle ABDC be taken (by i. 3.) 5 
^nd H the center of the circle EBFD. 

Wherefore the ftraight line joining 
G and H will (by 11. 3.) fall upon the 
points B, D : let It fall as BGHD ; and 
iince the point G is the center of the 
circle ABDC ; BG is equal to GD i 
wherefore BG is greater > than HD ; 
tliereforeEH is mtich greater than MD; 
^ Again becaufe the point H is the center 
of the circle EBFD r BH is equil to 
HD ; but it hath alfo been demonftrated 
to be much greater than it ; which is 
impoffible ; wherefore a circle does not 
touch a circle in more points than one inwardly. 

I fay 
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I fay that nekber does it outwardly. For if it be poflible ; let Book IIL 
the circle ACK touch the circle ABDC without in more points ^— >^''** 
than one, in the points A, C and let AC be joined. 

Wherefore becauib any two points A, C have been taken in the 
circumference of each of the circles ABDC, ACK ; the flraight 
line joining thefe points will fall (by 2. 3.) within both : but it 
hath fallen within the circle ABDC, and without the circle ACK ; * 

which is abfurd : wherefore a circle does not touch a circle oat- , 
wardly ia more points than one ; but it has been demonftrated that 
neitber i^es it inwardly. 

Wherefore a circle does not touch a circle in more points than 
one, whether it touch it on the indde or on the outdde. Which 
was to be demonftrated. 

PROP. XIV. 

The equal ftraight lines, in a circle, are equally diftant from 
the center ; and the flraight lines being equally diftant from the 
center are equal to one another. 

Let ABDC be a circle ; and list AB, CD be equal ftraight lines 
in it ; I fay that they are equally diflant from the center. 

For let the center of the circle ABDC be taken (by i . 3.) ^ ^^d 
let it be £ ; and let £F, EG be drawn perpendiculars from £ to 
AB, CD ; and let AE, £C be joined. 

Wherefore fince EF, a certain ilraight 
line through the center, cuts a certain 
ftraight line AB, not through the center, at 
right angles ; it will cut it alio in halves (by 
3. 3.) ; wherefore AF is equal to FB : 
therefore AB is the double of AF. Cer- 
tainly, for the fame reaibn alfo, CD is double 
of CG :; and AB is equal to CD ; where- 
fore AF is equal to CG (by com. not. 7.) : 

and becaufe AE is equal to EC ; alfo the fquare of AE is equal to 
the fquare of EC : but ^^ fquare s of AF, FE are equal (by 47. 
I.) to the fquare of AE ; for the angle at F is a right angle : and 
the fquares of EG, GC arc equal to the fquare of EC ; for the 

angle 
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Book m. angle at G is a right angle : wherefore the fquares of AF, FE are 
equal to the fquares of CG, GE ; of which the fquare of AF is 
equal to the fquare of CG ; for AF is equal to CG ; therefore the 
remainder the Jquare of FE is equal to the remainder the fquare 
of EG ; wherefore FE is equal to EG : but in a circle, ftraight 
lines are faid to be equally diflant from the center, when perpen- 
diculars drawn from the center upon them are equal (by def. 4. 3.) 
therefore AB, CD are equally diftant from the center 

But let the ftraight lines AB, CD be equally diftant from the 
center, that is, let FE be equal to EG : I fay that AB is alfo equal 
to CD. 

For the fame things being conftru6ted ; certainly we fliall de« 
monftrate, in the fame manner, that AB is the double of AF ; 
and CD of CG : aud becaufe AE is equal to EC ; the fquare of 
AE is alfo equal to the fquare of EC 5 but the fquares of EF, FA 
are equal to the fquare of AE ; and the fquares of EG, GC are 
equal to the fquare of CE ; therefore the fquares of EF, FA are 
equal to the fquares of EG, GC 5 of which tlie fquare of EG is 
equal to the fquare of EF ; therefore the remaining fquare of AF 
is equal to the remaining fquare of CG ; wherefore AF is equal to 
CG ; alfo AB is the double of AF, and CD the double of CG i 
wherefore AB is equal to CD. 

Wherefore the equal .ftraight lines, in a circle, are equally dif- 
tant from the center ; and the ftraight lines, being equally diftant 
from the center, are equal to one another. Which was to be de« 
inonftrated^ 

PROP. XV. 

The diameter is the greateft line in a circle ; but of the others, 
the one nearer to the center is greater than any one more remote. 

Let ABCD be a circle \ and let AD be a diameter of it ; and E 
^e center ; and let BC be nearer the center E ; but FG more re- 
mote; I fay that AD is the greateft, and BC greater than FG. 

For let EH, EK be drawn perpendiculars from the center, to 
BC, FG ; and becaufe BC is nearer to the center, but FG more 
remote ; therefore (by def. 5. 3.) EK is greater than £U i let EL 

be 
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be made equal to EH ; and through the point L, LM being drawn Book IIL 
at right angles to EK let it be produced to N ; and let EM, EN, 
EF, EG be joined. 

And becaufe EH is equal to EL ; (by 
J 4. 3,) BC it equal to MN : Again fince 
AE is equal to EM and E£> to EN; 
therefore AI> is equal to ME, EN ; but 
(by 20. I.) ME, EN are greater than 
MN 1 therefore alfo AD is greater than 
MN : but MN is equal to BC ; therefore 
AD is greater than BC : And becaufe the 
two ME, EN are equal to the two FE, 
SG- and the angle MEN is greater than 

the angle FEGi therefore (by 24. i.) the bafe MN is greater 
than the bafe FG ; but MN has been demondrated to be equal to 
BC ; and BC is. alfo greater than FG : wherefore the diameter AD 
u the greateft ; and BC greater than FG. 

Wherefore the diameter is the greateft Hm in a circle ; but of 
the othcjrsv the om nearer to the center is greater than any one more 
r^iQOte. Which was to be deooonftrated. 




PROP. XVI. 

« 

Th« firvgbt line dr»wn at right angles to the diameter of a 
QTcle,. from the 9Xtrecqjity, will fall without tl^e circlp ; and into 
the. pla/ce betw^n the ilraight line and the oircumference another 
ftfMght line will not fall i and the apgle of the fqmicircle is greater 
than every acutp reftilioe*^ angle.: but the. remainder lefs. 

Let ABC be a circle about the canter D, and AB /// diameter ; I 
ivf that tbp Jkmghi &ie drawn from its extremity, from the point 
Ai at right ao^es; to A3» will fgU withQut:the circle. 

For- if Qot, hQt if poOibk let it fall witjiin, as AC and let DC 
be joiaedt 

And bec9Vie DA is equ^} to DC, the aDgb DAC (by 5. 1.) ia 
aUipt e(|UjU to thfi angl« AjCD ;> but DAC is a right, angle (by confl.). 
wherefore alfo ACD is a right angle, therefore the angles DAC^ 
ACD are equal to two right angles i which (by 1 7. 1 is impof- 

Vol. I. L fible; 
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Bonk III. fible i wherefore the Jiraigbt line drawn 
""-"^^r^ from the point A, at right angles to AB 
will not fall within the circle : certainly 
in like manner we (hall dcmonflrate that 
neither will it fall upon the circumfe- 
rence ; therefore let it fall without as AE. 

I fay that another ftraight line will not 
fall into the place, between the ftraight 
line AE and the circumference HAC. 

For if it be poflible let it fall as FA ; 
and let DG be drawn, from the point D, 
perpendicular to FA. 

And becaufe AGD is a right angle, but DAG (by 17. i.) Icfs 
than a right angle ; thcireforc (by 19. i.) AD is greater than DG; 
but AD is equal to DH ; therefore DH is greater than DG ; the 
lefs than the greater, fuppofing G without the circle^ which is im- 
poflible; wherefore another ftraight line will not fall into the place 
between the ftraight line and the circumference. 

Alfo I fay that the angle of the femicircle ; the angk contained 
by the ftraight line BA and the circumference HA ; is greater than 
every acute reftilineal angle ; but the remainder, the angle contai* 
ned by the circumference HA and the ftraight line AE is lefs than 
every acute rectilineal angle. 

For if there be any redilineal angle, greater than that contained 
by the ftraight line BA and the circumference HA ; but lefs than 
that contained by the circumference HA and the ftraight line AE ; 
a ftraight line will fall into the place between the circumference 
HA, and the ftraight line AE s which will make an angle contained 
by ftraight lines greater, than that contained by the ftraight line 
BA and the circumference HA ; but lefs than that contained by 
the circumference HA and the ftraight line AE : but it does not 
fall : therefore, the acute angle contained by the ftraight lines will 
not be greater than the angle contained by the ftraight line BA and 
the circumference HA, nor lefs than the angle contained by the cir- 
cumference HA and the ftraight line AE. Which was to be de- 
monftrated. 

Cor. 
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Cor. From the/e iemonfiratwns it is manifeft that the ftraigbt Book ui. 
Une drawn from the extremity at right angles to the diameter of ->^''^'^ 
the circle, touches the circle : and that a ftraight line touches a 
circle in one point only: becaufe (by 2. 3.) the ftraight line meet-- 
ing it in two ptmU has been ihewn to fall within it. 

PROP. XVII. 

From a given point to draw a flraight line touching a given circle. 

Let A be the given point, and BCD the given circle ; it is re- 
quired from the point A to draw a ftraight line touching the circle 
BCD. 

For let £ the center of the circle be taken (by i« 3O ^ ^"^ ^^^ 
AE be joined ; and with the center E and at the diftanc? £A let 
the circle AFG be defcribed i and from the point D, let DF be 
drawn at right angles to A£ ; and let £BF» AB be joined : I fay 
that from the point A the firdght line AB hath been drawn touch- 
ing the circle BCD. 

For iince £ is the center of the circles A. 

BCD, AFG ; therefore EA is equal to EF; ^^ ^ 
and ED to EB : certainly the two AE, EB J^-'p 
arc equal to the two FE, ED % and they con- / A... 
tain a common angle, the angle at E 1 where- I ( 
fore (by 4. i .) the bafe DF is equal to the y V " >/ / 

bafc AB and the* triangle DEF^ is equal to \ C / 

the triangle EBA i and the remaining angles \. y^ 

to the remaining angles ; therefore the angle G 

EBA it equal to EDF ; but EDF is a right 
angle ; wherefore EBA is a right angle j and EB is from the cen- 
ter: but Uti^firmgbt Une drawn from the extremity at right angles 
to the diameter of the circle touches the circle ; wherefore AB 
touches the circle. 

Wherefore from a given point, the point A, a ftraight line AB 
hath been drawn touching the circle BCD« Which was to be done« 

L 2 PROP. 
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B^oic r I. y R O P^ XVm. 

If any ftraiglitline touch a circle, and any ftraiglit line be drawn 
from the center to the poinl of contaA ; the /ine drawn wifl be 
perpendicular to the touching /me. 

Let any ftraight line TDB touch the circle AJBC, in Hht point Ci 
and let F the center of the circle ABC be taken ; and from F to 
C let FC be drawn 5 I -fey that FC^^ perpendicular to DE. 

For if not, let FG be drawn from the 
point F perpendicular to DE. 

Wherefore becaufe FGC is a right 
angle, therefore GCF is an acute angle ; 
but the greater fide is extended under the 
greater angle; therefore FC is greater 
than FG ; but FC is equal to FB : where- 
, fore FB is greater than FG ; the lefs than 
the greater which is impofllble : therefore ^ 
FG is not perpendicular to DE : certainly 

in the fame manner we fhall demonftrate, that neither fi tmyo&er 
but FC : wherefore FC is perpendicular foT)E. 

Wherefore if any ftraight line touch ^ circle ; arid any ftraight 
line be drawn from the center to the contadt ; ihc line drawn is 
perpendicular io the tangent. Which was to be demonftrated. 

PROP. XIX. 

If any ftraight line touch a circle, and a ftttiight fine be drswn^ 
from the conta6t> at right angles to the touching Une ; the ccirter 
of the circle will be in the line Jo drawni 

For let any ftraight line OE touch the circle A^ in the point 
, C ; and from C let CA be drawn at right angles to !DE j i fay 
that the center of the circle is in AC. A 

For if not, but if poffible let it be 
F : and let CF be joined. 

AVherefore becaufe a certain ftraight 
* line DE touches the circle ABC ; and 
FC hath been drawn from the center 
to the contadt ; therefore FC is per- 
pendicular to DE (by 18. 3.) I there- 
fore FCE is a right angle j but (by D 
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conft.) ACE is a right *angle ; ^bv efor<^ FCE is equal to ACE ; ftook OL 
the lefs to the greater; which is impodlble ; wherefore F is not 
'tht 'ceater of the circle ABC : certsunly in the fame manner we 
{hail demon (Irate, that neither is it any other, hut /ome point in AC« 
Wherefore if any ilraight Hn)s touch a circle, and a ftraight line 
be drawn, from the contadt, at right angles to the touching tina 
the center of the circle will be in the line fo drawn. Which was 
to be demonftrated. 



PROP. XX. 

In a cirt^le, the angle at the center is double of the angle at 
the circumference y when the angles >hAVe the fame circunaference 
for a bafe. 

Let A£C be a circle,, tfnd let.BEC be an angle at the center of 
it ; but BAC at the circumference of it ; and let them hare the 
•faoie circumference fiCj^r a bafe -, % fay that the angle BB.C isr 
double of the angle BA^. 

For AE being joined let it be produced. 
toF. 

Wherefore becaufe EA is equal to EB;. 
.alfo (by 5. I.) the angle '£A*B is eqfialto 
EBA ; wherefore the angles EAB, £BA 
are doable of EAB : but (by 3I&. i.) :BEP 
is equal to EAB, EBA ; wherefore BEF is 
double of EAB : Certainly for the fame 
reafon FEC is double of EAC : therefore 
the whole BEC is double of the ^hole BAC; 

Let it be bent in a different dire^ion ; and hit fhe bdber angle- 
be BDC ; and DE being jcifned let it be ptK>duced toO r dcrtainly. 
in the fame manner we ftiall dempnfteaie that <h^ ang^e 66C is 
double of the iw^/if GDCi df wbicbrGfiB is^uble tif-ODB;. 
therefore the remainder BEC is doable of ^the rtcbsinderBDC. 

Wherefore in a circle, the angle at ^e cenftdr is douMe tiflAi^ 
angle at the circumference ; when the shgtes ba^ the faine cir^> 
cumferedce for a baie. Which was to4>e dediohftrated. 

PROP^. 
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PROP. XXI. 

In a circle^ the angles in the fame, fegment are equal to one 
another. 

Let ABCD be a circle, and let the angles BAD, BED be in the 
fegment BAED ; I fay that the angles BAD, BED are equal to 
one another. , 

For let the center of the circle ABCD be 
taken ; and let it be F ; and join BF, FD. 

And becaufe the angle BFD is at the center ; 
but BAD at the circumference, and have thef 
fame circumference BCD for a bafe % therefore) 
the angle BFD is double of the angle BAD : 
certainly for the fame reafon BFD is double of 
BED : wherefore (by com. not. 7.) the angle 
BAD is equal to BED. 

Wherefore in a circle, the angles in the fame fegment are equal 
to one another. Which was to be demonftrated. 




PROP- XXIL 

The oppoiite angles, of quadrilateral figures injcribed in circles^ 
are equal to two right angles. 

Let ABCD be a circle 1 and let ABCD be. a quadrilateral ^tfr^ 
infcribed in it 1 I fay that the oppoiite angles of it are equal to two 
right angles. 

Let AC, BD be joined. 

And becaufe (by 32. i.) the three angles 
of every triangle are equal to two right 
anglts i CAB, ABC, BCA the three angles 
of the triangle ABC are equal to two 
right angles: but. CAB is equal to 3DC 
(by 21. 3*) ; for they are in the fame feg- 
ment BADC : and ACB is equal to ADB 
(by 21. 3.) : for they are in the fame feg- 
ment ADCB s wherefore the whole angle ADC is equal to the two 
angks BAC, ACB ; let ABC n»bicb is common be added ; there- 
fore 
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fore the three angles ABC, BAC, ACB arc equal to the two ABC^Bookm. 
ADC : . but the angles ABC» BAC, ACB are equal to two right 
angles ; alfo the angles ABC, ADC are equal to two right angles : 
Certainly in the fame manner we (hall demonftrate^ that the angles 
BAD, DCB are equal to two right angles. 

Wherefore the oppo£te angles, of quadrilateral figures infcribeJL 
in circles, are equal to two right angles. Which was to be de* 
monftrated. 

PROP. XXIIL 

Two iimilar and unequal fegments of circles will not (land upon 
the fame ftraight line, towards the fame parts. 

For if it be poflible ^ let ACB, ADB two fimilar and unequal 
fegments of circles ftand upon the fame ftraight line AB» towards 
the fame parts, and let ADC be drawn; and let CB^ DB be joined^ 

Wherefore becaufe the fegment ACB is ^ 

fimilar to the fegment ADB : and fimilar feg-* 
ments of circles are (by def. 11.3.) thofe recei-> 
ving equal angles ; therefore the angle ACB 
is equal to the angk ADB ; the outward to the 
inward; which (by i6. i.) is impofiible. 

Wherefore^ two fimilar and unequal fegments of circles, will not 
ftand upon the fame ftraight line, towards the fame parts. Which 
was to be demonftrated. 

PROP. XXIV. 

The fimilar fegments of circles, upon equal ftraight lihes^ are 
equal to one another. 

Let AEB, CFD be fimilar fegments or circles upon the equal' 
ftraight lines AB, CD ; I fiiy that the fegment AEB is equal to» 
the fegment CFD. 

For the fegment AEB being ap- e . F G 

plied to the fegment CFD v and y^ v. /]!^^^^^^^^ 
the point A being placed upon the / \ f/^^ \\ 

pint C ; and the ftraight line AB ^ -J ^^ ^ 

upon CD ; the point B will apply -^ ' 

itfelf to the point Dj becaufe AB is equat to CD^i but the 

ftraight 
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BcN>klll.ftraight line AB ^plying itfelf to CD» the fegment AEB (by 
2^. 3.) will apply itfelf to CFD : for if the ftraigbt line AB {hall 
apply itfelf to CD ; but the fegment AEB will not apply itfelf to 
CFI^i; but (hall change its diredrion as CHGD : but a circle does 
not cut a circle in more points than two (by 10. 3.) 5 but the aW/e- 
CHGP cuts CFD. in more points than two ; viz. in C^ G, D; 
which. i0 impofliUe : wherefore the ftraight line AB being applied 
to CD, alfo the fegment AEB will not, not apply itfelf to CFD ; 
therefore it will apply itfelf, and will be eqqal to it. 

Wherefore the fimi)ar fqgments of qircles, upon equal ftrai^t 
lines, are equal to one another. Which was to be denxooftrated. 



PROP. XXV. 

. A icgmfcntvof a.cLrde being given to defcribe the circle of ivhich. 
it is a fegment. 

Let a6C be the given fegment of the clrde ; it is required to 
defcjribe the circle, of which ABC is a fegment. 

For let AC be cut in halves (by 10. i.) in the point D ; and/ 
from the point D.let D&be drawn. at right angles to AC ; an^ ^* 
AB be joined : therefore the an^ AQD ia eithor greater^ equali 
<yr le& . thaa.the* angk BAD. 

Firft; let itibe greater ; and* let the atig/i BA£ be made, with. 
the flraight line AB and at the point A in it, equal to the angle 
ABD ; and let DB be produced to £ ; and let EC be joined. 

Wherefore becaufe the angle AB£- is equal 
to BAE ; therefore (by 6. i.) the ftraigbt 
line BE is equal to EA : And becaufe AD is 
{pY conlj.) equal to. DC and DE <:Qmmon 5 
cercfinly the^ t.wo AD^ DE ^re equsil tQ thp 
two CD, DE each to each ; and the angle 
ADE is equal to the angle CDE ; for each is 
a right angle ; therefore, alfo {py 4* x-) the 
baf^ AEJs equal to the bafe EC 1 but A^ has 
bfisn demonftrated to be equal to. EBj there- 
fore alfo BE i^ equal to CE ; wherefore t}|e 
thfPc^i^tf/]fM ^««f. AB,.?B^ BC arc eq^wil to 
iWCk WBftJther : therefore a circle defcribed with 
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the center £ and at the diftance of one of the lines AE^ EB^ EC Book UL 
will alfo pafs through the remaining points, and will be the circle ^^"'""^ 
to be defcribed (by 3. 3.) : Wherefore the fegment of a circle being 
given the circle has been defcribed ; and it is manifeft that the. 
fegment ABC is lefs than a femicircle ; on this accountt becauie 
£ the center of it falls without. 

In like manner, if the angle ABD is equal to the angle BAD ; 
AD becoming equal to either of the lines BD, DC ; therefore the 
three DA, DB, DC will be equal to one another ; and D will be 
the center of th^ circle compleated ; and certainly ABC will be a 
femicircle. 

But if the angle ABD be lefs than BAD ; alfo let us make with 
the ftraight line AB, and at the point A in it, an angle equal to 
the angle ABD i the center will fall within the fegment ABC in 
the Jlraight line DB ; and certainly the fegment ABC will be greater 
than a femicircle. 

Wherefore a fegment of a circle being given., the circle has been 
defcribed, of which it is a fegment. Which was to be done. 

PROP. XXVI. 

In equal circles, the equal angles (land upon equal ctrcumfe* 
rences ; whether they iland at the center, or at the circumference^ 

Let ABC, DEF be equal circles ; and let BGC, EHF be equal 
angles in them, at tJbeir centers ; and BAC, EDF at the circum* 
ference : I fay that the circumference BKC is equal to the circum- 
ference ELF. 

For let BC, EF be joined. 

And becaufe the circles ABC, 
DEF are equal ; the ftraight 
lines from their centers are equal 
(by def. !• 3.) : the two BG, 
GC are equal to the two EH, 
HF and (by fupp.) the angle at 
G 18 equal to the angle at H ; 

wherefore the bafe BC is equal to the bafe EF : and becaufe the 
angle at A is equal to the angle at D ; therefore the fegment BAC 

Vol. L M i* 
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ii)okiit,i8 fimiUr to the (egtaint EDF (by def. 11.3); arid th*y are Upon 
equal ftraight lines BC, EE 5 but fimilar fegmentls Mng upon equal 
ftraight lines are equal (by 24. 3.) ; wherefore the fcgment BAC 
is equal to the fegment EDF i but alfo the whole circle ABC is 
equal to the whole circle DEF j thtfefbre the remaining fegmeht 
BKC IS equal to the remaining fegment ELF ; Wherefore the cir- 
cumference BKC is equal to the circumference ELF. 

Wherefore in equal circles, the equal angle* ftand upon equal 
circumferences ; whether they (land at the center or at khe circum- 
ference. Which was to be demon ftrated. 



PROP. xxvii. 

In equal circles, the angles w^hich ftand upon ex^ual circum- 
ferences are equal to one another ; whether they {land at the center 
or at the circumference. 

For let the angles BGC, EHF ftand at the centers O, H in the 
equal circles ABC, DEF i and upon the equal circatafcrences BC, 
EF I and the angles BAC, EDF at the circumferences i I fay that 
the angle BGC is equal to the angle EHF i and BAC to EDF. 

If the angle BGC be equal 
to EHF ; it i« plain (by 20. 
3.) that the angle BAC is equal 
to the angle EDF ; but if the 
angle ^GC be not equal t^ the 
angle EHF ; on*, df them is 
greater; let BGC be the 
greater, and let the angle BGK 
(by 23. I.) be made with the ftraight line BG and at the point G 
in it, equal to the angle EHF : bat (by 26. 3f.) «qti^ angles ftafrtd 
upon equal circumferences, when they are sft the cetrtet sr ; t^hcft* 
fore the circumference BK is equal to thetrirfcumfcrehce E^ } but 
EF (by fupp.) is equal to BC ; wherefore BK is e^ifcrl to BC 5 th* 
lefs to the greater; which is impoffible : wherefore the ahgle BGC 
is not unequal to EHF ; therefore equal ;. and the afngfe at A is 
half of the angle BGC ; and the angle at D is half of the angfe 
EHF : wherefore the angle at A is equal to the angle- zH D. 

•^ Where- 
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Wbcrefore in equal circles, the angles which ftand upon equal cir- Book iir. 
cumfereqces are equal to one another -, whether they ftand at the ^-'>^*^ 
center or at the circumference. Wliich was to be demonftrated. 

PROP. XXVIII. 

Equal ftraight lines in equal circles cut off equal circumferences ; 
the greater equal to the greater ; and the lefs eguaJ to the lefs. 

Let ABC, DEF be equal cii\cles ; and let BC, EF be equal 
ftraight lines in them, cutting off the greater circumferences BAG, 
EDP ; and BGC, EHF the lefs ^ I fay that the greater circum- 
ference BAC is equal to the greater circumference EDF ; and the 
lefler circumference BGC is equal to the lefs EHF. 

^Qt Ipt K, L ikt centers of the circles be taken ; and let BK, 
KC, EL, LF be joined. 

An4 be$:Au6 the circles are 
equal ^ ikp Uoea alfo from their 
centers are equal (by def. i.) > 
therefore the two BK, KC are 
equal to the two EL, LF ; and 
the bafe BC is (by fupp.) equal 
tp thp baff EF ; wherefore (by 
8. I.) the angle BKC is equal to 

tjM.ang)? ELF; but equal angles ftaod upon equal circumferences, 
wiiep; tlwy Mr« »t the center (by 26. 3.)^ therefore the circum<- 
ference BGC i^ «]hii| tp the circumference EHF ; but the whole, 
circle ABC is equal t^ the whole circle DEF ; vrhere&ure the re- 
maining circuQiference BAC» is equal to the remaining circum- 
ference EPP. 

Wherefore equal ftraight lines in equal circles cut o£F equal cir*-. 
cu^iferences ; the gneatftr equal to the gceater ; apd the lefs equal to 
the lefs. Which waa tx> be demonftratfsdJ 



PROP. XXIX,. 

In equal circles^ equal ftraight lines ane exte^ed under equal 
ciqciifpferences. 

M 2 Let 
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Book m. Let ABC, DEF be equal circlqs ; and in them let the equal 
^-^'-^ circumferences BGC, EHF be taken ; and let the ftraight lines 

BC, EF be drawn 5 I fay that the ftraight line BC is equal to EF. 
For let K, L, the centers of the circles be taken ; and let BK, 

KC, EL, LF be joined. 

And becaufe the circumference 

BGC is equal to the circumference 

EHF J alfo (by 27. 3.) the angle 

BKC is equal to the angle ELF ; 

and becaufe the circles ABC, DEF 

are equal ; the lines from their 

centers are equal (by def. i. 3.); 

therefore the two BK, KC are 

equal to the two EL, LF 1 and they contain equal angles i there- 
fore (by 4. 1.) the bafe BC is equal to the bafe EF. 

Wherefore, in equal circles, equal ftraight lines are extended 

under equal circumferences. Which was to be demcnftrated. 




PROP. XXX. 

To cut a given circumference in halves. 

Let ABD be the given circumference ; it is required to cut the 
given circumference ADB in halves. 

, Let AB be joined, and let it be cut in halves (by 104 i«) at the 
point C ; and from the point C, let CD be drawn at right angles' 
to the ftraight line AB i and let AD, DB be joined. 

And iince AC is equal to CB ; and CD coni- 
mon ; certainly the two AC, CD are equal to 
the two BC, CD ; and the angle ACD is equal 
to the angle BCD ; for each of tbefe is a right 
angle ; and (by 4. i.) the bafe AD is equal to 
the bafe DB i but equal ftraight lines cut off 
equal circumferences (by 28. 3.) ; the greater equal to the greater; 
and the lefs equal to the lefs : and each of the circumferences AD, 
DB is lefs than a femicircle ; wherefore the circumference AD is 
equal to the circumference DB« 

Where- 
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Wherefore the given circumference hath been ciit in halves. B<K>kin. 
Which was to be done. 



PROP. XXXI. 

In a circle^ the angle in a femicircle is a right angle ; but the 
angle in a greater fegment is lefs than a right angle i and the angle 
in a fegment lefs than a femicircle is greater than a right angle : and 
befides the angle of a greater fegment is greater than a right angle; 
but the angle of a fegment lefs than a femicircle is lefs than a right 
angle. 

Let ABCD be a circle ; and let BC be the diameter of it^ and 
E the center i alfo let BA, AC, AD, DC be joined ;. 1 fay that 
tfcc angle in the femicircle BAC is a right angle ; btit that the 
angle in the fegment ABC greater than a femicircle^ viz, the angle 
ABC, is lefs than a right angle ; and that the angle in the fegment 
ADC leis than a femicircle is greater than a right angle* 

Let A£ be joined ; and let BA be produced to F. 

And becaufe BE is equalito EA, the 
angle EAB (by 5. i.) is alfb equal to 
EBA ? again becaufe EA is equal to 
£C» the angle EAC is alfo equal to 
ACE i wherefore the whole angle BAC 
is equal to the two angles ABC, ACB i 
but the angle FAC, the -outward angle g j 
of the triatigle ABC,* is iaifo equal to 
the two angles ABC, ACB (by 32. i.) :^'' 
wherefore the angle BAC is equal to 
the angle FAC i thtvtioi^^^acb ofjtb(fn i{ M 
is a right angle : wherefore the angle BAC, in the femicircle BAC 
isanghtartgre: ' ■ . • • ' i :• .' ' ^' • ' ' ^ \^-^iA?. -nt.\: 

And fine* the twb- angles ABC, BAC of tHfe frian^fc AfiC'art^ 
lefs than two right angles ; and BAC ife a right jingfe:^ thefefbtd' 
the angle ABC is lefs than a right angle ; and it is iii^ the feghicftfi' 
ABC greater ihan A femicirdi.' '< ' ^^ "^ -' "^ -^^ ^ 

And bccaefe ABOD is ^ quaarilatcraa^j%«« inJcribeJihii cflfele|^ 
and the oppoilte angles^ of quadrilateral Jf^utes in circles are (by* 

22. ^.) 
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Bf«knL22. 3-) equal to two right apglc$ ; wherefore th» angies ABC, 
^"'"'^^' ADC are equal to two right angles ; but ABC is left than a right 
angle ; therefore the remainder ADC is greater than a right angle; 
and it is in a fegment lefs than a femicircle. 

I fay alfo that the angle of a greater fegment, the angle contai- 
ned by the circumference ABC 9n4 the ftrajght line AC> is greater 
than, a right angle j but the angle of the fpgment lefs than a Jimim 
circle^ the an^e contained by the circumference ADC and th« 
ftraight line AC ip, l?f? than ^ right angle : and U is manifeft froiji. 
hpnce. Fpr ^Qa»fe the ax^gle contained by the ftrajgbt lin«? PA. 
Ac is a right angle ; therefore the angle contained by the circum* 
ft^rence A?C ajpd the ftraight Knc AC is greater than a right angle 
(by con!), nqt, 9.) : Again becaufe the angle contained by the (Iraight 
Hp^ CAf AF is a right, ^gle; therefore the angle fofit^imd by th* 
ftraight line AC aoxi i;be circiMnfercnce ADC i* left tb»n A right 
angle* . i. * , 

OxHERWiSEt A dempnftration that BAC is a right ftngle. 
Becaufe the angle AEC (by 32. i.) is Rouble of the angle BA? ; 
for it is equal to the two inward^aqd.qppp^te ifingks ^ a^^.A^SRis 
alfo double of the angle 'Ef^ i yy^h^fiqSotft %\\t a^nglf^ AE]5i AJBO 
are double of the atigle BAp y btt^ ^l?e gff^Ls AP3* AEC arg (j^f 
13. I.) equal to two right angles ; wherefpre the a^gk 3AC is a 
right angle. Which was to batlcmppftrated. { 

Cor Viteth this it iv.manife(l that if. Qne an;^!^ of a tpi^Q^f hOi 
equpli to tbi^QtJmLimQ'lSrM ^ri&hf anglf ,• . %^ this, r^vi bffea^jfo 
the adjacent angle is ecjiial tp |tl)pfeipq twp : ha»t G>y 4*f* Wf i-i 
wheii^ the adjacent angles are equaU they are right angles. 

*P R'O p. . XICXII. 

If any ftraight line touch a circle ; and if from tbe.CQi^ta^.aiijr 
ftr^gbt Jinf Ix:; 4ra^TO tp^ A^ qprc^, c^t/siog tjj*. circle } <hc ftngles 
wbi^ it makes. w^bt^ie .fiouphins iHipf will ^ ^qu^ tQ |hp aogks 
ip-jthp alfq^tc 4^n;i^i«s of tbc.cifcl?. 

For let any ftraight line EP touch tt>^ /cicely AQiCD io;tbe point 
Bi j^4 frftpv J;(w poi«^^ Iqt PP sujyiftrsvgbt Kjfjf' ^© 4ra.wi» to the 
ciipje A5C^ <cw|tiflg, i%i I fej thai thoapglt* wliicjj JPP «¥iHfi« 

with 
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♦ 

Ift^ith the touehhig line EF will be cquifl ttt the angles in the alter- Book in. 
mte fcgments of the circle, that is, that the angle FBD is equal ^— v-^ 
to the angle conftituted in the fegmcnt DAB ; and the angle EBD 
is equal to the ang/e in the fegnnent DCB. 

For let BA be drawn from the point B at right Jfngles to EF ; 
and let C any accidental point be taken in the circumference BD ; 
artd let AD, DC, CB be joined. 

And becaufe a certain ftraight line EF A 

touehes the circle ABCD in the point B i 
and from the cqiitadt at B the Jiraight Km 
AB has been drawn at right angles to the 
touching line i the Center of the cifcle 
ABCI> is (by 19. 3.) in th^ Jiraigbt line^ 
AB : therefore the angle ADB, being in a 
feinicircle, is (by 31. 3.) a right ang^e; 

therefore BAD, ABD, •the remaining an^ies^ are equal to one right 
angle : but ABF is alfo a right angle (by conft.) ; wherefo« the 
angle ABF is equal to the angles BAD, ABD ; let the common 
angle ABD be taken away ; therefore the remaining angle DBF i^ 
equal to the angle in the alternate fegtnent of the circle, vi:^. the 
angle BAD : And becaufe ABCD is a quadf ihtcral figure inferred 
in a clrele, its oppofite angles are (by 22. 3.) equal to two right 
tngles ; therefore the angles DBF, DBE ate equal to BAD, BCD ; 
of which BAD has been demonftrattd to be equal to DBF ; there- 
fore tfre remaining angle DBE is equal to the angle ifi the alternate 
fegment DCB of the circle, viz. the ungle DCB. 

Wherefore if any ftraight line touch a cirtle ; and if frota the 
cmtad any ftraighiline be drawn to the cifclr, cutting the circle; 
the angles NVhrch it make« with the touching fine will be equal t6 
the angles in the alternate fcgments of the circle. Which was to 
be demottftrated. ' 

PR OP.,. XXXIlL . - ^ 

Upon a given ftraight line to defcribe a fegment of a circle> 
containing an angle equal to a given redliliaeal angle. 

Let the given ftraigbt line be AB ; and the angle at, C». the given 
redilineal angle : it is requirecf, upon the given ftraigtit Ifne AB> 

to 
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Book III. to defcribe a fegmcnt of a circle containing an angle equal to the 
*— "^"^ angle at C : but the angle at C is cither an acute angle or a right 
angle or an obtufe angle. 

Firfl let it be an acute angle^ as in the firfl: figure ; and let the 
angle BAD be rnade^ with the flraight line AB and at the point A 
in it| equal to the angle at C ^ wherefore alfo the angle BAD is 
acute : and let AE be drawn, from the point A, at right angles 
to AD ; and let AB be cut in halves at F ; and from the point F 
let FG be drawn at right angles to AB ; and let GB be joined. 

And becaufe AF is equal 
to FB and FG common; 
certainly the two AF, FG 
are equal to the two BF, FG; 
and the angle AFG is (by ^V 
conft.) equal to BFG ; there- ^ i 
fore (by 4. !•) the bafe AG 
is equal to the bafe GB; 
therefore the circle defcribed 
with the center G and at the 
diftance AG, will alfo pafs 
through B : let it be defcri- 
bed ; and let it be ABE ; and let BE be joined. Wherefore be- 
caufe from the extremity of the diameter AE ; from the point A ; 
AD is at right angles to AE ; therefore AD touches the circle (by 
cor. to x6. 3.). And fince a certain flraight line AD touches the 
circle ABE ; and from the contact at A a certain flraight line AB 
hath been drawn to the circle ABE ; therefore the angle DAB is 
equal to the angle AEB in the alternate fegmept of the circle ; but 
the angle DAB is equal to the angle at C ; therefore the angle at 
C is equal to the angle AEB : wherefore upon the given flraight 
line AB, a fegment of a circle hath been defcribed viz. AEB^ 
containing the angle AEB equal to the given angle at C. 

But let the angle at C be a right angle ; and again let it be re- 
quired to defcribe upon AB a fegment of a circle containing an 
angle equal to the right angle at C : Again let the angle BAD be 
made equ^l to the right angle at C, as it is in the fecond figure ; 
and let AB be cut in halves in F ; and with the center F, and at 
^ * the 
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the diftanee of cither of the Knes AF, l^B let the circle AEB be dc- Book iii. 
fcribcd. Therefore th« ftraight line AD toodhes tJie circle ABE 5 
becaufe the angle at A is a right angle ; and the angle BAD is 
equal to the angle in the fegment AEB ; fpr it is alfe a right angle 
(by 31. 3 being in afemicircle : but the ^ngle BAD is equal toi 
the angle at C : wherefore, again a fegioDcnt of a ckrck viz. A^B 
has been defcribed upon AB, containing an angle «qnal to the 
angle at C. 

But let the angle at C be an obtufe angle : and let the angle BAD 
be made equal to it, with the flraight Hne AB af>d at the point A, 
as it is in the third figure ; and kt A£ be tlrawn at right angles to 
AD ; ttd again kt AB be cut in halves at: F 1 ai^ kt FG be 
drawn at r^t angks to AB ; and let GB be joined. 

And again, becaufe AF is equal to FB and FG comoK^n ; cer-- 
tainly the two AF, FG are equal to the two BF, FG ; and the 
angle AFG is equal to the ^ngle BFG : therefore the bafe AG is 
equal to the bafe GB/ wherefore a circle defcribed with the center 
O ; and at she diftanee AG, will alfo pufs lhcoi|gh B ; kt it j$afs 
as AEB : And becaufe AD has boen dravv^n M right angles to the 
diameter AE from its extremttjr : jtber«fore AP (by cor. 16.3.) 
tDtidhdb .tk6 dnrie AEB : and filom thi cOdta^ at A3 the Jlraigbt 
"Bae AB hath fbeea dranrn^ wberitfbre (the ai^k BAD is equal to 
AHB the.angk contbined indhe inltiennate f^mettit of the drcle ; 
^mxX tltt angle SAI> is equal to the ^nf^ at C : thewfore sdfo the 
angle in tbe iegooedt AHB is \eqiiftl to fibe ^ingk at C, Wherefore 
upoa-ifafe iffKem flana|g^t(line AB, .a ieglsoe&t of a ^irde^j. viz. AH£^ 
has been defcribed, containing an angle eq^al p^ rriie ^angle at CL 
iVliiofa wafe lo 1» don* 

l^iftOP. XXXIV. 

\ \ ' 

To cut off z itigoaioxA itoBBt a ig|ivcii;Mcck» iConlaiiuQg an angle 
«qual toagivmi rafiilindal'itng^^ . ! 

Let ABC be the igiven circle $ ^itfid >dit givan ffeftilineal angk, 
ilie an^ at D : it is required to leut cEff' « fegmeat from the -ciick 
-ABC, oontaitoiiig an angk equal to tke,«Qgk at D.« 
. Voi. I. . : N Ut 
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Book III. Let £F be drawn touching the circle ABC in the point B i and 
let the angle FBC be made with the ftraight line EF^ and at the 
point B in it^ equal to the angle at D. 

Wherefore becaufe a certain flraight line 
EF touches the circle ABC, and from the 
contaft at B, BC hath been drawn cutting 
it I therefore (by 32, 3.) FBC is equal to 
the angle contained in the alternate fcgment 
BAC : but the angle FBC is equal to the 
angle at D ; wherefore alfo the angle in the 
fegment BAC is equal to the angle at D. ^ 

Wherefore from a given circle ABC afega>ent BAC has^eeti 
cut oflF, containing an angle equal to the given rectilineal angle at 
D. Which was to be done. 

PROP. XXXV. 

If in a circle two ftraight lines cut one another, the redanglt 
contained by the fegments of the one is equal to the redangle con« 
tained by the fegments of the other. 

For in the circle ABCD let the two ftraight lines AC, BD cot 
one another in the point E i I fay that the redangle contained by 
AE, EC is equal to the rectangle contained by DE, EB. 

If AC, BD pa& through the center fb that.E be the ceater of 
the circle ABCD : it is manifeft, AE, EC, DE, EB being equal^ 
that the redangle contained by AE, EC is equal to the reAanglc 
contained by DE, EB> I 

But let AC, DB not pafs through the center ; and let thc.ccDtcr 
of the circle ABCD be taken (by !• 3O » ^^ 1^^ it ^^ ^ » ^^^ 
ftom the point F, let FG, FH be drawn perpendiculars to AC, DB; 
and let FD, FA, FE be joined. 

And becaufe GF a certain flraigbt line through, the center liuts 
a certain ftraight line AC not through the center at right angles.; 
Jt will alfo cut it in halves (by 3. 3.) 1 who-efore AG is equal to 
GC : wherefore becaufe the ftraightline.AC.has been cut into 
equal fegments -at the ffiimt G ; and into nntqu2l figments M the 
point £ ; therefore (by 5. 2r) the redtangle contained by. ABJ^nd 
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BC together with the fquare of 
GB is equal to the fquare of GA ; 
let the fquare of GF which is com- 
mon be added : wherefore the 
re&angk cmtained by AE, EC to- 
gether with xhcfquares of GE, GF 
is equal to the fquares of AG^ GF : 
But ^e fquare of FE is equal to 
the fquares of EG, GF (by 47. 
I .) ; and the fquare of FA is equal 
to the fquares of AG, GF : wherefore the rectangle contained by 
AB, EC together with the fquare of FE is equal to the fquare of 
FA : but FA is equal to FD ; wherefore the reSlangle contained by 
AB, BC together with, the ^K^r^ of FE is equal to iht fquare of 
JFD* Certainly for the fame reafon alfo the reStangle contained by 
I>B, BB together with the fquare of FE is equal to the fquare of 
FD : but it has alib been demon^rated that the reSlangk contained 
by AB, BC together with the fquare of F^ is equal to the fquare 
of FD : wherefore the reftangle contained by A£, EC together 
^th the fquare, bf FE is equal to the redangle contained by DE, 
£B together with the Iquare of FE : let the fquare of FE v^hich is 
common be taken away % therefore the remaining redangle con* 
tained by AE, BC is equal to the remaining redangle contained by 
DB,BB. 

Wherefore if in a circle two ftraight lines cut one another, the 
redtngie contained by the foments of llw on^as equial to the red^. 
angle contained by the fegments of the tithdr. Which was to be 
dctnonftrated. 

PR OP. XXXVI. 

If any point be taken without a circle,, iatad tfwo ftraight lines. 
£dl from it upcm the circle ; and one *Qf them cuts the circle and 
the other touches it ; the redangle contained .by the whole cutting 
line and the fegment without, taken between the point and the 
convex circumference, will be equal to the Aiuar^ of the touching line. 

For let D,« any point without the circle ASC^ be taken i and 
fir6m the faint D, let the two ftcaight lines DCA^ DB fall upon 

N a the 
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Book III. the circle ABC ; and let DCA cut the circk AISC r awd l^t* DB' 
touch // : I fay that the retftangJe contained by AD^ DC ia «i^\lal 
to the fquare of DB : the Jiraight line DCA either paiTes throu^ 
the center or not. 

Firft let it pafs through the cenrer ; and let F he tha center, of 
the circle ABC % and let FB be joined ; therefore (by i&. 3.) FBD 
is a right angle : And becaufe the ftraight line AC ball> beeo cut 
in halves in the point F, and CD is added tait ; thcrrfpre (by 6« 
2.) the redlangle contained by AD, PQ tpg<tthe( with the ^^r^iif 
FC is equal to the fquare of FD : but ih^Jjwtre of FD (hy 47. 
I.) is equal to the fquaras of FB, BD ; for cthe. angle F3P ia e 
right angle : wherefore the redangle contained by AD, DC tog«* 
ther with the fquare of FB is equal to. tYit^UMres of PB, BD ; kt 
the commodfquare of FB be taken awaj^ ; therefore the woiainjiig 
reSangie contained by AD^ DC i8> equal to tho mmaimMg.J^arcQf. 
DB the touching //»f« ': .1 . .. ^ : / 

But let DA not pafs through the 
center of the circle ABC : and le< £^ 
the center of the circle bo token, ; 
and frcHta E let EF be dravrn petp^n^ 
diculartoACi and.let E8, EC, Bl> 
be joined ; wherefore £FD U a right 
single $ and becadfe B^ a certa^in • 
ftraight line through the center, cuts 

at right angles AG a certain' ihraight line hot'throic^lr the Geiil!er» 
it wilt alfo (by gr 3^) cot iv'in halves ; therefbre AP is eipiali^ VCz 
end becattfe the ftraight' -line AC hath been cut i^i hahree at F ; iipck 
CD is added to it ; therefore (by 6. 2.) the reSfang/e contained h^ 
AD, DC together viit\%\»Jfuareioi fC i5 equal to xht fquare of 
FD : let the common fquare of FE be added i therefore the redl- 
angle contained by AD» DC tegeirbeir with the fquatva qf CF, FE 
are equal to the ^naresof DFy FE : hut the) %uafe Qf DB is equal 
to the fquares of DF, F£ (by 47. i .) ^ for EFD is a right angte ^ 
and the fquare of CE is equal to the fquares of CF^ FE : Wfaen^ 
fore |he reSiangk contopHd ky AD, DC together wills the fqmeo 
of EC is eq[ual to the i^aiire of ED: but QE is equaLtoEB 1 
therefore! tlie riSUmgk^cdntdi^dhy AD/ DC tftgethef^ wleh. tlw 

fquare 




Digitized by 



Google 



O F B U C J4 1 ©• loi 

iqitBft of £B isequ^l tp thf fqu^^e of ED : but the ^^re of BD Bo^lt m,. 
is ^qual to the i^uare$ of ]^Bj BD i for the angle EBD is a right ^^^^^^'^ 
ai^le^: wherefore the r^aogle con(aine4 by AP, DC together 
wijth the iq^are of £$1 is eq^^l t^ the fqu^r^g of £B, BQ ; let the 
common fquare of £B be taken awa^y ; thpr^fe the rfip^j^^isung 
rt$^ff C9S^^imd by AP^ PC i« ?qu»l to ^he rmw^hg J%m^e of 
DB. • 

Wherefore if any point be taken without a circle, &c. Which 
was to be demonflrated. 

PROP. XXXVII. 

If any point be taken without a circle, and two ftraight line$ 
fall from the point upon the circle, and one of them cuts the circle 
and the other meets />, and if the reBangk contained by the whole 
cutting line, and the fegment without, taken between the point 
and the convex circumference, be equal to the fquare of the line 
which meets it ; the meeting line will touch the circle. 

For let D be taken any point without the circle ABC i and let 
the two ftraight lines DCA, DB fall from the point D, upon the 
circle ABC ; and let DCA cut the circle, and DB meet // ; and 
let the reaangle contained by AD, DC be equal to \\\^ fquare of 
DB I I fay that DB touches the circle ABC. 

For let DE be drawn (by 17. 3.) touching the circle ABC 5 and 
let F the center of the circle ABC be taken (by 1.3.)* ^"^ ^^' 
FE, FB, FD be joined : therefore the angle F£D is (by 18. 3.) a 
right angle. 

And fince DE touches the circle ABC ; and 
DCA cuts // ; therefore (by 36. 3.) the reSlangle 
contained by AD, DC is equal to the fquare of 
DE ; but the reSiangle cofftained by AD, DC is 
fuppoied equal to the fquare of DB i therefore 
the fquare of D£) is equal to the fquare of DB ; 
wherefore DE is equal to DB 5 and FE is alfo 
equal to FB 5 therefore the two DE, EF are equal 
to the two DB, BF i and DF is a common bafe to them 1 therefore 
(by 8. I.) the angle DEF is equal to the angle DBF^ but DEF is 

a right 
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Bdok m. a right angle ; therefore DBF is alio a right angle ; and FB pro- 
duced is a diameter i but H^tjlraigbt line drawn from the extremity 
at right angles to the diameter touches the circle ABC (by con to 
1 6. 3.) »' certainly it will be demonftrated in the fame manner if 
the center happen to be in AC, 

Wherefore if any point be taken without a circle^ &c. Which 
was to be demoitftrated. 
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BOOK IV, 



DEFINITION S^ 

1. A Reflilineal figure is faid to be infcribcd in a reailineal fi^ Bookjv , 

gure^ when each of the angles of the infcribed figure touches 
each fide pf the figure in which it is infcribed. 2. AndinUke 
manner a figure is faid to be circumfcribed about a figure, when 
each fide of the circomfcribed ^»r^ touches each angle of the 
figure about which it is circumfcribed. 3. And a reAilineal figure 
is faid to be infcribed in a circle when each angle of the infcribed 
fgure touches the circumference of the circle. 4. And a redtili- 
ileal figure is faid to be circumfcribed about a circle^ when eacb 
fide of the circumfcribed figure (is a tangent to the circle) touches 
the circumference of the circle. 5. In like manner a cfrcle is faid 
to be infcribed in a figure, when the circumference of the circle^ 
touches each fide of ihc ^gure within which it is inicribed. d. 
But A circle is faid to be circumfcribed about a figure, when the- 

cir-^ 
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Soak IV. circumference of the circle touches each angle of the figure about 
^"^^^^^ which it is circumfcribed. 

7. A ftraight line is faid to be applied or placed in a circle, when 
the extremities of it are in the circumference of the circle. 



P R O P, I. 

In a given circle to apply a ftraight line, equal to a given ftraight 
line, which is not greater than the diameter. 

Let the given circle be ABC ; and D the given ftraight line, not 
greater than the diameter of the circle r it is required to apply in 
the circle ABC a ftraight line equal to the ftraight line D. 
. Let BC the diameter of the circle 
ABC be drawn : if therefore BC be 
equal to D, the thing required has 
been done : for the ftraight line BC 
has been applied, tn the circle ABC, 
equal to the ftraight line D. But if ^ 
not, BC is greater than D (by fupp.) } 
and (by 3. i.) make CE equal to D ; 
and with the center C, and at the 
diftance CE left the circle AEF be defcribed ; alid let CA be joined. 

Wherefore becaufe the point C is the center of the circle AEF 
CA is eqaal to CE % but D is equal to CE ; therefore alfo D is 
tqual to CA. 

Wherefore in the ^cn circlfc ABC, the ft»*aigfht line AC baft 
fcecn implied, equal to the giVch ilriai^t lihe D, which is ttot 
greater than the diambter 6f the circle. WUch was to be done. 




PROP. IL 

lii ti given circle, to infcribe a triangle equiangular to ft g^ven 
triangle. 

Let ABC be the given circle, and DEF the given triangle 5 it is 
required to infcribe in the circle ABC a triangle equiangular to the 
triangle DEF. 

Lit 
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Let G AH be drawn, touching the circle ABC in the pmf A ; Book IV. 
and let the angle HAC be made with the ftraight line AH> and at 
the point A in it, equal to the angle DEF : and the angle GAB, 
with the ftraight line AG, and at the point A in it, equal to the 
angle FDE ; and let BC be joined. 

Therefore becaufe a certain 
ftraight line HAG touches the 
circle ABC, and a cttt^XnJlraigbt 
line AC hath been drawn from 
the contad: cutting it ; therefore 
(by 32. 3.) the angle HAC is 
equal to the an^ ABC, the angle 
in the alternate fegment of the 

circle : bat the angle HAC is equal to the angle DEF ; therefore the 
ao^ ABC is equal to the angle FED. Certainly for the (ame 
reafon alfo the angle ACBi^ equal to FDE; and tl^mSbre (by 32; 
I.). the remaining adgle BAC is equal to the remaining angle EFD : 
wherefore the triangle ABC is equiangular to the triangle DEF ; 
and it has been infcribed in the circle ABC (by^ def. 3. 4.). 

Wherefore a triangle equiangular to the given triangle hath been 
iniicribed in die giren circle. Which was to be done« 

PROP. IIL 

To circamicribe a triangle, about a^ given cirde, equiangular to 
a given trisaigle. 

Let ABC be the given circle, and DEF the given triangle ; it is 
required to circumfcribe a triangle about the circle ABC equian- 
gular to the triangle DEF. 

Let EF be produced towards both parts, to the points H, G ; 
and let K the center of the circle ABC be taken i and let the 
Ibaight line KB be drawn as it xr^y happen : and let the angle 
BKA be made with the ftraight line KB and at (he point K in it 
equal to the angle DEC; and BKC eqval to-the angle D'FH ; and 
through the points A, B, C let the Jiraigbt lines LAM, MBN, 
NCL be drawn touching the circle ABC* 

Vol, L O and 
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Book IV. And bccaufc LM, MN, NL 
touch the circle ABC in the 
points. A, B, C ; and from the 
center K ; KA, K5, KC have 
been drawn to the points A, 
B, C ; therefore (by 18. 3.) 
the angles at the points A, B, 
C are right angles. And be- 
caufe the four angles of the 
quadrilateral figure AMBK are 
equal to four right angles (by 

32. I.) ; [fince the quadrilateral figure AMBK is divifible into tw«» 
triangles] of which the angles KAM, KBM are two right angles; 
wherefore the remaining angles AKB, AMB arc equal to two tight 
angles ; but the angles DEG, DEF are alfo (by 13* i-) equal to 
two right angles ; wherefore the angles AKB, AMB are equal to 
the angles DEG, DEF ; of which AKB is (by conft.) equal to 
DEG ; therefore the remaining angle AMB is equal to the remai- 
ning angle DEF. Certainly in the fame manner it will be. demon- 
ftrated that the angle LNM is equal to the angle DFE j therefore 
the remaining angle MLN is equal to the remaining ang/e EDE 
(by 32. 1.) ; therefore the triangle LMN is equiangular to the tri- 
angle DEF and (by def. 4. 4.) it is circumfcribed about the circle 
ABC. 

Wherefore a triangle, has been circumfcribed about the given 
circle, equiangular to the given triangle. Which was to be done* 



PROP. IV. 

To infcribe a circle in a given triangle. 

Ltt ABC be the given, triangle ; it is required to infcribe a circle 
in the triangle ABC. 

Let the angles ABC, BCA be cut in halves by the ftraight lines 
BD, CD ; and let them meet one another in the point D ; and 
from the point D let DE, DF, DG be drawn, perpendiculars to the 
ftraight lines AB, BC, CA. 

And becaufe the angle ABD is equal to the angle CBD, for 
ABC is cut in halves ; alfo the right angle BED is equal to the 

right 
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right angle BFD ; therefore there are two 

triangles EBD, DBF having two angles equal 

to two angles, and one fide equal to one fides 

viz. BD common to both extended under one 

of the equal angles ; alfo (by 26. 1 .) they 

will therefore have the remaining fides equal 

to the remaining fides ; therefore DE is equal 

to DF : Certainly for the fame reafon alfo 

DG is equal to DF ; wherefore the circle 

defcribed with the center D and at the dif* 

tance of any one of the fines DE, DF, DG "b 

will pais alfo through the remaining points, 

and will touch the ftraight lines AB, BC, CA j on account of the 

angles at the points E, F, G being right angles ; for if it (hall cut 

them ; there will be a Jiraigbt line, drawn at right angles to the 

diameter from. its extreaiity, falling within the circle, which (by 

i^. 3.) is abfurd : wherefore the circle defcribed with the center 

D and at the idiftance of any one of the lines DE, DF, DG does 

not cut. the ftraight lines AB, BC, CA ; therefore it will touch 

them ; and will be a circle infcribed in the triangle ABC. 

Wherefore the circle. EFG is infcribed in the given triangle 
ABC. Which was to be done. 




Book IV. 



PROP. V. 

To circumfcribe a circle about a given triangle. 

Let ABC be the given triangle : it is required to circumfcribe a. 
circle about the given triangle ABC. 

Let AB, AC be cut in halves in the points D and E ; and let 
DF and EF be drawn from the points D, E at right angles to AB, 
AC J they will meet cither within the triangle ABC or in the 
ftraight line BC or without the triangle ABC. 

Firft let them meet within at the point F ; and let BF, FC, FA 
be joined : and becaufe AD is equal to DB ; and DF common and 
at right angles j therefore (by 4. i.) the bafe AF is equal to tha 
bafe FB : Certainly in like manner we fhall demon ftrate that CF i$: 
alfo equal to FA j fo that (by com. not. i.)BF is alfo equal to. 

O 2 FC; 
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^)okIV, FC ;. therefore the three ftraight 
V«v=5^ lines FA, FB, FC are equal to 
one another;, wherefore a circle 
defcribed with the center F and 
at the diftance pf any one of the 
Unes FA, FB, I^^C wiH alfo pafs 
through the remaining points; 
and the circle wHl be circun^- 
(bribed about the triangle ABC ; 
and let it be de£:ribed as the circle 
ABC. 

But let PF, EF meet in the 
ibaight line BC> as it is in the fecond %ure $ and let AF be joked : 
Certainly in the fame manner we £hall demonftrate that the point 
F is the center of the circle circumfcribed about the triangle ABC« 

But let DF, £F meet without the triangle ABC, agaki 4n the 
point F ; as it is in the third figure ; and let A^P, FB^ FC be 
joined i and agsdn becaufe AD is equal to DB> and DP eommdii 
and at right angles ; therefore (by 4« 1.) the l^fe AF k equd to 
the baie FB : Certainly in the fame manner we iOiall demfonllrate 
that CF is e<|ual to FA ; fb that aUb BF i$ equal to FC ; there- 
fore again the circle defcribed with the center Fand-at the diftance 
of any one of the lines FA, FB, FC will alfo pafs through the re«- 
maining points ; and will be circumfcribed about the triangle ABC; 
and let it be defcribed as ABC. 

Wherefore a circle has been circnmfcnbed about the gi^n tri- 
angle. Which was to be dene. * 

Cor. And it is manifeft that, when die center of fhe ekdb 
falls within the triangle, the angle BAC being in a iegment greater 
than a femicircle, is leis than a right angle ; but when k faUs in 
BC being in a femicircle, it will be a right angle; but when the 
center falls without the triangle ABC, the angle BAC being in & 
iegment lefs than a femicircle^ is greater than a right angle. So 
that alfo when the given triangle is acute angled the ftrdighc lines^ 
DF, £F will meet within the triangle ; but when BAC is a right 
angle ; they wiWmatm^ BC y but when it is greater than a right 
angle, without the triangle ABC. 

PROP. 
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P R O ?• VL ^^^ '^• 

To infcribe a fquare in a given circle. 

Let ABCD be the given circle : it is required to infcribe a fquare 
in the circle ABCD. 

Let AC» BDr diameters of the circle ABCD» be drawn at right 
angles to one another; and let AB, BC, CD^ DA be joined. 

And becaufe BE is equal to ED 1 for 
£ is the center ; and £A common and 
at right angles ; therefore (by 4. i .) the 
bafe A;B is equal to the bale AD : cer- 
tainly for the fane reafon alfo eadi of 
Ibe tifies fiC^ CD is equal to each of b | 
die Unes BA» AD ^ therefore the qua* 
drilateral figure ABCD i« equihteral. 
I fay it ia alfo reAangular : for becaufe 
die fliraight line 6D is a diameter of the 
circle ABCD ^ therefore BAD is a fe- 

lakkcU ; ther^ore the angle BAD is a right angle (by 31^ 3.) : 
Certainly for the fame reafon alfo each of the angks ABC, BCD, 
CDA is a right angle -, therefore the quadrilateral figure ABCD is 
reAangular : but it has been demon ftrated to be equilateral ; there- 
ibre it is a fquare f and it has been infcribed in the given circle 
ABCD. 

Wherefore the fquare ABCD has been infcribed in the given, 
circle ABCD, Which was to be done. 




PROP- vn. 

To circumfcribe a fquare about a given circle. 

Let ABCD be the given circle : iris required to circumfcrfbt a 
fquare about the circle ABCD. 

Let AC, BD two diameters dF the circle ABCb be drawn at 
right angles to one another *, and through the points A, B, C, D 
kt FG, GH, HK, KF be drawn touching the circle ABCD. 

Wherefore fince FG touches the circle ABCD j and from tlie 
center E to the contadl at A, the /raight line AE hath been drawn 5 
therefore the angles at A are right angles ; Certainly for the fam6 

t^afoa^ 
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Book IV. reafon the angles at the points B, C, D 
are right angles ; and betraufe the angle 
AEB is a right angle (by conft.) ; as alfo 
the angle EBG (by cor.to 1 6. 3.) is a right 
angle; therefore (by 29.1O GH is parallel 
to AC : Certainly for the fame reafon alfo 
AC is parallel to FK : and in the fame man- 
ner we fhall demonftrate that ^ach of the 
lines GF, HK is parallel to BED : where- 

fore GK,GC,AK,FB,BKare parallelograms; therefore (by 34. i.) 
GF is equal to HK; and GH to FK; and becaufe AC is equal to BD; 
but AC (by 34. i.) is equal to either of the lines GH, FK ; and 
BD is equal to either of the lines GF, HK ; therefore alfo each of 
the lines GH, FK is equal to each of the lines GF, HK ; therefore 
the quadrilateral figure FGHK is equilateral : I fay that it is alfo 
redangular : For becaufe GBEA is a parallelogram ; and AEB is a 
right angle; therefore (by 34* i.) AGB w alfo a right angle; cer- 
tainly in the fame manner we (hall demonftrate, that the angles at 
the points H, K, F are right angles ; therefore the quadrilateral 
figure FGHK is redlangular ; and it has been alfo demojiftrated to 
be equilateral ; therefore it is a fquare and has been circumfcribed 
about the circle ABCD. 

- Wherefore a fquare has been circumfcribed about the^givea 
circle. Which was to be done. 



PROP. VIIL 

To infcribe a circle in a given fquare. 

Let ABCD be the given fquare : it is required to infcribe a 
circle in the fquare ABCD. 

Let each of the lines AB, AD be cut in A £ D 

halves at the points F, E ; and through 
the point £, let EH be drawn parallel to 
cither of the lines AB, CD ; and through 
the point F, let FK be drawn parallel to 
either of the lines AD, BC ; therefore each 
of t\it Jigures AK, KB ; AH, HD ; AG, 
GC ; BG, GD is a parallelogram ; and 
certainly (by 34. i.) the oppofitc fides of 
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them are equal : and becaufe AD is equal to AB (by fupp.) ; and Book IV'. 
AE is the half of AD ; and AF the half of AB • therefore AE is ^-^'"^ 
equal to AF ; fo that alfo the oppofite ^s are equal ; therefore 
FG is equal to GE : Certainly in the fame manner we (hall de- 
monftrate that each of the imes GH> GK is equal to each of the 
lines FG, GE ; therefore the four GE, GF, GH, GK are equal to 
one another ; therefore the circle defcribed with G for a center 
and at the diftance of any one of the lines GE, GF, GH, GK will 
alfo pafs through the remaining points ; and will touch the ftraight 
lines AB, BC, CD, DA; on account of the angles at the points E, 
F, H, K being right angles (by cor. to i6. 3.) ; for if the circle 
will cut the ftraight lines AB, BC, CD, DA ; the ftraight line 
drawn at right angles to the diameter of the circle from its extre- 
mity will fall within the circle; which is abfurd (by 16. 3.); 
wherefore the circle defcribed with the center G and at the diftance 
diany one of the Unes GE, GF, GH, GK does not cut the ftraight 
lines AB, BC, CD, DA \ therefore it will touch them and will be 
infcribed in the fquare ABCD. 

• Wherefore a circle has been infcribed in a given fquare. Which 
was to be done. 

PROP. IX. 

To circumfcribe a circle about a given fquare. 

Let ABCD be the given fquare : it is required to circumfcribe a 
circle about the fquare ABCD. 

For AC and BD being joined let them cut one another in the 
point E. 

And becaufe DA is equal to AB ; and 
AC common \ certainly the two DA, 
AC are equal to the two BA, AC and 
the bafe DC is equal to the bafe BC ; 
therefore (by 8. i.) the angle DAC is 
equal to the angle BAC ; therefore the 
angle DAB has been cut in halves by 
AC : Certainly in the fame manner we 
(hall demonftrate that each of the angles 
ABC, BCD, CDA hath been cut in 
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Book IV. halves by the ftraight lines AC» DB : and becaufe liie angle DAB 
^^--vw is; equal to ABC j and EAB is the half of I>AB ; and EBA u the 
half of ABC^ therefore the angle EAB is equal to the oKgk BBAj^ 
£^ th^t alfo (by 6. i.) the fide EA is equal to the £de EB : Cet^ 
tainly ici the fame manner we (hall democi (Irate that each of the 
jftraight Unes EC, ED is equal to each of the ftraight lines EAji 
£E ^ tbef?efare the four Jiraight lims E A, EB, EC, ED are equal 
to one another ; wherefore a circle d^fcribed with the center E and 
at the diAance oi anyone of the Unes EA^ EB, EC, ED will pafs 
al£> through the remaining points; a^d will be circumicribed 
ibbout the f^uare ABCD. 

WherefoK a circle has heen.circumfcribed about a given fqupre^ 
Which wais to be done. 



PROP. X. 

To make an ifbfceles triangle, having each of the angles at the 
bafe double of the remaining ang/e. 

J)tnw any ftraight line AB ; and let it be cut in the point C, 
(by II. 2«) Co that the redangle contained by AB, BC may ba 
equal to the fquare of CA ; and with the center A and at the dis- 
tance AB let the circle BDE be deicribed : and let BD a ftraight 
line equal to the ftraight line AC« which is not greater than the 
diaiMter of the circle BDE be applied in the circle BDE (by i. 4. ) : 
and let DA, DC be joined ; and let the circle ACD be circumfcri- 
bed (by 5* 4.) about the triangle ACD. 

And becaufe the re£fang/e contained by 
AB, BC is equal to the fquare of AC : 
and AC is equal to BD i wherefore the 
reQangle cantmned by AB, BC is equal to 
the fquare of BD ; and becaufe a certain 
point fi has been taken without the circle 
ACD; and from the /^iiffif Bt two ftraight 
lines BCA9 BD have fallen upon the 
circle ACD and one of them cuts //, and 
the other falls upon it ; and the reSangU 
contained by AB, BC is equal to iht fquare 
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of BD; wherefore (by 37. 3.) BD touches the circle ACD^BookJV. 
wherefore becaufe BD touches //, and from the contaft at D : DC ^"^"^ 
has been drawn cutting it ; therefore (by 32. 3.) the angle BDC is 
equal to the angle DAC in the alternate fegment of the circle : 
wherefore becaufe the ang/e BDC is equal to DAC let the angle 
CD A which is common be added j therefore the whole angle BDA 
is equal to the two angles CD A, DAC : But (by 32* i.) the out- 
ward ang/e BCD is equal to the angles CDA, DAC ; therefore the 
angle BDA is equal to the ang/e BCD ; But the ang/e BDA is equal 
to CBD (by 5. 1.) > fi^^^c ^^^ fid^ AB is equal to AD ; fo that alfo 
the ang/e DBA is equal to the ang/e BCD : therefore the three 
ang/es BDA, DBA, BCD are equal to one another : and fince the 
angle DBC is equal to BCD (by 6. i.) the fide BD is alfo equal to 
the fide DC ; but BD is put equal to CA ; therefore alfo AC is 
equal to CD ; fo that the angle CDA is equal to DAC ; therefore 
the angles CDA, DAC are the double of DAC ; but the ang/e 
BCD is equal to the ang/es CDA, DAC ; therefore BCD is alfo the 
double of DAC ; but BCD is equal to either of the ang/es BDA, 
DBA ; therefore each of the ang/es BDA, DBA is double of the 
ang/e DAB. 

Therefore an ifofceles triangle ADB has been made, having each 
of the angles at the bafe BD double of the remaining ang/e. Which 
was to be done. 

P R O P. XI. 

To infcribe an equilateral and equiangular pentagon in a given 
circle. 

Let ABCDE be the given circle ; it is required to infcribe an 
equilateral and equiangular pentagon in the circle ABCDE. 

Make (by 10. 4.) the ifofceles triangle FGH having each of the 
angles at G and H double of the angle at F : and infcribe (by 
2. 4.) the triangle ACD in the circle ABCDE equiangular to the 
triangle FGH ; fo that the ang/e CAD may be equal to the angle 
at F ; and each of the ang/es at G a;nd H equd to each of the 
angles ACD, CDA ; therefore alfo each of the ang/es ACD, CDA 
is double of the ang/e CAD : Let each of the ang/es ACD, CDA 
be cut in halves (by 9. i.) by the ftraight lines CE, DB ; and let 
AB, BC, DE, EA be drawn. / 

Vol. I. P Where. 



Digitized by 



Google 




JI4 T H £ ELEMENTS 

Book IV. Wherefore becAufe each of the 

^"^'-^^'^ angles ACD, CDA is double of the 
angle CAD; and th^y have been cut 
in halves by the ftraight lines CE, 
DB ; therefore the five angles DAC, 
ACE, ECD, CDB, BDA are equal 
to one another ; but (by 26. 3.) equal 
angles ftand upon equal circumfe- 
rences ; therefore the five circumfe- 
rences AB, BC, CD, DE, EA are equal to one another : but (by 
29. 3.) equal ftraight lines are extended under equal circumfe- 
rences ; therefore the five ftraight lines AB, BC, CD, DE, EA are 
fcqual to one another ; therefore the pentagon ABCDE is equila- 
teral ; I fay it is alfo equiangular ; for becaufe the circumference 
AB is equal to the circumference DE ; let the common circum-^ 
ference BCD be added ; therefore the whole circumference ABCD 
is equal to the whole circumference EDCB : And the angle AED 
ftands upon the circumference ABCD 5 and the angle BAE ^andi 
upon the circumference EDCB; and therefore (by 27. 3.) th4 
angle BAE is equal to the angle AED : Certainly for the famo 
reafon alfo each of the angles ABC, BCD, CDE are oqual to 
cither of the angles BAE, AED : therefore the pentagon ABCDE 
is equiangular ; but it has alfo been demonftrated to be equilateral. 
Wherefore an equilateral and equiangular pentagon has been in- 
fcribed in a given circle. Which was to be done. 

PROP. XII. 

To circumfcribe an equilateral and equiangular pentagon about a 
given circle. 

Let ABCDE bethe.given circle i it is required to circumicribe 
an equilateral and equiangular pentagon about the circle ABCDE. 

Let A, B, C, D, £ be undcrftood to be the points of the angles 
o( a pentagon infcribcd (by 1 1. 4.) fo that the circumferences AB, 
BC, CD, DE, EA may be equal : And through t\it points A, B, C, 
D, E let GH, HK, KL, LM, MG be drawn touching the circle : 
artd kt F the center of the circle ABCDE be taken ; and let JFB^ 
FK, PC, FL, FD be joined. 

And 
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And becauie the ftraight line KL touches u Book iv. 

the circle ABCDE in the point C ; and 
from the center F to the conta(3: at C 
the line FC hath been drawo ; therefore 
(by 1 8* 3,) FC is perpendicular to KL ; 
therefore each of the angles at the poiat 
C is a right angle. For the fame reafon 
2M0 the angles at the points B, D are right 
angles : and becaufe the angle FCK is a 

right angle ; therefore (by 47. i.) the /quare of FK is equal to 
the /quarts of FCj CK : Certainly for the fame reafon alfo ^the, 

Jquare of FK is equal to t\i^fqnares of FB, BK ; therefore (by 
com. not, I.) the fquares of FC, CK are equal to the Jquares of FB, 
BK i of which the fquan of FC U equal to the Jquare of FB 5 
therefore the remaining fquare of CK is equal to the remaining 

^uare of BK ; therefore BK is equal to CK : And hecaufe FB is 
equal to FC and FK common ; certainly the two BF, FK arc equal 
to the two CF, FK ; and the bafe BK is equal to the bafe CK ; 
therefore (by 8. x.) the angle BFK is equal to the angle CFK; and 
the angle BKF; equal to FKC; therefore the angle BFC is double 
of KFC and BKC is double of FKC. Certainly for the fame reafon 
alfo CFD is double of CFL 5 and the angle CLD is double of CLF. 
And becauie the circumference BC is equal to the circumference CD 
(by the conft.) ; the angb BFC is alfo equal (by 27. 3.) to the 
angle CFD; and BFC is the double of KFC ; and xhf^ angle DFC 
is the double of LFC ; therefore the angle KFC is equal to CFLi 
certainly FKC, FLC are two triangles having the two angles equal 
to the two angles, each to each ; and one fide equal to one fide ; 
FC common to them both ; therefore (by 26. i.) they will alfo ' 
have the remaining fides equal to the remaining fides ; and the re* 
maining angle equal to the remaining angle ; therefore the ftraight 
line KC is equal to CL ; and the angle FKC to FLC : and fince 
KC is equal to CL ; therefore KL is the doable of KC. Certainly 
in the fame manner HK will be demonftrated to be double of BK : 
and becauie BK has been demonftrated to foe equal to KC i and 
KL is the double of KC; and HK the double of BK ; therefore 
HK is equal to KL ; certainly in the fame manner each of the lines 
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Book IV. GH, GM, ML will be demon ft rated to be equal to cither of the 
^"•^ — ' /ines HK, KL ; therefore the pentagon GHKLM is equilateraL^ 
I fay that it is alfo equiangular; for becaufe the angle FKC is equal 
to FLC ; and HKL has been demonftrated to be double of FKC ; 
and KLM to be double of FLC ; therefore HKL is alfo equal to 
KLM : certainly in the fame manner each of the ang/es KHG, 
HGM, GML will be demonftrated to be equal to either of the 
ang/es HKL, KLM; therefore the five angles GHK, HKL, KLM, 
LMG, MGH are equal to one another : therefore the pentagon 
GHKLM is equiangular ; but it has been alfo demonftrated to be 
equilateral ; and it has been circumfcribed about the given circle 
ABCDE. Which was to be done. 

PROF. XIIL 

To infcribe a circle, in a given pentagon which is equilateral and 
equiangular. 

Let ABCDE be the given pentagon, which is equilateral and 
equiangular : it is required to infcribe a circle in the pentagon 
ABCDE. 

Let each of the angles BCD, CDE be cut in halves, by each 
of the ftraight lines CF, DF ; and from the point F, in which the 
ftraight lines CF, DF meet one another, let the ftraight lines FB, 
FA, FE be drawn. And becaufe BC, CD arc equal (by fupp.) ; and 
CF common ; certainly the two BC, CF are equal to the two DC, 
CF ; and the angle BCF is equal to the angle DCF (by conft.) 5 
therefore (by 4. i.) the bafe BF is equal to the bafe DF ; and the 
triangle BFC is equal to the triangle DCF ; and the remaining 
angles are equal to the remaining angles, jonder which the equal 
fides are extended ; therefore the angle CBF is equal to the angle 
CDF : and becaufe the angle CDE is double of CDF ; but CDE 
is equal (by fupp.) to ABC ; and the angle CDF to CBF ; there- 
fore CBA is the double of CBF ; therefore the angle ABF is equal 
to FBC : therefore the angle ABC is cut in halves by the ftraight 
Jine BF. Certainly in the fame manner it will be demonftrated, 
that each of the angles BAE, AED hath been cut in halves by 
each of the ftraight lines FA, FE. 

Let 
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Let the perpendiculars FG, FH, FK, 
FL, FM be drawn from the point F to 
the ftraight lines AB, BQ CD, DE, EA; 
and becaufe the angle HCF is equal to 
KCF ; and the right angle FHC is equal 
to the right angle FKC ; certainly there 
are two triangles FHC, FKC having two 
angles equal to two angles ; apd one fide 
equal to one fide, viz. FC common to 
them both^ extended under One of the equal angles ; therefore (by 
26. I.) they will have the remaining fides equal to the remaining 
fides I therefore the perpendicular FH is equal to the perpendicular 
FK : certainly in the fame manner it will be demonftrated, that 
each of the lines FL, FM, FG is equal to either of the lines FH> 
FK I therefore the five ftraight lines FG, FH, FK, FL,.FM are 
equal to one another : wherefore the circle defcribed with the 
center F and at the diftance of any one of the lines FG, FH, FK» 
FL, FM will alfo pafs through the remaining points and will touch 
the ftraight lines AB, BC, CD, DE, EA ; on account of the angles 
at the points G, H, K, L, M being right angles ; for if it will not 
touch them, but will cut them ; it will happen that a ftraight Rm 
drawn at right angles to a diameter from its es^tremity falls within 
the circle, which (by 16. 3.) has been demonftrated to be abfurd : 
therefore the circle defcribed with the center F and at the diftance 
of any one of the lines FG, FH, FK, FL, FM will not cut the 
ftraight lines AB, BC, CD, DE, EA ; therefore it will touch them: 
let it be defcribed as GHKLM. 

Wherefore a circle has been infcribed in a given pentagon, which 
is equilateral and equiangular. Which was to be done. 



Book IV» 



PROP.. XIV. 

To circumfcribc a circle about a given pentagon^ which is equi- 
lateral and equiangular. 

Let ABCDE be the given pentagon, which is equilateral and 
equiangular 1 it is required to circumicribe a circle about the pen*» 
tagon ABCDE, 

Let 
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Book IV. Let each' of the anglea BCD> CDE be cut in halves by each, of 
the flraight lines CF^ DF ; and from the point F in which the 
flraight lines meet, let the ftraight lines FB. FA, FE be drawn la 
the points B> A, E ; certainly in the fame manner aa in the fropo^ 
Jition before this it will be detnonllrated. that each of >tlic anglea 
CBA, BAE, AED hath been cut in halves by each of the ftraighe 
lines BF, FA, FE. 

And becaufe the angle BCD is equal to A 

the angle CDE ; and the angh FCD k y^ 

the half of BCD ; and the mgh CDF u ^ ^ 
the half of CDE ; therefore alfo the angle /\^^^^ 
FCD 16 equal to FDC : fo that <by 6- i.) I \ 
the fide FC is equal to the fide FD. Cer- \\ J 
tainly in the fame tnanner it will be de- ^je*-* 

monftrated that each of the tinti FB, FA ^^"*~r^.»^ ; 

FE is equal to either of the Un$s FC, FD : therefore the five Araigbb 
lines FA, FB, PC, FD, FE are equal to one another ; wherefore 
t^e circle delcribed with the center F and at ahe diftance of sny 
one of the lines FA, FB, FC, FD, FE wiU alfo pafs through the 
Mmaining points \ slnd will be circumfcrlbed about the peiitagon 
A&CDE, which is equilateral and equiangular ; let it be circum-* 
fcribed and let it be ABCDE. 

Wherefore a circle has been circumicribed about a given penta<» 
gbn, which is equilateral and equiangular. Which was to be done. 

P R O P. XV. 

To infcribe an equilateral and equiangular hexagon in a given 
circle. 

Let ABCDEF be the given circle ; it is required to infcribe an 
equilateral and equiangular hexagon in the circle ABCDEF. 

Let AD the diameter of the circle ABCDEF be drawn : and let 
6 the center of the circle be taken ; and with the center D and at 
the diftance DG let the circle EGCH be defcribed ; and EG, CG 
being joinedj.let them be produced to t|ie points B, F ; and let 
AB,,Bd^ CD, DE, £F, FA be drawn i I ^ that the h^sxagoo 
ABCDEF is equilateral and equiangular. 

For 
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For becaQfe the point G is the center of the 
circle ABCDEF, the ftr^git line GE is equal 
to GD ; again bccaufe the point D is the center 
of the circle EOCH, the line DE is equal to 
GD i but GE has been demonftrated to be 
cqtial to OH I therefore GE is equal to ED ^ 
tficrefort the triangle EGD is equilateral ; and 
therefore the three angles of it EGD^ GDE, 
DEG are equal to one another^ iince the angles 
at the bafe of ifofceles triangles are equal to one 
•nodicr ; and (by 32. i«) the three angles of a triangle are eqoal 
to two right angles ^ therefore the angle EGD is the third fart of 
two right angles : Certainly in the fame manner it will be. demon- 
ftrated that the angle DGC is the third part of two right angles ^ 
and becaufe the flraight lin&CG ilanding'iopon ££ rhakes the ad* 
jacent angles EGC» CGB equal to two right ftoglosi therefore. th« 
remaining angkl^GB is the third pari of two right singles ; whcm-^ 
fore the angles EGD, DGC, CGfi are equal to one aaotfaet ; fa 
that (by 15. i.) the vertical angles to tbem \ viz. BGA, AGF, 
FGE are equal to EGD, DGC, COB j : therefore the &k angles 
E'GD, DGC, CGB, EGA, AGF, FOE axe cqu4 to one another ^ 
but (by 26. 3.) equal angles itanul upon equal circoraficreitices ^ 
therefore the fix circumferences Afi, BC, CD, DE,.EF, FA arc 
equal to one another ; but (by 29. 3.) equal firaight lines jare ex« 
tended under equal circumftreaces ; tberefore the fixilraigfat lines 
are equal co one another ; tiherefbre the he^jcagon AfiCDEF is cqui^ 
lateral : I fay it is alfo equiaagular ; for becaufe. the circumferenco 
AP i$ equal to the circimiference ED ; let the. common circum* 
ference ABCD be added 1 therefore the whole circumference 
FABCD is equal to the whole circumference EDCBA i and the 
angle FED (lands upon the circumfepence FABCD ; and thean^ 
AFE upon EDCBA > therefore (by 27. 3) tbe angle AFE is^ equal 
to the angk DEF ; in^like manner it will be deroonfttatcd diat the 
remaining angles of the hexagon ABCDEF^ one by onpe, are equal 
to either of the angles AFE, iPED ,• therefore thehexagon AfiCDEF 
is equaangulac 1 and it has been demMiftrated to .be equilateral i 
and it has been inicd;b6dan the ckcle ABCDEF. / 

Wherefore an equilateral and equiangular hexagon has been in« 
fcribed in a given circle. Which was to be done. 
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Book IV. Cor. From this // is manifeft, that the fide of a hexagon is 
equal to the line from the center of the circle. 

And if we draw through the points A, B,C, D, E, Y Jlraigbt linet 
touching the circle, an equilateral and equiangular hexagon will* be 
circumfcribed about the circle, agreeable to what has been faid 
concerning the pentagon : And farther we £hall infcribe in a given 
hexagon and alfo circumfcribe a circle by the like fieps as have been 
mentioned concerning the pentagon. 

PROP. XVI. 

To infcribe an equilateral and equiangular quindecagon in a 
given circle. 

Let ABCD be the given circle ; it is required to infcribe an 
equilateral and equiangular quindecagon in the circle ABCD. 

Let AC, be infciribed in the circle 
ABCD, the fide of an equilateral triangle 
infcribed in it ; and let AB, be infcribed, 
the fide of an equilateral pentagon. 
Wherefore of what equal fegmcnts the 
circle ABCD is fifteen ; of fuch the cir- 
cumference ABC, being the third part 
of the circle, will be five ; and the cir- 
cumference AB, being the fifth part of 
the circle, will be three ; therefore the 

remainder BC will be two of thefe equal fegments $ let BC be cut 
in halves in the point E (by 30. 3.) ; therefore either of the cir- 
cumferences BE, EC is the fifteenth part of the circle ABCD ; 
therefore joining the ftraight lines BE, EC ; if we apply in the 
circle ABCD continually flraight lines equal to them (by 1.4.) 
there will be infcribed in it an equilateral and equiangular quin- 
decagon. Which was to be done. 

And in like manner as was done concerning the pentagon ; if 
through the divifions of the circle we draw lines touching the circle; 
an equilateral and equiangular quindecagon will be circumfcribed 
about the circle ; and farther we (hall infcribe in a given quinde- 
cagon, which is equilateral and equiangular, and alfo circumfcribe 
a circle by the *like Jieps as have been mentioned concerning the 
pentagon^ 
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IN the former diflertation many things are not mentioned which 
a carelefs reader requires to be put in mind of, becaufe I 
confidered that fuch readers would ftand in need of frefli admo- 
Bitions, to induce them to read my obfervalions ; which deter*- 
mined me to fteer a kind of middle courfe^ by reducing my re-- 
marks to fome general heads^ and illuftrating them by exiamplest 
which the reader is fuppofed to apply in all fimilar circumftances. 
Upon this principle it feemed lieedlefs to remark that the demon** 
ftrations of the twelfth^ thirteenth and fourteenth propofitions of 
the fourth book^ are more general than they appear to be at firft 
fight ; for if the reader obferve my general rule for the examina- 
tion of every fuppofition ; he will find no confequence drawn from 
the number of fides being five ; it being only necefiary that the 
infcribed figures be equilateral and equiangular ; which (hews the 
demonftrations to be much more general than is profefled in the 
propofitions. In like manner^ as it has been particularly remarked 
before^ it feemed unnecefiary to defire the ftudent to. obferve the 
ingenious contrivance for cutting the angles of the figure in halves, 
in the thirteenth propofition, having earneftly recommended atf 
attention to all fuch indirect conftruAions : for in this inftance if 
all the angles were cut in halves diredtly, it would be found no 
eaiy matter to prove that the lines will all meet in F ; but by cut* 
ting any two of the angles in halves* which follow each other in 
order* the point P is fixed ; and then joining this point* and the 
other angular points* it is eafy to prove that tbefe lines will cut alf 
the other angles in halves. And whoever reads the former difier- 
tations with this allowance* will readily grant that I have been fuf- 
jficiently particular. I now proceed to a fubjeA which will exer-^ 
Yql^ J. Q^ cife 
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cife the reader's patience if he chufes to gp along with me ; for 
this dii&rtation will confift of a minute enquiry into the origin of 
our ideas of proportional magnitudes^ 



C H A Pr I. 

Of farts and tmdtipks^ 

IN the firAib4H^booIu£ucMd<x)o^efsiu> other tehi^ 
Mtudes bat tbsir eqjaality i at leaA when he fpeaks of myotheft 
it is n a loofe and uadetermined maaner, withxHrf erer cMfidesiog, 
how much greater or how much leTs the one^ is tbaa the other.f 
And this will be obvious to any one who chufes to turn his thoughts 
ijp the nature of his propofitions » the commoA notioo of whole 
aad part therefore is fiifficiently accurate for l&s purpofe in th«fi» 
books. Bui[ the objeA which he has in view ia this book» beiagf 
tp fettle other relations of magnitudes befides dieir equality, makes 
if neceilary to introduce, and con&quently to define^ a new ideft 
of whole and part under the name of a multiple and part Take 
Kwo ftraight Hnest one of them fixt ami the other undetermined i^ 
l^y thf^ third propofition of the firft book two unequal lines being 
given^ you may' cut o^T a part from the greater equal to the lefs i 
:hm1 thus you may make a ftraigbt line^ twice, three times, fo^r-^ 
tiiiies,. or. fivetimes &c. as long as another i the line originally fix& 
is calM a parti and the line which you determine by this cOn«* 
i^udiQX) is called a multiple % they are relative terois,. or as Eucli4 
f^refies it, a magnitude of a magnitude^ The firft thiJig therefore. 
Hfhich the ftudent has to fettle in bis own mind, iv what th« 
a^ggnitudes are and in what circumftaoces they muft be, befonoi 
this relatioa of multiple and part can take places and. not only io^ 
b^t what tbe magnitudes are between which .he can exhibit the(^ 
relations fcientifically from what has been d^monrftrated in the firfl^ 
four books. And firft it is obvious that a ftraigbt line caaoot ba 
a part or multiple of a triangle ; nor of the circumference of ^ 
circji9 V Qor indeed can we confider one triangle as^^ part:of anothev 
unleft they be between- the iame parallid> lines;, nor the circumfei 
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tfMce^ of two eirclt» $ as part and multiple uillefs <he circles be 
equal : but to fettle this more particularly let us confider what 
magmtttde»9 we can ntultiply^ that is meaiure exa^Iy, and in wha€ 
ctrcumftances : Now we can multiply or meafure exaftly, two' 
ftraight lines by the third propofition of the firft book ; that is we' 
ean take any ftraight line five^ fix &c. tintes ; or if the fuppofitioa 
^ that one ftraight line is five, fix &c« times any other Hue ; we 
can dinde this multiple into its parts. But the reader is not by 
take my word for this ; and the more inftances in which he tries^' 
it, the more likely is he to undcrftand what follows. 

By multiplying (that is doubling, trebling &c.) the bafe of a" 
triangle, you multiply the triangle, ptoridcd the p«rt and multiple* 
arc between the fame parallels ; and the fame may bc-faid of pa-^ 
hdlelograms : fo ^t here we begin to make our notions of mag>*^ 
ftrtudes fbmewhat more complicated. It is fakl in the fif ft book 
Ihat triangles upon equal bafes and between the fame parallels are 
equal, but now we advance a ftep farther, and fay^ that triangles^ 
Ufpon double bafes are double, and uponi treble bafes are treble bccf 
if^idb tranfition the ftudent who is defirous to have his ideas keep^ 
pace with his apparent progrefs in the fcience will do well to^ 
cbferve. 

Angles, circumferences and fedors of equal circles may be mul« 
trpfied by the principles contained in the twenty -»fix(h*ieventh« 
^ghth, and-> ninth propofitions of the third book : becaufe by^ pla<^ 
«ng or applying equal ftraight lines in a circfc you cut off equal 
circumferences ; you make equal angles at the center or circun>-^ 
ftrtnce ; and it is alfo eafy to prove that the fedors are equal : all 
Ais however the ftudent muft demonftrate ; and I believe it wiH 
be found that thefe are all the magnitudes which can be multi*' 
plied according to Euclid's idea in his two firft definitions ; for it 
does not appear to me thdt it wouldr be Sufficient to have one tri* 
angle three times as large as another unlefs they be between the 
fame parallel lines, to fay- that the one it a multiple of the other ; 
becaufe the definitions fuppofe that the multiple may be divided 
&to its parts, which is what I und^rftaud by the word mfofures. 
Bat, all thefe, the ftudent ftiould examine by a particular conftruc* 
tionr, JS' he. means to underftand any part of this bufinefs s and I 
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am perfuaded he will find, that ilraight lines ; triangles and pa* 
rallelograms between the fame parallel lines ; angles, circucnfe- 
rences and re£ix)rs of equal circles are all the magnitudes which 
can have the relation of multiple and part to one, who has no other 
principles to go upon but thofe contained in the firft four bookSa 

It may be thought that particular, inftances explaining each of 
thefe circumftances would have been ufeful ; but the conftrudion 
of fuch figures is extremely obvious, and it will be mudi more 
improving for the learner to defcribe the figures for himfelf, be-^ 
caufe he may look at figures already defcribed, without compre- 
hending what they are intended to illuftrate, which can never be 
the cafe if the figures are properly defcribed by himfelf. Now thia 
being perfedly underftood, and the proper meaning of the twa 
firft definitions determined; the ftudent is next to endeavour ta 
acquire a ready ufe of them ; by reafoning upon fuch confequencea 
as follow moft diredly from them : let him fuppofe one magnitude 
to be a part of another and try what confequences will follow $ 
and the only direct confequence is that the part will meafure the 
multiple ; but what is the meaning of this ? Let the reader fuppofe 
two ftratght lines which we fhall call AB and C ; and let C be a. 
part of AB ; then if we begin at the point A and (by 3. i.) take, 
of a part equal to C and from the remainder a part equal to C ^ 
we muft at laft fall in with the point B ; becaufe, if this did not 
happen, C could not be a part of AB, contrary to the fuppofition ;, 
becaufe this is what I underftand by meafuring it : and tHe fame 
confequence follows if we fuppofe AB a multiple of C. 

But it will be neceflary to reafon in the fame manner upon eacb 
of the magnitudes, which have been mentioned as coming undec 
thefe definitions of a part and multiple. 

CHAP. ir. 

Of equimultiples^ 

THE word equimultiple^ one might imagine has its meaning 
fblly aicertained, by the common acception of the two words of 
which it is made up ; and yet I cannot tell how it happens, that 

it 
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|t hardly ever conveys a difljbA idea, to the mind of a leamett as 
it is applied in this fdence s farely nothing feems more obvious 
tbfin that it is to be underftood of magnitudes taken an equal num* 
her of times ; but I have generally found that there is fome confu* 
fed notion of equality of magnitude that accompanies the concep- 
lion of equimultiples j than which nothing can pofGbly be more 
abfurd ; for it means only that the magnitudes are taken the fame 
\ . number of times ; thus if any (traight line> which you may call 

A be taken three times ; and call this BC : and fuppofe any angle 
to be trebled; we fay that BC and this angl^ are equimultiples of 
the line A and of the angle which was taken three times ; or to 
^. more particular ( turn to the figure for the firft propofilion of 
the &xth book) the ftr$ugbt line HC and the triangle AHC» though 
ihey can have np connexion with each other as to magnitude^, are 
Pfveitthelefs equimultjpj^s^qf the ftraight IjrieBC and of the tri^ 
angle ABC :• and again (fee tbc/fignre to the thirty third propofi^^ 
^ionof the fixth book) the circumference EN and the iangle £HN» 
though magnitudes c^ quite different kinds» are equimultiples of 
the circumference £F and ef the angle £HF ; or in (hort this ex-* 
predion means no more, but; that when the multiples are dii^ided 
into their parts> the number of divifions in each. is the fame ; as 
in the inftances above,t HG is divided into three parts each equal 
to BC i and the triangle AHC into three parts aUb each equal to 
the triangle ABC ; thefe equimultiples therefore agree m nothing 
but that they can be divided into the £ime numhep of parts ; and 
this is the moft dired con&quence which will folliow from the fup* 
poiitioQ of their being equimultiples. But in. ordier to. underftand 
the meaning of this term» and the two firft definitions it will be 
proper for the reader to examine the three firft pcopofitions toge-» 
ther with the fifth and fixth of this book« 



CHAP. IIL 

Containing further iUuftrations of the frft and fecond d^nithns. 

. THE reader will perceive, if he ha$ gone through the different 
fteps of the.conftcu^ions which I have re<iommended^ tiiat aUi 
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^hofti iMi{[nkisde$ which me can multlpty ; (re ddublod,. trebled 
&c« by the. aififtance of a ikrajght lioe i ib that whatever can bt 
flieira to be a proptrty of^ a multiple^ eqmmaltiplea or parts of a 
Araight line :tbe ;fame may be Kadity transferred to triangles or pa<^ 
faUelograms, betufeea the^fame parallel lines; to angles; cireumfs-^ 
feocca and f^Apn of eqvial circles i; which I contend are all thi 
jnaj^itudes which we can moltiply, agr^able to Euclid's two firft 
^defimticns^ and pfobably for this reafon the conftrudfrions and de-^ 
•flQcniftfatioiia an thia fifth book are confined to Araight Knes only; 
altkoiigh the i«naiK:iatiQ.ns are expreffiMi of magnitudes in generaF. 
Let us fitppoic that the reader has examined the three firft propo* 
.fitiona aa<| the fifth and fixth; only obferving, that Euclid is here 
d^noBftrating properties of ftraight lines^ I fliaU now proceed to 
joakcibme resnarks upon then^ in ofder. And fiirft it is faid that 
AB ia amiilliplexif E ; e^ummkif/iyou mean ; no> npt to is^ let us 
exaqiinf omthingat atinaei I 4y ^at the fuppc^tion is; AB ia li 
sauh^le ^ E; waU let uafee what confeqnence follows from thiai 
^cufr e^ firom ^B the tine AG equal to B ; and by proceeding thus 
yon miift foXL m with the poiQjt B ; that is I thus divide AB into 
parta eqoal to £: ; oi i mts^ktt AB ; take care to diftingmih be-« 
tween thk, and the frfpo/mg k divided i for if the reader be given 
to ^^pofitiona ^f this hind, he had better fiippefe the whole book 
dtmoi^ratcd. In Kke ntanner CD by the fuppofition is a naultiplo 
«f F ; and the fame cooftqueopes^ fellow ; namely that ia the fame 
•aaniicr I divide CD into^ parts^ eqtiai to^ F : Bu^ ^f thef by the-f^p- 
pqfitiM Ad and €& arc equiintil«i]plM o^ £ and F $ le« ua ^e what 
€O0&qiieiice f<^ws' from this part of ihe Aippofieion ; not^in^ 
mose fhaf> thtfev tbat a^r 1 hav« derided the multiples into mag*- 
aitndes cqnat to* tho pafto, the^ n«M»ber of divifions in^ both is thd 
fame ; for certainly if Ad be the double of E and CI> the double 
of F ; AB contains E twice and CD contains F twice ; and the 
fame may be faid of any other ecjuimujtiples ; and the ufe made of 
it in this propofition is» that if you take away the parts one by one, 
whtt^ yo!) hiMRa dQn^ wii^ one miiltipk aH ^ other eqiaimultipks 
-mufi: be exhaufted at the fame time. 

' Bbtfiirtbari. tiiii propofttiofi ftoold be examined ftilt more par- 
akabvly ; . becavfe^ aWbongh thia nMf ttam acedtefa for* thofo ttf 
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irfatHB Eul^d Write9^ I kAow it Id be edeittiaU/iito^try^ for tho(b 
I %> wham tlni differtition is addtcrfled. The llmlent k therefore ta 

brifl^ this OoMlufion snore diredly to the dcfioittoost. at letft tm 
t take fuch ileps as feem mpSi likely to carry has attentioii up to the 

f 4^fiiii)liOfis» F^ this pwpdfe tet him draw two indefinite ilraight 

\ Mums I add cutting off from one of dicm % line jequai to B aikd P 

t(|^ther ; be Is <hen to proceed m the lame manner and cut o£' 
from the other a line equal so AO and CH together i and froay< 
the remaiader a line equal to GB and HB together > aad fo tat 
BfUiJhehasmaidkalJtteeqaaltaABandCDtogelfaeri Heisnejtt 
S9 deibonftrafe that tfae ]^ht^ niade equal t6 £ and P together^ wall 
taeaAiiie the itne' made equal: to AB and CD together i aiMi whenk 
ihia is done he can fay^ that the one line ia a part or multiple; of 
the other : But after all it remains to be proved that the one liiid 
i» GontaiMd ift ahc othef^ jufl: as often as*£ k ooutiUaad in AB i. 
%Rd the* he miy istf itiat ABi an^ A3> CI> together aire e4ulii^ul*« 
6f>lc!a of E > and of £> F tog^stfan. Let himf, after chit poiaciv 
jfiMtled to hifi full^conviAion^ prooeed in the fame mamier with thre» 
midti^^s &5C. antil he can fay ispoo good groonds if there be anyl^ 
^ttmber of laagnitudtos &Ck 

The fecond and third propofitions muil be perfedify intdligibltt 
to any one who has gone the progrefs which I have recommended, 
upon the firft. But before entering ujion the fifth it will be pro« 
per for the reader to obferve that we are not a& yet taught how 
to take even a thkd.part.of a ftraight Iinc> much lefs how to 
take any part t indeed we can cut a ilraight line in halves ; by, 
^hioh coailraditbn wo mayf tajiie a half, a foortkpii/t^/alAd'ahxigith 
]gut &ic. but nothing joaore : the boaftrafiiDitthcre&re in j!he fiftii 
jrropofition is impracticable ; for if AB be three times CCb;, I oan^* 
«ot take tk thin) part of BE but upcm.the fuppofition that*£B is m. 
Viultiple of FD ; which is takii^' for granted the very, thing to bo 
pcofed^L if a line be a multiple* of another I >caa divide it into it9 
parts ;, but not otherwife ; which makes a different conftru6tioGi< 
i^eoefliary. heret.from that^giveo in thd tat |: hot fufficieotly obvious, 
irom the conftruftion in the next propofition : forprodttcing BA 
4iredly ibrward». we may cutoff linesiequdx to FD, amitwe hayd 
thaiaoM vmAtifAooS lU^ithat. A&ia<bfiiGI>« fodoall thir AO ^. 
A>;j I then. 
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then hy.the firft propafitibn EG is the fame multiple of CD that 
AB is of CD, therefore (by com. not 6.) AB and EG are equal j 
take away A£ which is cominon, and EB is equal to AG i there* 
fore EB is the fame inuhiple of FD that AB is of CD. 

It is not eafy^td conjedure how this blunder could have crept in, 
unlefs by the deception of a particular figure : for if AB be the 
double of CD, the conftra£l:ion is pra^icable, becaofe then I di- 
vide EB in halves ; and take CG equal to the half of it ; and then 
indeed AB is the fame multiple of GF as of CD, therefore GP 
and CD are equal 6cc. And it is obvious that if AB be taken four 
times CD the fame conftrudion will hold ; but it fails, if AB be 
taken three times^ for then I have no principle upon which I could 
pretend to divide EB ; unlefs I fhould meafure it by FD, which ia 
taking 4he very thing for granted which we want to demonftrate^ 
namely that EB is a multiple of FD ; and not only a multiple of 
k, ha the fame multiple of if, that AB is of CD ; that is> I fet out 
with. a fuppofition that CG is equal to FD in order to prove them 
to be equal ; which is certainly very bad reafoning if it deferve 
the name. I have been the more particular in explaining this, be- 
caufc it feems well calculated to illuftrate this do^rine of parts^ 
and multiples. 

CHAP. IV. 

Containing a compari/bn of the multiples of four magnitudes. 

LET ABC, ACD be two triangles between the fame parallel 
lines ; let equimultiples of the bafe BC and of the triangle ABC 
be taken i and alfo any equimultiples whatever of the bafe CD 
and of the triangle ACD ; I fay that if the multiple of BC exceed 
the multiple of CD ; the multiple of the triangle ABC will exceed 
the multiple of the triangle ACD ; if equals equal i and if lefs, 
Icfs. 

Here the reader is to fix his attention upon four magnitudes, 
which he may diitinguilh thus, by calling BC the firft, CD the 
fecondj the triangle ABC the third, and the triangle ACD the 
fourth ; according tO otar. fuppofition then^ we are to take eqtii* 

V multiples 
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multiples of the firft and third at a venture j and alfo any equi- 
multiples whatever of the fecond and fourth. But obferve we do 
not compare the equimuliiples with one another; only the multiple 
of the firft^ with the multiple of' the fecond^ which are both 
flraight lines ; and the multiples of the third and fourth, which 
are both triangles. And firft let us exhibit any multiple of BC the 
firft at a venture j produce C6 indefinitely and cut off as many 
lines as you pleafe each equal to CB ; as BG, GH &c; and let. 
CH be a multiple of BC taken at a venture, which it is if we 
draw no confequence from CH's containing CB any particular 
number of times. Now we are to take the triangle ABC the fame 
number of times 1 and this is performed by joining AH, for the 
triangle AHC contains the triangle ABC 
juft as often as CH contains CB ; which 
may be proved by joining AG ; for as 
many lines CB, BG, GH as there are, 
juft fo many triangles are there ; and be*- 
caufe thefe ftraight lines are equal i (by 
38. I.) the triangles are equal of which 
theie lines are the bafes ; and the num- 
ber of triangles, and the number of 

ftraight lines being the fame ; CH contains CB juft as often as 
the triangle AHC contains the triangle ABC ; therefore CH and 
the triangle AHC are equimultiples of CB and of the triangle 
ABC. Again we are to take equimultiples any whatever of the 
fecond and fourth, of CD and of the triangle ACD : produce CD 
direOly forward, and lake DK, KL each equal to CD i and in the 
fiune manner CL is any multiple of CD ; and the triangle ACL 
die fame multiple of the triangle ACD. The conftruflion being 
thus .finiftied let ua proceed to the demonftration. 
• Now I fay that whenever CH is lefs . than CL i the triangle 
AHC is lefs than the triangle ACL s. becaufe I may cut off from. 
CL a part equal to CH 5 and then joining the extremity of that 
line to the point A; there will be a trigngjt, equ^l to ACH within 
the triangle ACL ; therefore when CH is lefs than CL, the tri- 
angle AHC will always be lefs than the triangle ACL ; and if 
CH be equal to CL, then (by 38. i.) the triangle AHC is equal 
t.VoL.L R to 
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to ACL : and laftly if CH be greater than CL, it may in like 
manner be proved that the triangle AHC is greater than the tri- 
angle ACL : and all this will be true according to any multiplica- 
tjon whatfoever. And if for the fake of diftindnefe we call BC 
the firft ; CD the fecond ; the triangle ABC the third; and the 
triangle ACD the fourth ; we have this general conclufioa; if two 
,fuch triangles be between the fame^ parallel lines j and if you take 
any equimultiples whatever of the firft and third; and alfo any. 
equimultiples whatever of the fecond and fourth 1 whenever the 
multiple of the firft exceeds the multiple of the fecond the mul*-. 
tiple of the third will always exceed the multiple of the fourth : 
and when equaU equal : and when lefs^ lefs. Which was to be 
demondrated. 

The reader is now to proceed by himfelf and prove the fame 
thing of the equimultiples of BC and of the parallelogram C£ ; 
and the equimultiples of CD and of the parallelogram CF ; that. 
is» that whenever the multiple of BC exceeds the multiple of CD; 
then the multiple of the parallelogram EC will exceed the multi-* 
pie of the parallelogram CF : and when equals equal : and when 
lefs, lefs. 

Here our reafoning feems to become fomewhat more complica^ 
led than in the firfl four books : but if we attend carefully to the 
meaning of the-terms, we (hall find very little, difibrence : for the; 
multiple is compofed by a repetition of the Jame magnitude ; which, 
may therefore be confidered only as a a>iaparifon of two difUnft 
things : the term equimultiples implies only a divifion of the xnag** 
ftitudes iiito the fatfce number of equal parts : and even in thia laii^ 
comparifon^ we have only two magnitudes to compare with one 
another^ 4is t6 their being greater ; equal ; or lefs« So that if the 
ftudent but chufes^ to prepare himfelf properly, he fhnds upon the 
fiime firnd ground h6re, as in the firft four broks : for thfe mag;ni« 
tudes are the fame, only the mode of comparifon is new : Whieli 
mud be made familiar by particular inftances. Therefore let tia 
flippofe two equal circles ABC, DEF ; and BGC, EHF angles at 
their centers, (landing upon the circumferences BC, EF : I fay^ 
if yon fake equimultiples of the circumference BC and of the 
angle BGC at a venture ; and alio any equimultiples of the at-^ 
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cumfeirence EF and of the angle EHF : if the multiple of fiC 
exceed the multiple of EF ; I fay the multiple of the angle BGC 
will always exceed the multiple of the angle EHF ; and if equal, 
equal : and if lefs» lefs« 

For take any multiple of the circumference BC, by placing or 
applying in the circle ftraight lines^ equal to a ftraight line Joining 
B aad C ; and thus making the circumferences CK» KL equal to 
the circumference BC (by 28. 3.) : and thus BL may reprcfcnt 
any multiple of the circumference BC : but bccaufe the circumr 
ferences BC, CK, KL are equal to one another, (by 27. 3.) the 
angles BGC, CGK, KGL are 
equal to one another; there- 
fore the angle BGL is a mul- 
tiple of the angle BGC ; but 
moreover it is the fame muki«* 
pie of this angle, that the cir- 
cumference BL is of BC; there- 
fore the circumference BL and 

the angle BGL are equimultiples of the circumference BC and of 
the angle BGC : And in the fame manner we may (hew that the 
circumference EN and the angle EHN are equimultiples of the 
circumference EF and of the angle EHF : now fuppoiing as in 
the laft inilance, the circumference BC to be the firft ; the cir«i 
cumference EF the fecond ; the angle BGC the third ; the angle 
EHF the fourth ; I fay that whenever the circumference BL, the 
tnultiple of the firft, exceeds the circumference EN, the multiple 
of l!he fecond; then the angle BGL the multiple of the third. 
Will exceed Ae ariglc EHN Ae multiple of the fourth 1 for, be- 
ciufb BL exceeds EN, I mfay take of from BL a part equal to EN^ 
hy placing in the circle a ftraight Hne eqtal to the ftraight line 
joining tbe points E and N ; and can thus prove that a part of the 
single BGL is equal to EHN : and alfo if BL be equal to EN the 
«ngle BGL is' equal to the angle EHN; and in the fame manner 
it may be proved that iJF the multiple fiL be Icfs than EN, then 
tbettngle BGL is leis than the angle EHN ; and that all this wiH 
1iat>pen according to any multiplication whatever 6cc. 

• R 2. Buft 
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But here a difficulty feems to occur^ becaufe the multiple majr 
be (o taken that BG and GL will become one ftraight line^ Alfo 
in taking a multiple of a ftraight line ; there is obvioufly no bounds 
fet to the operation ; which there feeffls to be in taking a multiple 
of a circumference ; though this may be rendered indefinite by 
defcribing as many equal circles as we pleafe. Now what I take 
to be Euclid's meanings as being mod confident with the common 
notion of an angle^ is this^ that in comparing the multiples of the 
circumferences, all the femicircumferences are to be negledted ; 
and in comparing the multiples of the angles at the center ; we 
are only to confider, that part of the angle which exceeds two right 
angles 5 which makes the conftru&ion and figure here given ge- 
neral. I would recommend it to the ftudent» to demondrate the 
fame thin^, of the multiples of the circumferences and iccaors of 
equal circles compared together ; as alfo, of the multiples of the 
angles at the center and fetors. 

\ 

C H A P. V. 

ft6e fame fubjeSl continued. ' . . 

LET. there be four magnitudes A, B, C, D j and let E,'F be 
any equimultiples of A and C the fird and third : and G and H 
any other equimultiples of B and D the fecood and fourth : And 
let any equimulriples of A and C i and any equimultiples of B and 
D be fo particularly connedted with one another ; that whenever 
the multiple of A exceeds the multiple of B ; the multiple of: C 
will always exceed the i;aultiple of D; and when equal, equal; 
and when lefs, lefs : I fay, that if any equimultiples of :E apd F 
be taken ; and any whatever of G and H ; it will alwayi^ iitappen 
that when the multiple of E exceeds the multiple of (p.; the.muU 
tiple of F will exceed the multiple of H ; and when equal, equal^ 
and when lefs, lefs. That is take K and L any equimultiples, what*- 
ever of E and F ; and alfo M and N any equimultiples whatever 
of G and H ; I fay that when K exceeds M ; L will always cx*^ 
ceed N ; and when equal, equal ; and when lefs, lefs. 

The 
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Th£ demonsration. fiecaufe E and F 
are equimultiples of A and C ; and K and L 
equimultiples of E and F ; therefore, by the 
third propofition of the fifth book, K and L 
are equimultiples of A and C : Again becaufe 
G and H are equimultiples of B and D ; and 
M and N of G. and H ; therefore (by 3. 5.) ^ . 

M and N are equimultiples of B and £> : but 4 T J w 

the Juppofition is, that if there be any equimuU K E A B G _ 
tiples of A and C ; and any whatever of B 
and D ; if the multiple of A exceed the mul-* 
tiple of B ; than the multiple of C will always 
exceed the multiple of D ; and when equal, 
equal : and when lefs, lefs i therefore becaufe 
it b9S been demonftrated that K and L are 
equimultiples of A and C and M.and N of B 
and D; it follows that when K exceeds. M; 
L will exceed N ; and when equal, equal : and when tefs i lefs* 
Which was to be demonft rated. 

Let AB, C and D be three fuch ilraight lines ; that, any equi-* 
multiples whatever of AB and C compared with any multiple of 
D i may be thus related ; that whenever the multiple of AB'ex« 
ceeds the multiple of D ; the multiple of C (hall alfo exceed the 
multiple of D ; and when equal, equal : and when lefs, lefs : I 
i%y if this be the cafe AB is equal to C. For if not, one of them 
i^uft be greater, which fuppofe to be AB; Cot off a part fron 
AB equal to C ; and let this be BE : multiply 
AE their difference until it exceed D : and 
let this: multiple be FG ; therefore FG> is 
, greater than D : miake GH the fame multiple 
of EB ; that FG is of AE; therefore (by i* 
5«) f H is alfo the fame multiple of AB :. make 
K the fame multiple of C ; therefore FH and 
4C are equioiiiltipl^s of AB and C* Make L 
t|>e double of D, and fo on, until v^^e come to 1 I I T t t 
the mujitiple which is the next grfeater tban.K ;; ; ^ ' • : d .. a: JL 
Jct.tbis^beN: M tlwefojoispotgceatcr thaa ^ W <? i? Ir** N 
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K : but K is equal to GH ; beciuie £B is equal to C ; therefore 
M is not greater than GH ; but FG is greater than D (by conft.) 
wherefore FH is greater than M and D together, that is N j there* 
fore FH is greater than N ; and K is not greater than N : and FH 
and K are equimultiples of AB and C and N is a multiple of D ; 
but by the fuppolition any equimultiples of AB and C were fo re- 
lated to any multiple of D ; that whenever the multiple of AB 
exceeds the multiple of D ; the multiple of C alfo exceeds the 
multiple of D i but the contrary has been proved when we fuppofa 
AB unequal to C ; therefore the multiples being according to the 
fuppofitton AB cannot be unequal to C. Which was to be de^ 
inonftrated. 

Let there be fix magnitudes, or rather ftraight lines A, B, C, D, 
£, F whofe multiples are thus related : fuppofe any equimultiples 
of A and C to be taken^ and alfo any equimultiples whatever of 
B and D ; afid farther whenever the multiple of A exceeds the mul^ 
tiple of B ; let the multiple of C always exceed the multiple of 
D : and again let there be fome equimultiples of C and & and 
alfo of D and F fuch that the multiple of C exceeds the multiple 
of D ; but die multiple of £ does not exceed the nnikiple of F : 
1 fay that there are (bme equimultiples of A and £; aiid ibmfc 
cf B. and F foch that the multiple of A exceeds the mukiple vf£ 
B I when the multiple of £ does not exceed the multiple of P^ ' 

&ippofe G and H to be fuch equimultiples of C and £ ; and K 
and L fuch equimultiples of D and F ; that G exceeds K but H 
docs not cKceed L ; now becaufe by the fuppolition G and K are 
given, I can find what number of times -C and D ^re contained in 
them by meafuring them, that is by cutting off parts equal td C 
and D. Take M the fame multiple of A that G i<s of G ; that k^ 
which H is of £ : again take N the fame multiple of B which K 
Is of D ; that is, which L is of F» : ^ 

• Demonstratioh* ^ Now byltbe fo^ppi^lon A, B, C, D aite 
ih related to one anotber that any equisHrlttpl^sof A and C ; and 
4lfo any equimultiples of B and D being taken $ if the multiple of 
A exceed the multiple of B the nvukf pie of C «&xce€ds^ the mol- 
tiple of D : but M and O :»:e {by^ t^A.ytqn\mniaphs oiF A and 
C,-'a& alfe N tfnd K of:fi^^Di thereforo if- M exceed N-^^G 

exceeds 
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earce&ds K : but G does exceed K (bjr 
iiipp.) ; therefore M exceeds N : but H 
does not exceed L (by fupp.) i whdrefore 
M exceeds N but H does not exceed L 5 
and> M and H are equimultiples of A and 
E ; and N and L of B and F. Wherefore 
&CC. Which was to be deaionftrated. 

If D and E (fee the next figure) be fuch 
equimultiples of A and B ; and F fuch a 
multiple of C^ that D exceeds F but £ does 
not exceed F ; then I fay that A is greater 
than B. 

For becaufe D exceeds F and E does not exceed F ; therefore 
of confequence D exceeds E : but becaufe D and E are equimul- 
tiplea of A and B and D exceeds E^ therefore any 
part of D will exceed the fame part of E ; that is 
if one of the magnitudes be greater than another^ 
the third &c. part of the one will exceed the third 
&c. part of die other; therefore A. is greater 
thaaB. 

Again if F be fuch a multiple of C ; and D ztki 
E futh equimultiples of A and B^ that F exceeds 
£ but F does not exceed D ; then» I fay that B is 
leis' than A. 

Fotf becaufe F exceeds E but F does not exceed 
D ; dierefore E is lefs than D ; therefore any part 
of £ will be lefs than the fame part of D ; but A. and B are the 
iame parts of D and E therefore B is left Uiaa A. Which, was to 
be deoionflrated. 
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C H A P. VI. 

Containing an explanation of the remaining definitions i 

IF what has been faid, in this diflertationr be properly; attended 
to, thera will be little difficulty in underftandi&g thc^ meaning of 
the thiid definition; which has been, the ocCafioiii of. fa muck 
trouble to the oommeAiators i. and whicb^y have been fo very 

unfuccefsful: 
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UQfuccefsful in their attetiipts to explain. For by proceeding ac*> 
cording to the fpecimen he%e given, it is very obvious that all the 
properties of magnitudes, v^^hich are mentioned in the fifth book, 
may be demon flrated from the two firft definitions, v^ithout any 
mention of the term ratio. But to fave the trouble of fuch cir- 
cumlocutions ; our author gives particular names to the different 
fuppofitions i and this is the true origin of the following defini- 
tions, from the fecond. Now fays, he, in the third, any certain 
mutual habitude of magnitudes of the fame kind, confidered ac- 
cording to this quantuplicity or multiplicity i or according to thi^ 
relation of parts and multiples^ I call ratio. And I believe I may 
fay that this definition has never been rightly underftood fince the 
greek became a dead language. Barrow calls it a metaphyfical de- 
finition ^ but it appears from this, that it is a mathematical one. 
He fays that fuch definition was equally neceflary in the feventh 
book, when ipeaking of the ratio of numbers, but it appears from 
this explanation, that fuch a definition could have do place there. 

When any equimultiples of the firft and third, and any equi- 
multiples whatever of the fecond and fourth, have this relation to 
one another, that when the multiple of the firft exceeds the mul- 
tiple of the fecond ; the multiple of the third always exceeds the 
multiple of the fourth ; or when equal, equal 3 or when Icfs, Icfs: 
then he fays the firft has the fame ratio to the fecond which the 
third has to the fourth : But if the multiple of the firft exceed 
the multiple of the fecond, when the multiple of the third does 
not exceed the multiple of the fourth ; he then fays that the firft 
has a greater ratio to the fecond than the third has to the fourth. 
The fixth, -eighth, and Ainth definitions are fufficiently obvious. 
When three magnitudes are proportionals ; the firft is faid to have 
to the third the duplicate ratio, of that which it has to the fecond. 
But this definition and the next I (hall have occafion to explain 
afterwards. 

When we fay that the firft has the fame x^lxo to the fecond which 
the third has to the fourth ; the firft and third are the Antecedents ; 
and the fecond a^d fourth are called the confequents. Now the 
antecedents are called homiologous terms^ or. terms of like ratio f 
and fo are the coi\iequent8 alio. . This diftindion^ is necdiary for 

feveral 
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feveral reafons ; in the following « definitions, and in fixing the 
equal angles of fimilar triangles &c, and therefore ought to be par* 
ticularly attended to. 

The following definitions will be fufficiently underftood, when 
the particular propofitions are read, wherein it is proved that the 
magnitudes will have the fannie ratio, the firft to the fecond and the 
third to the fourth, after they have undergone the changes, men- 
tioned in thefe definitions, I know there is a way of explaining 
thefe definitions by numbers, which is nothing to the porpofe ; 
for Euclid is not fpeaking of numbers at prefent but of magni* 
tudes. However as this fupplies the place of all the knowledge 
which this book contains to many, who are not fo fcrupulous as 
to require a demonilration ; nor fo attentive as to confider whether 
they are talking about fomething or nothing, to gratify fuch indo- 
lent readers, I have prefented them with the following fcheme, 
ferved up in the true French tafte. 

""Alt. 15:301:5:10 Bycqual.C3. 6.18 



*S 2 5 -30: 10 



Ittv. 5 : 15 :: 10 : 30 ord. ^ 5 • 10 . 30 

CompJ '5 + 5:5-30+10' 10 ..,0 .coo 

Div. 5*5-5: 5-: 30-10: 10 By equal. 5 7.21. 42 



Conv. 15 : 15—5 :: 30 : 30— 10 
I, i5:io::30:20 7:42;:8:48 

I hope, from what ha$ been faid, the reader underftands the 
'meaning of thefe definitions. ,The triangle, reAangle and circle 
have been confidered as inftruments of inveftigation ; but this doc- 
trine of ratios is to be regarded as a new mode of comparifon^ 
very extenfive, in its confequences^ giving us a wonderful com- 
mand over the magnitudes^ which we have already confidered, by 
difcovering a great many properties far beyond the reach of the 
former method of comparifon. And although a great deal of pains 
has been taken to render our ideas upon this fabje£t> confufed^ in- 
. diftind and nothing ; yet it is wqnderful, when properly examined^ 
what ar fimplicity there is in the principles upon which this me*- 
(hod of comparifon is founded ; the cpnftrudions are all perfor- 
med (by 3* I.) and requires no {{icha/>paratus as is necefiary even 
• Vol. I. S to 
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to prove one line to be eqiial to^ of fliorter than aaotbtfr* wheo w^ 
canooc make ufe of the circle* 



CHAP. vri. 

0/ the arrangement tf the fropqfiiiom^ 

THE reader who has been accuftooaed to haye his head filled 
With numerical ideas as explanatory of the propofittons contained 
10 this book, will perhaps be fuiprized to bear me affirm that he 
has taken a great deal of pains to fill his head with abfurdities. 
For I am perfuaded that if a fcheme were to be thought of, for 
depriving a man of his reafon, ilill keqmg up an impreflkm upon 
his mind that he was a rational creatare, there could not be a naore 
effe^ual method, than to fet him upon reconciling the demons 
ftrations of this book to numerical ideas« Indeed the twifting ropes 
of fand would be a rational employment when compared with this. 
All niMnericsfl reaibning proceeds upon f&xc f«ppofitton» that the 
unit is the iaCne« But Eudid is Jiot yet prepared for this confine- 
ment, which I (hall prove particularly, upon the ftvejith bpol^ 
He does not carry oii his demonftratioiis in the firl: four books, 
upon rhe fbppodtion that the fides <»f bis triangks, or parallelo- 
grams Of ^ic radius of his circle^ are three or four leet long; or 
as having a reference to any kind of meafure. Nof is his reafoning 
in this book lefs general. His ratio is a mutual hahttude ifi ^iiag- 
iikudea according to <|uantup1icity, or according to the do^iifiie of 
pares and multiples. The quellicA is not ; is^ ^e part om § btst is 
it a irxt magnitude ? and liarvh^, if ycKi mean to feafon ttpoii k 
according to this doArme of ratief; is it a magnitude that yeu can 
Qiultiply ? that is, ti^t you can dou4>le ; for the mAkHo operatktt 
c^enfifts only of doublitig; It would not be mere abfiird, to fiippofe 
that the ftiitvirt of things, or human imagiaation does not aKdw of 
any sriangle but aa equilateral one, s»id newrlheliefs fo fry fO'pro^ 
«hat the fquare of one fide of a triangle cnight be equal to tfce 
i^uares of the other two i than to aftempt the prcpof of feme 4i 
the fimpieft properties of triangles, parsdielografm anit cm:les npM 
4he fuppefition that aU magnitudes can be expreft by nwiit»ers« 

It 
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It b to bo hoped what hit been faid will be fufiicient to Induce 
the reader to pay a proper attention to the Aradure of the d^ndon^ 
ftrations n>ade ufe of in this book, which have a wonderful ele- 
gancy and force even when taken fingly ; but more particularly 
when the arrangement of the whole is confidered : for the better 
underilandic^ of which I would advife the reader ta divide the 
book into four portions. The nature of ratios ihews the propriety 
and neceiitfy of introducing the properties of equimultiples fkft of 
aU ; and although the fourth propofitioif is not abfolotely confined 
to itt place; yet as it depends upon the third, it would be difHcult 
to give it a more advantageouspcfition. The firft fix propofitiorti 
thierefore will make the firil porciofr* Again, we m^ay have a very 
dtftiird notion of this ratio of magnitndei without knowing what 
the magnitudes tbemfelves are dtrodtly : Here therefore fome rule 
or teft is neceflary for enabling- us to get at the common relations 
of greater, equal and leis, when we have only this ratio to guide 
us. The ftu<tent is thetitfore to confider the ievench, eighth, ninth 
and tenth propofitions, at makini|g'a diftif»& fe^ion, and as intro* 
duced for the very.puipofe csf fettling this point. 

It might appear to a fuperiicial obferver, who had juft come 
from proving that if four magaitodes are proportionals, they will 
be proportionals by inverfioni that a fimUar method «f reafoning 
might be applied to (hew that they will be proportionals by alter- 
nation. But it happens here, that the equiouiiltipks, of the firfl 
and third, of the magnitudes wiiich we wine to prove to be pro«>- 
portionals ; are not equimultiples of the^ fecobdand fourth of tboift 
magftiiades which are propDVtioiittls by the fuppofitfiofi'; but of the* 
firft and fecood; which dsftroys all pMfpeA of fucceeding accoidifig 
te that planw And indeed tbis detooaAratMn is no eafy matter^ for 
all the propositions frooD the ttaik to the feventeenfh may be con-> 
fidered aa introduced to demonftrace ; . that magnitudes will be pro*** 
portionals by alternation* And- this -will make up the third portion 
according to the divifion abov4 mentioned. And the remaining^ 
part of the book may be confidered under one head, in which is^ 
proved that mi^itudcs wiU bt proportionals i by compofition divi* 
fion, converfion^: and by the two methods of reafoning by equal- 

fanar. Anid thus. I>tliiDk a ?ery diftinft and copiprehenftve vieW' 
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of the fubjedl of this book may be taken» and fuch an one as feeins 
likely to fix it in the memory. 

CHAP. VIII. 
Containing fome remarks, on tbe . demon/irations. 

AGREEABLE to the rule already laid down» inftead of 
remarks upon particular demonftrations^ I (hall reduce what I have 
to fay under dlftin<ft heads^ which the reader may apply as he goes . 
along I but firft it feems neceflary to be a little particular^ as to 
the conftruftion of the thirteenth proportion. Indeed there is 
nothing which feems to ht fo prevailing an error> with regard to 4 
this booky as a negledt of the conftrudions. And yet this is a • 
thing which Euclid is^ f^^^y where^ more particularly attentive ^ 
to. He fometimes leaves his reader to draw the coofequence from 
a conftrudtion» ,when it is fufficiently obvious^ and cannot be done • 
fhortly and elegantly 3 an inftance of which we have in the firft 
proportion of the third book i where there are two conftrodions^ > 
but he reafons diredly^ only from one of them» and then joins 
both their confequences in his , conclufion : for the demonftnation 
only proves that the center muft be in the perpendicular ; for no 
abfurdity will follow from the reafoning, by fuppofing the point G 
to be any where in the line CD i not even if we fuppofe it to be 
at the circumference ; for it will not then be abfurd.to fuppofe the 
aogle. GDB. equal to CDB ; we have therefore Euclid's authority 
for; drawing , 09nfequenc.es in this manner ; and. I have not theleaft 
doubt of this denionftration being the genuine one ;giTen. by Eu- 
clid ; becaufe to have made, it quite regular the two conilrfK^ions ^ 
muft have been feparated ; ' and then it would not have been one» 
but two di(lin£i: propofitions ; . in the firft of which it. was to be 
proved that the center mufl be in the perpendicular; and in the 
fecond^ that this perpendicular cut in halves- would find the center; 
which is a much greater formality than the nature of the problem 
requires^ although the ftudent ought to examine it in this manner. 
But in this thirteenth propofition the cafe feems to be very difife- . 
rent, and confequences arc drawn from.a conftrudion which I* 
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believe it will be found very difficult to perform, Simjbn in his 
note upon this propofition fays ; <' In Commandine's^ Brigg's and 
Gregory's tranllations, at the beginning of this demonftration, 
it is faid, and the multiple of C is greater than the multiple of D i 
but the multiple of E is not greater than the multiple of F'-, which 
** words arc a literal tranflation from the greek : But the fenfe evi-- 
*• dently requires that it be read, fo that the multiple of C be 
greater than the multiple of D ; but the multiple of £ be not 
greater than the multiple of F,*' Now I am fo much of a con- 
trary opinion^ that it appears to me that this change deftroys every . 
vefti^e of the true conftrudtion of this propofition.. My notion is 
that the proper equimultiples are given me by the hypothefis ; and 
the multiples and magnitudes being given, I can meafure the one 
by the other i and confequently know how many times the mag- • 
nitudes are taken ; from which the conftrudtion is obvious : but if ^ 
I have. nothing to dired me but the magnitudes themfelves ; con- : 
cerning which alfo there is no fuppofition of greater or lefs, I 
ihould be glad to know in fuch circumftances, how this conftruc- 
tion is to be performed ; I know it is faid let them be taken^ which 
if I were to add my conjeftures after the manner of fome com- 
Uientators, I would fufpedt to be the corredtion of fome hady editor 
who did not underftand the demonftration. 

In proving four .magnitudes to have the fame ratio, the firfl to 
the fecond which the third has to the fourth \ it is necefiary that 
the equimultiples of the firft and third be any whatever ; and alfo 
that the equimultiples of the fecond and fourth be taken at a ven- 
ture. Now it is obvious that if they be t^ken as often as one de- 
terminate magnitude contains another, they cannot be any what-- 
ever ; neither is the fum of two multiples, each of which has been 
taken at a venture, to be confidered as any multiple whatever ; be- 
caiift if in one cafe it il^ould. happen to be taken three times, and 
in the other, five times ; thefe multiples added together, would not 
happen to be eight times that magnitude, but^ mufl really be eight 
times the magnitude, not accidentally but confequentially : again 
when a multiple of a magnitude is taken, and then a multiple of 
that multiple asr in the third propofition ; this lafl is not any mul^ 
tipU whatever of the firft magnitude ; for inftance the firft happens ^ 
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to be taken three ttmesp and thifr multiple again five times ; now 
the laft multij^e does not happen to be fifteen tiroes the firft> mtg- 
nitude> but mud be really (o. And this will be fufiicient to dire£l 
the ftudent to the proper ufe of the phrafe afy whatever. 

Simjons ttmtx}/i% upon the eighteenth propofition are very ingc* 
mous; for the poffihility of the fourth proportional is not to be 
taken fof granted : becauie this is a very different notion from that 
which fuperfiffital people are apt to confound with it: for when* 
two niagnitodes are made the fubjedt of contemplation, their exif^- 
tmce is a part of the fuppofition \ and if they do exifl» it mud be 
under one or other of thefe forms ; A muft be equal to B, or 
greater^ or lefs ; and if I prove that A cannot be greater than B 
nor le&» I certainly demonftrate that A is equal, to B. But it is . 
very different where the exigence of the magnitude may be called 
in queftion^ which is very reafonably done in the prefent inftance ; 
for it may be faid to Euclid you have confined yourfelf fo.muchh/ 
your definition of the fame ratio, that a fourth proportional may 
be really impoffible according to your definition ; but when you 
have once fbewn the pofiibility of it, I will then admit your rea-« 
foning. It is very certain, that we have fufficient principles, before 
this propofition, for finding a fourth proportional to any three giveo* 
ftraight lines, which would make the demonftration unexceptio--^ 
nable as we have it at prefent ; by proceeding thus ; to AB, JBE 
and CD find a fourth proportional, which mufl be greater, equal 
or lefs than FD &c i but this would be mixing things together, 
which oor author certainly intended to keep feparatb. But to con-* 
elude this chapter, whoever has a proper notion of a part an^ mnl-> 
tiple I and knows what is required to prove that four magnitudes, 
have the iame ratio the firft to the fecond which the third has to 
the fourth, can never be miftaken in formitig a judgement of the. 
demoqftrations contained, in this book.. Euclid conflantly fuppofes 
his magnitudes to be ftraight lines as is obvious from his conftruc^ 
tk>ns and demonfirations ; fo that there is no occafion to fuppofe 
the niagnitudes in any propofition to be of the fame kind > and inf* 
deed thofe critics who have made fuch alterations, if they had 
underftood their bufinefs, ought at leafl: to have changed the enun^i ^ 
ctations of half the propoficions in the book* 

chap; 
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CHAP. IX. 

0/ tb€ fubjeSt Mnd arrangement of the faith h^k. 

OUR author haying laid down this general doQHne of parts 
and multiples proceeds to apply it to the inveftigatiqn of fuch pro^ 
pcrties of ihe triangle^ reftangle and circle as could not be obfaitie^ 
hj the former method of comparifon. For what is delivered in 
the fifth book itfelf cannot, ftrid^ly ipeaking^ be confidered as pro«» 
fcrtiea of triangles^ parallelograms &c. hot only as properties <£ 
parts and ouiitiplesof fuch magnitudes as come under the two firft 
idcfinitions. But in this book he treats of the triangle as fuch^ and 
fliews when crtangles have ilie fame ali»(ude» they bat^e the famt 
tatio to oic another, as their bafes. And h^re ^he thoUghtJefi 
•reader will do well to obier?« ; chat «4^6ry triangle vnwj havei its 
•akitii^ ^Bpreft h^ three differenx firaight Unesi as <ach fide can bfc 
the bafe ; for the altitude of a triangle is a relative term, and has 
no moaning until the bafi) is fra« f^rom this he demonftrates that 
if the two fides of a triangle be cut by a ftraight line parallel «6 
the third fide^ they will be cut in the fame proportion ; (hi^ is the 
fundamental principle which runs through the whole oi this book; 
«id ought for this reafon to be examined in every point of vSew« 
For after the reader has confidered this property accordlii^ to its 
moft obvious acceptation, he will find it more general than he ivtU 
peAed, by making it a property of two itfidefinite ftraight lines in« 
terfedting one another^ and cut in any mani^iev* by tWd piifsite) KneK 

It has been mentioned already that ^e trian^ n tlie greiat in^ 
finiment of geometrical inveftigaition, and Euclid's firft objed iA 
this book is to lay down thofe principles upon which the finrikfit^ 
of triangles depends i and by this ac^vrifitk^n the pOvver of the fei^ 
cnce becomes aik»t(hingly gteaf, as k is difficult to fay what can«^ 
not be done by it that is really pra^icabfe ; the judicious readet* 
therefore will examine the firft eight propofitions with that atteAr^ 
tioo which the importance of the iubjeA requires. The five fol"» 
lowing propofistons teach bow to ditiate a ftfaighl Hne into any 
Slumber of equal parts j to cut a given liAe in tire ibme propottidtt>. 

as 
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«s another has been cut ; to find a third, fourth and mean proper-' 
tional ; which being pradical principles, (hould be made habitual. 
The next four proportions are all upon the fame fubjed, and that 
a very curious one, namely to fix the equality of the parallelograms 
and triangles from the ratio of the fides and converfly. And here 
the indolent reader, (hould be required to (hew what ufe is made 
of the equality of the angles, or where the demonftration would 
fail if that circumflance were omitted. The. nineteenth and twro* 
tieth propoiitlons are of great importance and (hould be carefully 
iludied : it will aflift a beginner very much to confider them as 
problems, omitting- the term duplicate ratio entirely: Thus the 
ninteenth may be exprefl: in this manner ; two fimilar triangles 
.being given, to find two flraight lines which {hall have the faipe 
ratio to one another which the triangles have. And: BC . and QG 
will be the two ftraight lines required. The reader may know 
whether be underftands the propofition; by takii:^ a third propor« 
tional to EFand BC, and compleating the con(I:ru<^ion and demon- 
ilration. The twentieth may be worded thus*; to. find two Araight 
lines which (hall have the fame ratio to one another which two fi- 
milar polygons have ; and then to prove that the (ame two:fi:raight 
lines, will have the fame ratio to one another which the fimjlar tri- 
angles, into which the polygons are divided, have to one another. 
And it will alfo be convenient, according to the fame plan, to con* 
fider the twenty third as a problem ; which may be expreft in this 
manner ; to find two (Iraight lines which (hall have the fame ratio 
to one another which two equiangular parallelograms have ; with- 
out making any ufe of the phrafe ratio compounded of ratios ; and for 
a proper explanation of this term the reader may confult Sim/on* s 
edition. I would propofe it to the reader to examine thefe propo- 
fitipns firft as problems, becaufe this will fix his attention more to 
the particular (leps of the conftruAion and the confequences drawn 
from them. And alfo the extent and importance of thefe very 
beautiful theorems is more to be feen by confidering them in this 
practical point of view. For by the twentieth propofition, figures 
may be increafed or dimini(hed in any proportion. For inftance 
if I want to make a figure the fifth part of a given figure ; I take 
the fifth part of one of the fides of the given figure i and find a 

mean 
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mean [MX>portional between the line and its fifth part> upon which 
if a fimilar and fimilarly fituated figure be defcribed^ it will be the 
fifth part of the given figure. Likewife by this propofition the 
forty feventh of the firft book, nuy be extended to any fimilar rec- 
tilineal figures* 

The twenty third is often quoted to prove^ that^ if there be 
four lines which have the fitme ratio ; and alfo other four» the reft- 
angles contained by the antecedents and confequents will have the 
fiune ratio^ the firft to the fecond which the third has to the fourths 
This the reader ihould examine, which he may eafily do by the 
affiftance of the note below. ^ 

The fubjcdfc and arrangement of what remains is fo obvious, that 
it would be paying the reader but a poor complement to fiippofe 
that be ftood in need of any farther information^ efpecially if he 
read what Simjim has faid upon the 28, and 29 propofitions^ 

I have faid nothing of corollaries } and it is doubtful in what 
fenfe Euclid would have them be underftood. In the firft four 
books, they are all fome circumftances which are in faft demon- 
ftrated in the propofition, but which^ not being expreft in words^ 
the reader might without this notice have overlooked i but he (eeins 
afterwards not to confine himfelf to this fenfe,. as will be obvioua 
to the reader^ 

* See nrap. ie« B, %. Hem. Qoa. Sea.. 

EP. PD. PF. PH 11LL.M. 
BM MA. BM. MC. { N. O. P. 
Then (by equal.) K : M::N : P. 
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BOOK V. 



DEFINITIONS. 

!• A Part is a magnitude of a magnitude^ the lefs of the greater, ^^^^^* 

'^ when it tneafures the greater. 2. But a multiple, the greater 
of the lefs, when it is meafured by the lefs. 

3*. Ratio is a certain habitude of magnitudes of the fame kind* 
to one another, which is only as to quantity. 

4. Magnitudes are faid to have a ratio to one another, which: 
may be multiplied fo as to exceed one anoth^. 

5* Magnitudes are faid to be in the fame ratio ; the firft to the 
fecond and the third to the fourth ; when the equimultiples of the 
fifft and third, according to any multiplication, are at the fame time - 
lefs, or at the fame time equal, or are at the fame time greater than^ 
each of the equimultiples of the fecond and fourth^ compared with: 
one another* '6. And let magnitudes, having the fame ratio, be called* 
proportionals, y. But .when of equimultiples -, the; multiple o£i 
. Vol. !• * A the 
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Book V. the firft exceeds the multiple of the fecond^ but the multiple of 
'*-*^'*^ the third does not exceed the multiple of the fourth ; then the 
firft is faid to have to the fccond a greater ratio than the third to 
the fourth. 8. And proportion is a fimilitude of ratios. 9. But 
proportion confifts in three terms at leaft. 10. And when three 
magnitudes afe proportionals i the firft is faid to have to the ^ird 
a duplicate ratio of that which it has to the fecond. ii. And 
when four magnitudes are proportionals ; the firft is faid to have to 
the fourth a triplicate ratio of that which it has to the fecond ; and 
always in order one more» as long as the proportion continues. 

12. The leading magnitudes are faid to be of like ratio with the 
leading magnitudes $ and thofe that follow are faid to be of Ukt 
ratio with thofe that follow. Or. The antecedents are faid to be 
homologous magnitudes to the antecedents ; and the confequents 
to the confequents. 

13. Alternate ratio is the taking of the ante(:edent to the ante* 
cedent ; and of the confequent to the confequent, 

14. Inverfe ratio is the taking of the confequent as an antece- 
dent to the antecedent as a confequent. 

15. The compoiition of a ratio is the taking of the antecedent 
together with the confequent, as one, to the confequent. 16. But 
the divifioA of m natio is the taking of the exoefs, by which the 
antecedent exceeds the confequent, to the confequent itfelf. 

1 7» Tiie converiiofi of a ratio is the taking of the iaMccedeot, 
to tbe cxcief^ hj which ^e ;antecodeot tsxceeds the cDnfeqaem. 

18, A ratio of equality is^ there being ievcral magnitodes, and 
dkhets equal to ihem m midtitode, and in the fame firoportion 
taken two by two, when it v^ as in the firft itoagnitucks ; die irft 
to the 1^, & an the feccod tnttgattudes the firft to die kdl. or 
other wife. The taking of the extremes by a fubfti^Uon of die 
raiddk itrmu 

19. OtdaoMe proportioa is, when it is as the antecedent to tbe 
ccmicqueiit, ta is the aniecedent to the confecpicnt i and it is as 
the confequent to femeodier, fi> is the conieqoeac to fixne olher«. 
20. fiM perturbate pioportioa is, wben there being three megni^ 
tikles and others equal to them in number, it is as in the firft niag« 
JMudM the antecedrac to the confequent, fo in the fecond magni-^ 

tudet 
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tqdes the aoteeedent t» the coofequent % Vut ts ia tlie firft magni- Book v. 
tudci the cooTeqiieBt ia to focne odber* fo in the Second migaitudes 
is fome other to the antecedent* 

PROP, h 

* If there he any nomber of magnitttdes» equimultiples of sn 
equal number of magnitudes, each of each ; whatfoerer multiple 
one of die magnitudes is of one, the fame multiple will ail be 
of all. 

Let AB, CD be any number of magnitudes, equimultiples of 
an equal number of magnitudes E, F ; each of each : I fay that 
whatfoever multiple AB is of £, the fame multiple will AB, CD 
together be of E, F together. 
. For becauie AB is the fame multiple of E that CD ^ 
is of F s as many magnitudes as there are in AB 
equal to E, fo many are there in CD equal to F ; let ^ . 
AB be divided (by 3. i.) into the magnitudes AC, 
<jB equal to E j and CD into the magnitudes CH, B-^ 
HD equal to F : certainly the number of parts CH, 
HD will be equal to the number of parts A6, GB : q ^ 
and becaufe AG is equal to E, and CH eqiial to F, 
therefore AG, CH together are equal to E and F /^- ^ .. 
getker I for die iame reafon GB is equal to E, and 
HD to F J therefore alfo GB, HD together are equal 
to E> F together : therefore as many magnitudes as 
there are in AB equal to £ ; fo many are there In 
AB, CD together equal to E, F together : wherefore whatfoever mul- 
tiple AB is of E, the fame multiple will AB, CD together be of 
B,F together. 

^ Wherefore if there be any number of magnitudes, equimulti- 
ples of an equal number of magnitudes, each of each; wh«focfc^ 
muldple one of the magnitudes is of one, the fame multiple will 
aU be of alL Which was to be demonfhated. 

PROP. II. 

^ If the firft be the fame multiple of the fecond as the tWfd it of 
the fourth j and if the fifth be the fame multiple of the fecond as 

♦ A a the 
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4 THE ELEMENTS 

Book V. the fixth is of the fourth : alfo the fir ft* and fifth together will be 
^-"^''^ the fame multiple of the fecond, as the third and fixth together is 
of the fourth. 

For let the firft AB be the fame multiple of the fecond C as the 
third DE is of the fourth F'; 'and let the fifth BG be the fame 
multiple of the fecond C as the fixth EH* is of the fotfrch F ; I fay 
that AG the firft together with the fifth will be the fameiqultiple 
of thefccond C as DH the third and fixth ,/> of F the Courth. 

For becaufe AB is the fame multiple of C that 
DE /i of F ^ a$ many magnitudes as there are in 
AB equd to C, fo many will there be in DE equal 
•to F : certainly for the fame reafon alfo, as tD 

many magnitudes as there are in BG equal to ^;.^ 
C, fo many are there alfo in EH equal to Fi 
therefore s6 many as there are in the whole AG 
equal to C fo many are there in the whole DH 
equal to F : wherefore whatfoevec multiple. AG . [ , , i .. ;4.. jp 
is of C, the fame multiple will PH be of F ; ^ 
therefore AG the. firft together with the fifth wijl . ^ ,|^ 

be the fame multiple of C the fecond, that DA the third and fixth 
w of F the fourth. ; . 

Wherefore if the firft be the fame multiple of the fecond %% .tte 
third is of the fourth ; and if the fifth be the fame.rl^ul^iple.of 
the fecond as the fixth is of the fourth ; alfo the firft anfi fifth to-r 
gether will be the fame multiple of the fecond^ as the thir^ and 
fixth together is of the fourth* Which was to he dempfiftraited.^ ^ 
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\i .the firft be the fame multiple of the fecond as the thi(d U of 
the fourths ^nd equimultiples be taken of the firft and tt^ifd^; alfo 
^y cqaality, each of thofe taken will be an equimultiple) ff.^nchu 
the one* of the fecond, and the other of the fourth* . >\^ 1 li ; 

For let the firft A be the fame multiple of the fecond B, as the 
third C is of the fourth D ; and let EF, GH be taken equimul- 
^ipU.Siflf A and C ;: I fay .that EF is the fame multiple ofiB^^wkich 

pH./i,of 0, v' J.;: . .'; 

For 



Digitized by 



Google 



K - 



irl 

E A B D C G 



H 



-L 



OF EUCLID. 

For becaufe EF is the fame multiple of 
A (by conft.) which GH /> of C : therefore 
as many magnitudes as there are in EF equal 
to A, fo many are there in GH equal to C : 
let EF be divided into magnitudes equal to 
A, viz. EK, KF ; and GH into magnitudes 
equal to C, viz. GL, LH ; the number of 
parts EK, KF will -be equal to the number 
of parts GL, LH : And becaufe A is the 
fame multiple of B, as C is of D; and EK 
is equal to A, and GL equal to C ; there- 
fore EK is the fame. multiple of B> which GL is of D. Certainly 
for the fame reafon alfo KF is the fame multiple of B, which LH 
is .of D : wherefore becaufe the £rft EK is the fame multiple qi 
the fecond B, as the third- GL is of the fourth D ; and alfo the 
fifth KF is the fame. multiple of the fecond B, which the faxth LH 
is of the fourth D; therefore (by 2. 5.) EF the firft together with 
the fifth is the fame multiple of the fecond B, which GH the third 
and fixth is of the fourth, D. 

Wherefore' ;if the firft be (he fame multiple of the fecond^ as 
the third is of the fourth $ and equimultiples be taken of the firft 
and third : . alfo by equality^ each of thofe taken will be an equi« 
multiple of each, the one of the fecond, and the other of tha 
fourth. Which was to be demonftrated«. 

' .PRO p: iv. . 

i if the ficft have :f the fame ratio to the fecond as the third to tbe^ 
fourth ;.' alfdthe equimultiples of the (irft and third,,will have the 
fame ratio to the equimultiples of the fecond and, fourth, according 
to any multiplication whatsoever; taken^^ as to anfwer each other* 

For let the firft A have the fame ratio to the fecond B, which, 
the iliird.G has |p the fbutthiD ; and let B and^^ be taken equi- 
QtuUipt^ of A and C ; but let G and. M ie taken any equimultiples 
of fifand D which niay .acciideb tally happen. V C iay that as £ is to 
G fo is F to H. . ri ;. ;.! V J^p: ;;ji. . 

Forzkt.Kr^^/ ill^'be takeh^el}mfhtiUiples of Band F ; and M^ 
Kantj^ of£er equinittltalplea.t)f O andiM* wBkh may^ happen. 

..,-.... And: 
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6 THE ELEMENTS 

joak V. And becaufe E is the fame multiple of A 
*— "^""^ i;i'hich F is of C ; and K and L have been 
taken equimultiples of £ and F i therefore (by 
3. 5.) K is the fame inultiple of A which L 
is of C ; Certainly for the fame reafon M is 
the fame multiple of B which N ix of D : 
and becaufe (by fupp.) A is to B as C is to 
D I and K and L have been taken equimtsl- 
tiples of A and C ; and M and N [any other] 
equimultiples of 6 and D [which may acci- 
dentally happen] ; therefore (by 5 def. 5.) if 
K exceed M al(b L exceeds N > and if eqmd, 
equal ; and if lefs, le& : and K and L are 
equimultiples of £ and F ; and M and N any 
odier equimultiples, which may accidetitally 
happen % of G and H ; cherefbre (by 5 def. 
5.) £ is to G as F is to H. 

Wherefore if the firft have the iamie ratio to die (Bscond as the 
third to the fourth i alfo the equimultiples cf the firft and durd, 
will have the lame ratio to the equbnultiples of the leoond and 
fourth ; acoording to any multiplication whadbwcr ^ taloen lb as 
to anfwer each other. Which was to be demonftrated. 

Cor. Wherefore becaufe it has beenilemonftrated, that if K 
exceed M ; L exceeds N ^ and if equal» equal : and if lefs^ Icis* 
Certainly alfo if M exceed K> N exceeds L : and if equals equal; 
and if lefs» lefs : and on this account it will be ; as G is to £» fo 
is H to F. Certainly from this it is manifedr that if So/at magni- 
tudes be proportionals, they will* be inverfly pioportaooals i (by 
def. 14. j;.). 

PROP. V. 



L F C DHN 



if a magnitude be the fame, multiple of « a magnkode, which a 
wiagnitude taken from tbe one ib of a maj^nitide taken from the otberi 
whatfbever multiple the whole, is of the whole> alfo the remainder 
will be the fame multiple of the remainder. 

For let the magnitude AB be the £mie multij^ of the magni** 
tude CD, which A£ the Mffutude taken from tie ^nehoi the 

magnitude 
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magnitude CF taken from tlbe other : I fay tfiat whatfoerer multiple Book v;i^ 
the whole AB i$ of the whole CD» alio EB the remainder will be 
the fame multiple of FD the remainder. 

For wfaatfoever multiple AE is of CF i let EB be the fame moU 
tiple of CG. 

And becaufe AE is the fame multiple of CF (hf 
the con(t. and i. 5.) which AB is of GFi and AE is 
fuppofed to he the faoie niul tiple of CF n»bieh A B is of 
CD : therefore AB is the fame multiple of either of 
tlie Imet GF, CD 5 therefore (by com. not. 7.) GF is 
equal to CD; let CF 'vohich is common be taken away $ 
thenefare the remainder GC is equal to the recninder 
DF I and becaufe AE is the &me multiple of CF 
which EB is of GC ; and GC is equal to DF ; there- 
fore AE is the fame multiple of CF which EB is of FD ; but AE 
is fuppofed to he the fame multiple of CF, which AB is of CD : 
therefore EB is the fame muhipie of PD which AB is of CD ; 
therefore whatfoever multiple the whole AB is of the whole CD ; 
a3ib the veaunnder EB is the fan^ multiple of the remainder FD. 

Wherefore if a nagnitude be the fame multiple of a magnitude, 
which a magnitude taken from the one is of a magnitude taken from 
the other ; whatfoever multiple the whole is of the whole, alfo the 
remainder will be the fame multiple of the remainder. Which 
was to he demooifaatesl. 
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PROP. VI. 

. If two magnitudks Jbe equiouiltiplei of two magnitudes ; and 
fome magnitudes equimultiples^ of the fame be taken away 1 alfi> the 
mbaindsrs ne eidier equ^ to thoib magiuitudes, or equimuhiplea 
of them* 

For let the t«^ magnitudes AB, CD be equimoll^iles of the 
two maguitttdea £, F 1 and let AG, CH the magmtudes taken awaf 
be equsmuhsplcs of tbe £uQe £, F : I hj that the remainders GS» 
HD ace eiidier equal to.E, F or eqsimiiltiples of them. 

For firft let X3B be e^ualtv £ ^ I iagr thatHDis aUb equal t^ 
F : £itput CKeqiialttd F. 

And 
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Book v« And becaufe AG is the fame multiple 
of E as CH is of F i and GB // equal to 
E ; and CK ejua/ to F ; therefore (by 
2. 5.) AB is the fame multipleof E w&ic6 
KH is of F ; but AB is fuppofed to be 
the fame multiple of E, which CD is 
of F J therefore KH is the fame mul- 
tiple of F, which CD is of F ; where- 
fore .becaufe each of the lines KH, CD is 

the fame multiple of F ; therefore (by com* not, 6.} KH is equal 
to CD ; let CH wBicA is common be taken away ; therefore the 
remainder KC is equal to the remainder HD : but KC is equal to 
F ; therefore HD is alfo equal to F -, fo that when GB is equal to 
E, HDwill alfo be equal to F. 

^ . Certainly in the fame manner we (hzll demonftrate, that when 
GB is a multipleof ^, that HD will be the fame multiple of F. 

Wherefore if two magnitudes be equimultiples of :two magni-* 
tudes ; ' and fome magnitudes equimultiples of the fame be taken 
away ; alfo the remainders are either equal to thofe magnitudes, or 
equimultiples of (hem. Which was to be demqnflrated. 



PROP. VH. 

Equal magnitudes have the fame ratio to the fame magnitude ; and 
the fame magnitude bas the fame ratio to equal magnitudes. 

Let A and B be equal magnitudes ; ran4 C any other magnitude 
which may accidentally happen il fay that each of the magnitudes 
A, B has' the fame ratio to C ; and that C has the fame ratio to 
each of the magnittsdes A, B. 

For let p, E be taken^ equimultiples of A, B ; and let F be 
taken any other multiple of C which may accidentally happen. 

And becaufe D is the fame multiple of A, winci:E' is of B y and 
A is (by' fupp.) equal to B -, therefore D is equal to E ;. hut F ir 
any bthd: multiple of C which :may. accidentally happen ;. where-' 
fore if D exceed F^ E alfo exceeds F ; . and if equal, equal ; and. 
if lefs^ lefs : and D,.£ are equimultiples of A, B ; andi F any 
other multiple of C which may accidentally* happen); therefore* 

(by 



Digitized by 



Google 



OF EUCLID. 



ir 



{ 



(by 5 def. $.) it is at A ir to C fo is B to C. 

I £17 alfo that C kas the £une ratio to each of 
the magnitudes A» pt . 

For the fame diiogs being cooftruded; ici the 
fame manner we ijiall demonftrate that D is equal 
to E ; and that F is any other magnitude i there- 
fore if F exceed P ; it alfo exceeds E : and if 
equal, equal: and if lefs, lefs: and Fisamul* 
tiple of C ; and D, E any other equimultiples of 
A and B which may accidentally happen i inhere* 
fore (by 5, def.^.) it is, as C to A fo is C to B. 

Therefore equal m^nitudes have the fame ratio 
to the fiune magnitade ; and the fame magnitude bos tlie fame ratie 
to eqiial magn^ude^. Which was to b(e demonftrated. 



BookV. 



PROP, vni- 

Of unequal magnitudes ; the greater has a greater ratio to the 
fame ntdgnitude, than the lefs has : and the fame magnitude has a 
greater ratio to the Ids, than it has to the greater. 

Let AB.apd C be unequal magnitudes ; and let AB be greater 
than C i and let D be any other magnitude which may accidentally 
happen : I fay that ABhas a greater ratio to D than C has to D : 
And D has a greater ratioto C, than it has to AB. 

For becaufb AB is greater than C 1 make BE equal to C : cer* 
tainly (by 4. def..5.) the lefTer of the two A£, EB being multi- 
plied viHl at length be greater than D. Firft let AE be lefs than 
EB ; and let AE be multiplied until what is produced fhall be 
greater than D : and let FG be the multiple of it, which is greater 
than D : and whatfoevcr multiple FG is of AE, let GH be the 
fame multiple of E3 ; and K tie fame mulfiple of C : and let L be 
f aken the double of D, and M triple i and more by one in order^ 
until the multiple of D taken becomes the firft greater than K: 
let it be taken : and let it be N four times D, the firft greater 
than K. 

Wherefore becaufe K is the firft lefs than N or \N is the Jirfi 

multiple of D greater than K] j therefore K is not lefs than M ; 

Vol. 1. * B . and 
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96okV.and becaufe FG is tkte >ratti6 Midti^e'dSF AE^ 
"^-^-^ which GH'/r of 'EB-s ^li*rtfoft <%yi^5.)'Pt^ 

the fame multiple of AE which FH is of AB»j ' T ^ 
and FG is Ihe falttc 'Amlt$^te'«f 'l«ED?liiiih«.il8! t?" - ^ 
ofCi theref^re¥«^s<!tlk£HMettMilH^'«^AB> » 
which K is of C j 'tbdWift** FH -«« -flC a*cl ,' > . 
eqikimukiptes of ^fe -and C : lAgarn btiMiilb 6(t ' 
is the fame muhft^ fef 'Bfe 'wfeidh ^K w •tfe" C j . . . ; J^- 'J J 
and EB is ^ual to C j 'thttrelbfe Oft 'is'cqulfltld > jl"T i" jT: 
K : l?ut K is norlefeHban'M j kherefetfe neilh«r i 4 it l''! 1 I 
is GH lefs than IVt; btrt (byctfhft;) FG'istgy^«tr^'W='<^>l> '' ^^^ 
than Dj thercfoi*^ the •whole FH is greater' than ^• 
bo* D a!od M tbgethtJr j but D and M* together «r eq**l fo^N ; 
therefore FH exceeds N, ^ot' K ddes net 'csceed N ; 'ii^ FH^dnd 
K are equimultiples of AB and C ; and N is any other multiple of 
D which may accidentally liappcn ; tfaeivfore (by 7. def. 5.) AB 
has a greater ratio to D, than C has to D. 
• I %^alfo, ^ that D"hW ^ 'greKter IWtiof to? C, ' ^€iSttfD^il>af4^^. 
¥br'^6{s^e things -beiiig c6i)(b>u(ft«d ; in like nfnniMr "w-e lliMtl 
dcmonftfate, that N *3teeeds'K ; 1)*t flobs n&t'fcittJedd^PH; taid^H 
is'af-fnaltiple 'of D ; and FH'ittui <K ^{a»y ^hdrJ^eeittiDartlltiiAM of 
AfB ttrid C fwWch may stcfcid«^tifl!j?*iftppen} 1 <'thfcf«b«i^y ^.^ttf. 
5 yi>'htt$ agiieateT Tktio to G, than' D'i&tfjto AB. 
But let AE be greater than EB ; ^cVtaSftlyiBS 
the icifs'beidg muktplied Mvfll 'at 4*hfth ^by '4. 
def.' 5.) he gtcaier than D : let it be'muhi|flitd ; 
and'let GH be the multiple 6f EB, greater than 
D ; and -Whatfoever tnultiple GH^s of EB j let 
FG~1>e 'fflstde the (MidHaavktl^ of AE ; and K 
of C :' GcMainly tn'^he ftiAe maimer 'i<^ ihall de- vo4- 
hrorifhtfte, that PH mtd'K are <eqaimtt}tiprle6of . \.X.i 
AB anJ- C : and in Uke msNioer let N bd taken; 
a 'multiple of D» the firf( greater than FG ; 6> 
Uhlat again FG be not lefs than 'M ; but GH is^ 'a 'S'o T UN 
jgreater than D; therefore the whole FH exceeds 
D and M together, that Is N i but K does not exceed N jj' ^oce'f O 
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being ^eaur ^ftP 9II i : ^MT H Jv <1^^ n|?^ <*?fic^N j ^©4 i^ Ufeg »»ok V. 
manner, fottoMWig if >^<^M^ w<5'fi«^^ t;^?»dcfnp«^w|ic^^ 

ratiQ to the iame magnitude, than the lefs has : i|n4. the fymcfnfigr 
nitude has.t gcengr riitiQ to t^9 ^i^,, t)^ft it lif$, 19 the ^re^ct. 
Which was to be demonftrated. 

p a Q P. IX- 

Magnitudes having^ the £^e ratiq to the fame ma^nitudt are 
<;qual to pqe janoi^er ; a(i4 thofe are at|b equal to one another, to 
WQich the izf^'nwniiude has the fame ratio. ^ 

Foi; let 4ac^ of^e ma^itudef A» B have the fame ratio^ to the 
£vmf maffiitude C : I fay that A is eoua) tq B. 

For if iu>tij (by 8. £.J each of th^ nfagnitudes A, B 
could fiot hzve (hje %ie ratio to C : but it ^as (Jby fhpp*) ; 
therefore A 18 ^qual' to B« 

Again let C have the fame ratio to each of the magni^ 
tudis A, B i I iky that A lit equ|4 tp B> 

For if not 1 C could not (by 8. 5.) have tho fame ratio 
to each of the mapatudks A» B ; but k has ^by fupp*) f 
tljerefore A is equ^ to B« 

Wherefore, mmntiides having the Ame f ati» to 4be 
fame magf^wde are.equal to one another s Md thofe ate equal to 
one another to which the iune magnitude has 4ie^fame ratio* Whick 
was to be demooftrated. 
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Of nuigitttvdet having tatie tq d»<l km Wmfi^f^ *^f l^f 
greater which has thp gffiiider ffltio t , ^9^ ^9^,\s^^.)f^,tp ^|ji^ 
tfa$ fame |i48 A i^eafer rati^. ; 

For lot A have a grca^Jf faj^jtp-Q jt^jvi #,^ t9^<£; : :I % th&t 
A is greater than B. ' : - ij « 

Forif noi^^eithcf A wiequjl |o.?> 9ril^ i bftt.A is not ieqw^ 
to B ; for fi&^each of the. magm^vi^ A*'B (V 7* 5*^) has the iame 
tatio to C J but (by fiipp.) fasifft^m:^?*?^ * tljereforc A is 
«iec<equal «o iB ; Jicitber.is AM tli^p ^ ; for (by 8. §.) A would 
: . ' • * B a have 
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have a lefs ratio to C than B would have toC| fnit (by 
fupp.) it has not j therefore A is hot Jefs than-B ; hath 
has been demonftrated that neither is it equal : tharvfore ^ \ 
A is greater than B. 

Again let C have a greater ratio to B than C has to A : 
I fay that B is lefs than A. • * : 

For if not i it is either equal, or greater : but B is not 
equal to A, for (by 7. 5,) C would Havb- the fanxe ratio 
to each of the magnitudes A> B : but (by fupp.) it has noti 
therefore A is not equal to B : Neither is B greater than A; for 
(by 8. 5.) C would have a lefs ratio to B than to Aj but (by fupp. J 
it has not i therefore B is not greater than A; but It has' been de- 
monftrated that neither is it equal ; therefore B is le& than A. 

Wherefore of magnitudes having ratio, to the fame magnitude'^ 
that is the greater^, which has the greater ratio : and that is the 
lefs to which the fame has a greater ratip. Which wa^ to be dc« 
monftrated^ .« . - j . - 
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PROP. XI. 



Ratios which are the fame to the fame ratio, are the fame to one 
another. r L ,r , ; / » 

For let the raths be \ as A to B lb is C to D ). and a& <^|^ D 
ib is E to F ; I % that it is, as A Js to B ifo is £ to R ' 

For let G, H, K be taken equimultiples of A, C^i £ ; and le( 
L> M, N ^ talken any other equimultiples tof B, D, F which may 
accidentally happen. 

And becaufe it is (by fupp.) as A// to 
B fb is C to l> I and G and H have been 
taken equimultiples of A and C ; and L, 
M any equimultiples of B, D which may 
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accidentally happen ; wherefore if G ex- T T ' '. \\ 
ceed L j H a!fo exceeds M (by 5. def. 5.) i ll X I 1 iiX 
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and if equal, equal; and if left, lefs: GAB L HCDM KEf JT 
Again, becaufe it is (by fupp.), as C » to D ib is £io F; and H, 
K have been taken equimultiples of C, E $ and M, N any other 
cqaimultipties of D, F which may accidentally happen j wherefore 
(by ^.6ti, 5.) if H exceed M y K alio exceeds- N;;. and if «qi»»J» 

equaU 
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•qua! i. And if lefs, lefs ; but if H exceed M; G alfo exceeds L ; Book v; 

and if equal, equal ; and if lefs, lefs : and G, K are equimultiples 

of Af E s and L, N any other equimultiples of B, F which may 

accidentally happen ; wherefore (by 5, def. 5.) it is, as A ir to B 

feirEtoF. ' 

r -Wberefbre raim which jare the fame to the iame ratio j are the 

Smm to one another* Which wat to be deinonftrated. 
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. I PROP. jXII. 

' If any number of magnitudes be proportionals ; it vrill be,^ at 
one of the antecedents is to one of the confequentSi fo are alt the 
anfectddnts to all the confequents. 

Let A, B, C ; D, £, F be any number of magnitudes, propor* 
tbnals; viz. as A is to B £0 tetC de to D ; and E toF : I fay that 
it is aa A /r to B fo is A, C, E to B, D, F, 

For let G^H, K equimtiltiples of A, C, E be taken 5 arid L, M*, 
N any other which may accidentally happen of 3f ^9 F. 

..And becaukfe it is, as his to B fo is C ' ^ 

to D ; and E to F (by fupp.) j and G, 
H,.K have been taken equimultiples of" 
A, C, E^j and L, M; N any Other eqol- ^ 
multiples of B, D, F which^ may /acci- 
dentally happen ; wherefore (by 5. defl 
5.) if G exceed L ; H alfo exceeds M • 
^A K exceeds' ^i and if equal, equal ^^' 
and if^ lefs,' lefs : fo that alfo if G exceed :^ 
L; G, H, K taken tof^etber alfo exceeds 
L, M, N taken together y andif/V be equal j "^they jrif equa^;. and 
if it ie left, tiey are lefs ; and G j und* G, H, K are equimulnples 
of A^ and of A; C;^EV finte (by i.ijf:) if there be any rthmber oi 
magnitudes equimultiples of an equal fautnber of liiagnitudes, back 
of each t whatfoever ndultiple any one magnitude is df one 3 the 
fame multiple will, all be of all : /C^rtamly fbr the ikihe rea^oa 
alfo ; L, and L, M, N are equimultiples of B, and of B,. I5„ Ti 
therefore (by 51 def. 5^) it itjj as A'r/r to B^fo 1/ A, C,Eto S, D^ F^^ 

AVherefore if any number of magnitudes be propof tio%ahr '; it 
w31 be as one of the antecedents is to one of the confequents,. fo 

ar^r 
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1* R or. xnr. 

... .■;.,, - .. . ^ : ; . . . . . 

If the firft have the Tame ratio to the fecond which tbt lilkd4af 
t»' thv fatoifec bat i^ tb^ idviddthivv a pbiHr tt^ t»the-&iu^th 
than the fiftii ias to fh« &tc)(^ th« fitS^ alO^ will hate a grMMt 
ratio to. the fecond than the fifth Jbas to the fixth. 

For let the firft A belid the- feifoe tttU to the fecond B, wBicA 
the tbi^ 9i^^^ ^^ the fourth D: but let the third C l^v,e 4 gp¥^er 
ratJQ to theiourtb P, tbdn the fifth E, has to tbp. fiith F i I,% 
tbat tbe Ar({ A wilt have a greater ratio to the jjeaond B, tbaA tb« 
fifth E .ha« to the fixth F. 

For becaii^ C has a greater natip to P (by; 
jtipp.), tban k has lip f* ; (b^ 7/^^ S-) l^^rc 
ar« fome oquimultip^cs of C' and p^j, ;aiui f^l^ , 
equimuhij^s, t^bi^ may ^cidentiJiy jh^r,.. 
pen] of D and f\ and the aiulttple of C e'xr 
ceeds the multiple of D : but^^the inu|tip)e of 
E dots^ not exceed the iaultiplp;;Of,.F ; Ut 
tUem be taken ; and let G« Uiio.tjafi j^qi»"i 
multiples of C, £ ; and K» L other. eg'uiiQul^ 
ti^es {which may accidentally happen} of D* il^ Aa« «€^k n^t §, 
Fu lb that G excdeds Kf but H does rtot. 
exceied L : and whatfdever mul,t4pU G is pf C, Let M be the fao^ 
multiple of A : tmd whatibe^^er qapitifd* i; i«,Qf D, l^t N i^ <kli 
iJUDB nidillde of B. . • 

And becaufe it is, as A is to 6 f<^-/i C to X>i ap4 M 4»4f O bayf 
been taken equimultiples of A^ C 3^ «nd N« K oUier eqiumultiple^ 
{which may accidentally happen] «f ^, D : wber^ore {by 5. deif, 
5.) if M exceed N, G alfo exceeds, K f and if equal, equal : 4Ui4 
if lefs, lefs : But G exceeds K (by jfypp^) therefor*. alfo M exceed* 
N : but H does not exceed L ; and M, H are equimultiples of A, 
£ ; and N, L other equimultiples [which .nmiy mrci^ei^ally happen] 
of B, F i t^re/ore (by y^dcf, 5.) A. hasjf (gcea^r r^tip to £1, ifum 
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Wherefpre tf ^ ficft hurt ^kc&ait n^.to^tix.Stoeod which Boofc.v; 
the third has to thefouft^ki 4>at ^.tbe.thii^haiTeJigittalemtiD 
to the fourth duo the. fifth jAwta.dbe.fisth $ .^i&rft.al&'mlLhave 
a grqater r«t»o>«>|fa«<6oMid thao^the fifth i&» to thnfiacth. Wiacb 
wait to be ^emmftiialicid. 



]£ the fifft hmje |he Anj* ;»fM>-iPs tfee .f^^fd, whicji ^ t^i^ 
A«i^t6 the^ourthi ifn4,if, ^»$F(l!^,g5«^itban ^e jOusd* ^s^o 

ifiv 4<t: Jiil»e, fifft rA 4v(?e;|^e./ji9^ 9^ to ^ ^JbpQ^,^, (fo^ 
lbs tkii^VM^o ^fyfi^ljk D * 9|i|d \9tA\f^ffXA^r,$banC : J 

|^J^ti^«tlB,i«)gclpt|e^,lhap:P» . 

For becaufe (by fiipp.) A is greater than C ; ' and B 

but as A i> to 3 (by fupp.) fo /r C to D j therefore (by 
13. 5.) C has a greater. ;^^o to.P,.thga,C ^^ to B : 
but (by 10. 5.) that tm^nit&ie is the lefs» to which the 

ip that B is greater dian D. A ^ P^ . 

n CffMUAly ^ ABi ikhe- i^me ^nonner i|ire .ihall i4couH)j(^e» than M^hen 
Aisi •qii»l *o.C, 3. will alio ibfr fi^ualt to D^ : ,4^14. if ^ |be kt(s^ d^ 
C» B will be lefs tha« p. 

,l/^e^(]r«i:if.^e<^r^l^Te,tbe,iMOM^rAt|bjo^^^^^ which 

the t^d, <^f ^:ikc:,Pm^ > . ?i»d if ^e-j^^ft jbe.,^rpa/6et,^hjui t^ 
third i alfo the fec^d wiU be, greater 4^. ^if^uf ^ i ■■ >a94>f 4;)j^U 
e|aal; andif lefs,. )|^*s. Whi(^ WH ^rh^.^^QiPPAfS^^ 



' The parts, . conpared i wi|h ottft jiniufcctr, Jiaye -<he . fiuM, mti* 
w^/r^d their eqaimnltiplespAnnr. 

For let AB be the ia«i(» qialt^ nL'Q.aMci iSiE it g£F: 1% 
that it is» as'C /r to B fi> «i AiBta J3£* . 

For 
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Book V. For becaufe (by fupp.) AB is the fame multiple of 
^"^'-^ C wJbicA DE is of F y therdfbre as many magnitudes 
as there are in AB equal to C, Co many is there alfo 
in D£ equal . to P ; let AB be divided into magni- q . ^ 
tudes^jcqual to C, viz, AG, GH, HB j and DE into 
magnitudes equal to F, viz. DK, KL, LE : certainly 
the number of parts AQ,, GH, HB :will be equal to^"^ 
the number of farts DK, KL, LE : and becaufe AG, 
GH, HB are equal to one another; alfo DK, KL, 
LE are equal to one ^another's therefore it if, (by 7. 
5,0 as AG is to DK fo is GH to KL, lUid HB :to LE7 Wherefore 
(by 12. 5.) it will be as one of the antecedents is to one of die 
confequents, fo ai^ dl-the antecedents to all the confequents; 
wherefore it is, as AG is to DK fo is ABto DE ; 1>ut AG is equal 
to C, and DK is equal to F ; therefore it isi 'a8<^ tr to P fo is AB 
toDE. . . . : ^ .. .: •* .-. , ^.i . .. I .• ..,': 

Wherefore the parts; compared vrith one anotheCt have the '£^e 
ratio wAici their equimultiples have. Whick was to be demon- 
ftrated, 

P R O P. XVL 

If four magnitudes be proportionals ; they wiH aUb be alter«^ 
nately proportionals. 

Let the four magnitudes, -A, B, C, D be proportionab ; viz. as 
A tf to B fo /et C i^ to D t I fay that they will be alternately pro- 
portionals : viz. as A is to C fo wiU B ie to D. 

For let E; F be taken equimultiples of A, B ; and G, Hany 
bthet equimultiples 6f C, D which may accidentally happen. 

And -becanie E is the fame multiple of A wAicb 
F is of B; and (by 15. 5.) parts, compared with 
one another have the fame ratio wAicA their equi- ' 
multiples Bave : therefore it is, as A Js \o B fo is 
E to F I but (by fupp.) as A is to' Bfo is C to 
D i and therefore as C £r to D ib (by 1 1. 5^) is 
* E to F : Again^ becaufe G mJ H are equimul- 
tiples of C^and. D ». therefore (by 15. 5.) C is ^ 
toDasG/VtoH; but aa C is toBibiaEto ^ 
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F ; therefore (by 1 1. 5.) as E is to F fo is G to H ; but if four Book v. 
magnitudes be proportionals^ and the firft be greater than the third; ^— v-^ 
the fecond (by 14. 5.) will be greater than the fourth ; and if equal, 
equal : and if lefs, lefs : wherefore if E exceed G, F alfo exceeds 
H : and if equal, equal : and if lefs, lefs Tand E and F are equi-< 
multiples of A and B, and G and H any other equimultiples of C 
and D which may accidentally happen 3 therefore (by 5. def. 5.) 
as A £f to C fo /j B to D. 

Wherefore if four magnitudes be proportionals they will be (by 
13^ def, 5.) alternately proportionals* Which was to be dempn- 
ftfated# 

PROP. xyiL 

If compounded magnitudes be proportionals ; they will alfo be 
proportionals when divided. 

Let the compounded magnitudes, AB, BE, CD, DF be propor- 
tionals I viz. as AB is to BE fo let CD be to DF : I fay that ihey 
Will be proportionals when divided ; that is (by i6. def. 5.) as AE 
is to EB fo will CF be to FD. 

For let GH, HK, LM, MN be taken equimultiples of AE, EB, 
CF, FD : and let KX, NP be taken any other equimultiples of EB, 
FD which may accidentally happen. 

And becaufe GH is the fame multiple of AE 
which HK is of EB ; therefore GH is the fame 
multiple of AE which GK is of AB (by 1.5.); 
but GH is the fame multiple of AE which LM 
is of CF : therefore GK is the fame multiple 
of AB which LM is of CF. Again becaufe LM -^ K 
is the fame multiple of CF which MN is of FD : 
therefore (by i. 5.) LM is the fame multiple of 
CB which LN w of CD : but LM was the fame 
multiple of CF which GK is of AB : therefore 
GK is the fame multiple of AB which LN is of 
CD : therefore GK, LN are equimultiples of AB, 
CD. Again becaufe HK is the fame multiple of ^ ^^ 
EB which MN is of FD ; and KX is alfo the 
fame multiple of EB which NP is of FD : alfo 
(by 2. 5.) HX is the fame multiple of EB which 
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B<»okV. MP is of PD t and becauie it 16 (by fupp.) as AB is to BE fo is 
CD to DF 5 and GK, LN have been takett equimultipks of AB» 
CD ; and HX, MP [any other] equimultiples of EB, FD [which 
may accidentally happen] j therefore (by 5. dcf. 5.) if GK exceed 
HX, LN alfo exceeds MP : and if equals equal : and if lefs, lefs : 
Let GK exceed HX, and, the common part HK being taken 
away, therefore alfo GH exceeds KX : But if GK exceed HX, 
LN alfo exceeds MP ; therefore alfo LN exceeds MP ; and MN 
which is common being taken away j LM alfo exceeds NP : fo that 
if GH exceed KX ; LM alfo exceeds NP. Certainly in the fame 
manner we {hall demonftrate that if GH be eqpal to KX ; LM 
will alfo be equal to NP : and if lefs, lefs : But GH, LM are equi- 
multiples of AE, CF ; and KX, NP aay other equinouUiples of 
EB, FD which may accidentally happen; therefore (by 5. dc£ 5,) 
it is, as AE is to EB fo is CF to FD. 

Wherefore if compounded magnitudes be proportionals ; they 
will alfo be proportionals ivben divided. Which was to be demoiv* 
ftrated. 

PROP. XVIIL 

If magnitudes when divided are praportio&als ; they will be ptt>« 
portionals when compounded. 

Let, AE, EB, CF, FD the divided magnitudes be proportiimals^ 
VIZ. as AE is to EB io let CF be to FD : I fay alfo that they will 
be proportionals when compounded, tbia is (by ij.dof* 5,) as AB 
is to BE fo will CD be to DF. 

For if it is not, as AB is to BE fo is CD to DF ; it will be as AB 
is to BE fo is CD, either to fome magnitude lefs than FD^ or to 
one greater. 

Let it be firft to DG a lefs : and becaule it is (by 
this fupp.) as AB // to BE fo is CD to DG> the com- T^ 

pounded magnitudes are proportionals : fo that alio ^ 

(^y ^7- 5-) ^^^y will be proportionals when divided; B j 'J 
therefore it is, as AE is to EB fo is CG to GD : but ^ 
it is alfo fuppofed that as AE.is to EB fo is CF to ^ -^ 
FD : wherefore (by 1 1 . 5.) as CG is to GD fo is CF 
to FD : but CG the firft is greater than CF the third; 
therefore alfo (by 14. 5.) the fccond GD is greater 
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than the fourth FD ; but it is alfo lefs : which is impofTible : Book v. 
wherefore it is not, as AB is to BE fo is CD to a magnitude lefs '^ "^^"^ 
than DF : Certainly in the fame manner we (hall demondrate, 
that neither is it to one greater. Therefore, it is to that one itfelf. 
Wherefore if magnitudes when divided are proportionals ; they 
will be proportionals when compounded^ Which was to be de- 
monftrated. 

PROP. XIX. 

If it be, as the whole magnitude is to the whole, (o is a magni^ 
fude taken away to a magnitude taken away i the remainder alio will 
be to the remainder as the whole is to the whole. 

For let it be^ as the whole AB is to the whole CD, fo iet AE a 
magnitude taken away be to CF a magnitude taken away ; I fay that 
£B the remainder will alfo be to FD the remainder, as the whole 
AB £f to the whole CD. 

' For fince it is, as the whole AB /r to the whole CD 
fo is AE to CF : alfo alternately (by 16. 5.) as AB is 
to AE fo is CD to CF ; and becaufe the compounded 
magnitoites are proportioQals, they will alfo be pro- £_ 
portionals when divided (by 17. 5.) $ therefore as BE 
it to EfA fo is DF to FC ; ahd therefore alternately (by 
16. 5.), as BE is to DF fo is £A to FC : but as EA is 
to FC ib is the whole AB fuppoibd to be to the whole 
CD 5 therefore alfo (by 1 1. 5.) the remainder EB will ^ q^ 
be to the remainder FD as the whole AB is to the 
whole CD. 

.\ Wherefore if it be, as the whole magnitude ir to the whole, {o 
» a magnitude taken away to a magnitude taken away ; the remainder 
alio will be to the remainder as the whole is to the whole. Which 
was to be demonftrated* 

Cor. And becaufe it has been demonftrated (in this prop*.) as 
AB is to CD fo is EB to FD : and alternately (by i6. 5.) as AB 
is to EB fo is CD to FD : therefore the compounded magnitudes 
ape proportioaais : but it has been demonftrated (in this and prop. 
f 6.5.) as ABis tft AB fo is CD to CF J and this is the converfion of 
the ppefoftitmk. Certainly frwn this it is manifeft, that if com- 

* C 2 pounded 
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Bookv. pounded magnitudes be proportionals, they will be proportionals 
^"'^'^^ by converfion (by 17. def. 5-). Which was to be demoaftrated. 



PROP. XX. 

If there be three magnitudes and others, equal to them in mul- 
titude, in the fame ratio, taken two and two ; and by equality, if 
the firft be greater than the third ; alfo the fourth will be greater 
than the iixth : and if equal, equal : and if lefs, lefs. 

Let A, B, C be three magnitudes, and D, E, F others equal to 
them in multitude, in the fame ratio taken two and two ; viz. as 
A is to B fo Jet D 6e to E, and as B is to C fo Ut E ^^ to F : and 
by equality, let A be greater than C ; I fay alfo that D will be 
greater than F : and if equal, equal : and if lefs, lefs. 

For becaufe A is greater than C, and B is any 
magnitude which may accidentally happen : but (by 
8. 5*) the greater has a greater ratio to the fame than 
the lefs has : therefore A has a greater ratio to B 
than C has to B : but (by fupp.) as A is to B fo is 
D to E : but by inverfion (by cor. to 4. 5.) C is to B 
as F is to E : therefore (by 1 1. et 13. of 5.) D has 
a greater ratio to E than F has to E : but of magnitudes having 
ratio to the fame ; that is the greater which has the greater, ratio 
(by lo. 5.) : therefore D is greater than F : Certainly in the fame 
manner we fhall demonftrate, that if A be equal to C, D will z1£q 
be equal to F : and if lefs, lefs. 

Wherefore if there be three magnitudes, and otheris equal to 
them in multitude, in the fame ratio, taken two- and two; and by 
equality^ if the firft be greater than the third ; alfo the fourth will 
be greater than the fixth ; and if equal, equal : and if lefs, lefs. 
Which was to be demonftrated. 



ABC DEF 



P R O P. XXL 

If there be three magnitudes, and others equal to them in mu]«* 
titude ; and in the fame ratio, taken two and two, and their pro-> 
portion be perturbate & and if by equality the firft be greater than 
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tli6 thirdj the fourth will alfo be greater than the (ixth : and if Book V. 
equals equal : and if lefs, lefs. ^— v^ 

Let A,, B, C be three magnitudes, and D, E, F 
others equal to them in multitude, and in the fame 
ratio, taken two and two ; and let their proportion 
be perturbate, viz. as A is to B fo letE ietoF -, and 
as B fs to C fo let D ^<? to E : and b^ equality let A 
be greater than C : I fay alfo that D will be greater 
than F : and if equal, equal : and if leis, lefs. 

For becaufe A is greater than C, and B is fome other magnitude: 
therefore (by 8. 5.) A has a greater ratio to B than C &as to B : 
but as A // to B fo (by fupp.) is E to F : and as C is to B fb by 
inverfion /> E to D : therefore (by 11. and 13. 5.) E has a greater 
ratio to F than E has to D : but (by 10. 5.) that is the lefs: mag^ 
nitude to which, the fame has a greater ratio ;. therefore F is lefs 
than D : wherefore D is greater than F : Certainly we Ihall de^ 
xQonftrate in the fame manner, that if equal, equal i certainly if 
A be equal to C, D alfo will be equal to F : and if lefs, lefs. 

.Wherefore, if there be three magnitudes and others equal to them, 
in multitude ; and in the fame ratio, taken two and two, and theii: 
proportion be perturbate ; and if by equality the firft be greater 
than the third, the fourth will alfo be greater than the fixth : and 
if equal, equal :and if lefs, lefs» Which was to be demonftratid^. 



PROP. XXIL 

If thetre be any number of magnitudes ; apd others equal to* 
them in multitude ; in the fame ratio, taken two and two; alia 
by equality they will be in the fame ratio. . 

Let there be any number of magnitudes A, B, C 3 and D,.E,.F. 
others equal to them in multitude ; in the iadie ratio,., taken two 
and two ; viz. as A is. to B fo let D ^ to E and as B is to C fo lee 
E ^^ to F : I fay alfo, that by equality they will be in the fame, 
ratio ; viz. (by 18. def. 5.) as A /> to C fo wilt TibetoT. 
> For. let G, H be taken equimultiples of A, !>;, and K, L any 
other equimultiples of B^ E which may accidentally happen ; and 
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Book V. bcfides^ M, N any other equimaltiples of 
C, F which may accidentally happen. 

And bccaufc it is (by fopp,) as A is to 
B fo /V D to E ; and G.» H have been taken 
equimultiples of A, D; and K» L any other 
equimultiples of B, E which may acci- 
dentally happen : thertforc (by 4, 5,) it is, 
as G w to K fo is H to L. Certainly for 
the fame reafon alfo.as K f> to M fo is L to 
N : wherefore bccaufe there arc three mag- 
nitudes G, K, M ; and others equal to them in multitude H, L, N 
and in the fame ratio, taken, two and two ; therefore by equality^ 
(by 20. 5.) if G exceed M, alfo H exceeds N : and if equal, 
equal : and if lefs, lefs : and G and H are equimultiples of A» D; 
and M, N any other equimultiples of C, F which may accidentally 
happen : therefore (by 5, dcf. 5.) it is, as A £r to C fo i> D to F* 
Wherefore if there be any number of magnitudes, and others 
equal to them in multitude ; in the fame ratio> tak^n two and two; 
alfo by equality, they will be in the fame ratio* Which was to be 
demonftratod. 

PROP, xxni- 

If there be three magnitudes, and others equal to them in mul« 
titude ; in the fame ratio, taken two and two ; and if their pro- 
portion be perturbate; they will alfo be in the fame ratio by equality. 

Let A, B, C be three magnitudes, and D, E, F others equal to 
tbeth in multitude ; in the fame ratio, taken two and two ; and let 
their proportion be pertarbate, viz. as A iV to B fo let E be to F f 
and as B /j to C fo let H he to £ : I fay that it is, as A is io C fo 
ixDtoF: 

For let G| H> K be^taken equimultiples of A, B^ D; and L, M/ 
N any other equinaultiples of Ci B^ F wbicb may accidentally 
faoppefi* 

And becaufe G, K are equimultiples of A, B j and parts, (by 15. 
5.) hav« the fam6 ratio /i? Me anotker^ their equilnAihiples i there- 
iot% it is> at A /> to B ^ ^ G to H; Certaihly for the fame reafon 
iWo as-E ^ to F fo w M to N : ^nd becaufe it is, as B w to C fo 
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is D to E ; and H, K have been taken 
equimultiples of B, D 5 and L, M any 
other equimultiples of C, E which may 
accidentally happen ; therefore it is, (by 4. 
5.) as H is to L fo is K to M : but it has 
been demonftrated as G /> to H fo w M to 
N : wherefore becaufe there are three mag- 
nitudes G, H, L and others K, M, N equal 
to them in multitude ; in the fame ratio 
taken two and txvx) ; and their proportion 
is perturbate; therefore by equality (by 2 1 . 
5.) if O exceed L ; K alfo exceeds N : 
and if equal, equal : and if lefs, lefs : and 

G, K are equimultiples of A, D j and L^ N at^ other equimulti* 
pies of C» F which may accidentally happen ; therefore (by 5. def. 5.) 
A /> to fc as D is to F. 

Wherefore if there be three magnitudes^ and others equal ta 
them in multitude ; in the fame ratio taken two and two ; and if 
their proportion be perturbate ; they will alfo be in the lame ratio 
by equality. Which was to be demonftrated. 
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P R O P. XXIV. 

If the firft have the fame ratio to the fecond "tohich the third has^ 
to the fourth ; and if the fifth have al£> the iame ratio to the fecond 
which the (ixth has to the fourth ; alio the firft and iifib together 
will have the fame ratio to the kcond which the third and £xth> 
together has to the fourth. 

For let the firft AB have the fame ratio to the fecond C, which 
the third DE has to the fourth F : and alfo let the fifth BG have 
the fame ratio to the fecond C» which the iixth £H i&i7i to the 
fourth F : I fay that alfo AG the firft together with the fifth wilt 
have the fame ratio to C the iecond which DH the third together^ 
with the fixth has to F the fourth. 

For becaufe it is, as BG is to C fo is EH to F ; therefore by in- 
verfion (by cor. to 4. 5.) C is to BG as F w to EH, Wherrforc 
becaufe it is as AB /i to C fo /> DE to F j and m C » to BO fo i!r 
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Book V. F to EH: therefore by equality (by 22. 5.) it is, as q 
AB is to BG fo is DE to EH : and becaufe the divi- 
ded magnitudes are proportionals, they will alfo (by 
18. 5) be proportionals when compounded: where- 
fore as AG is to GB fo is DH to HE : but it is, as B 
GB /> to C fo is HE to F : therefore by equality (by 
22. 5.) it is, as AG is to C fo is DH to F. 

Wherefore if the firft have the fame ratio to the 
fecond ^wbicb the third has to the fourth ; and if the 
iifth have alfo the fame ratio to the fecond which 
the fixth has to the fourth ; alfo the firil and fifth 
together will have the fame ratio to the fecond which the third and 
fixth together has to the fourth. Which was to be demonflrated* 

PROP. XXV. 

If four magnitudes be proportionals ; the greateft and the lead 
of them are greater than the other two. 

Let the four magnitudes AB, CD, E, F be proportionals ; viz* 
las AB is to CD fo let IS. be to Y : and let AB be the greateft of 
them and F the leaft ; I fay that AB and F are greater than CD and E. 

For let AG be made equal to E and /et CH B 
^e made equal to F. 

Wherefore becaufe it is, as AB is to CD fo is 
E to F i and AG is equal to E and CH to F ^ 
therefore it is as AB is to CD fo is AG to CH : 
and becaufe it is as the whole AB is to the 
whole CD fo is AG taken away to CH taken 
away; therefore (by 19. 5.) the remainder GB 
will be to the remainder HD as the whole AB 
is to the whole CD : but (by'fupp.) AB is greater than CD ; there- 
fore GB is greater than HD : and becaufe AG is equal to E and 
CH to F : therefore AG and F together are equal to CH and E to^ 
get her ; and becaufe if equals be added to unequal s, the wholes arc 
unequal : wherefore GB and HD being unequal : and AG and F 
be added to the greater GB : and CH and E be added to the lefs 
HD : AB and F together are greater than CD and E. 

Wherefore if four magnitudes be proportionals, the greateft ancl 
the leaft of them arc greater than the other two. Which was to 
be demonftrated. 
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DEFINITIONS. 

I. CIMILAR rcAilineal figures are thofe which have their Book vi. 
angles equal each to each ; and the fides about the equal """'"^^ 
angles proportionals. 2. But thofe are reciprocal figures; when 
the antecedent and confequent terms are in each of the figures. 

3. A ilraight line is faid to have been cut in extreme and mean 
ratiOi when it is^ as the whole line is to the greater fegmentj^ fo is 
the greater fegment to the lefs. 

4. The altitude of any figure is the perpendicular drawn from 
the vertex to the bafe. 

5. A ratio is faid to be compounded of ratios^ when the quan* 
titles of the ratios being multiplied into one another do make fome 
ratio. 

Vol. I. * D PROP. 
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PROP. I. 



The triangles and parallelograms which are under the fame alti« 
tude are to one another as their bafes. 

Let ABC» ACD be triangles; and EC, CF parallelograms, which 
are under the fame altitude, viz. the perpendicular drawn from the 
point A to BD : I fay that it is, as the bafe BC is to the bafe CD 
fo is the triangle ABC to the triangle ACD : alfo to is the paralle- 
logram EC to the parallelogram CF. 

For let BD be produced towards both parts to the points H, L: 
and let any number of lines BG, GH be made equal to the bafe BC : 
and any number of lines DK, KL equal to the bafe CD : and let 
AG, AH, AK, AL be joined. 

And becaufe CB, BG, GH are equal 
to one another; alfo (by 38. i.) the tri- 
angles AGH, AGB, ABC are equal to 
one another : therefore whatfoever mul- 
tiple the bafe HC i^ of the bafe BC; the 
fame multiple alfo is the triangle AHC 
of the triangle ABC. Certainly for the 
fame reafon alfo, whatfoever multiple the 

bafe CL is of the bafe.CD the fame multiple is the triangle ACL 
of the triangle ACD. ' Ahd if the bafe HC be equal to the bafe 
CL (by j8/.i.) the triangle AHC is alfo equal to the triangle 
ACL : aod if the bafe HC exceed the bafe CL ; the triangle AHC 
alfo excetdsf the triangle ACL : and if Icfs, lefs. Tlicre being four 
m^gftitftdes, the two bafes BC, CD 3 and the two triangles ABC^ 
ACD : and equimultiples of the bafe BC and of the triangle ABC 
have1)een taken vi^. the bafe HC and the triangle AHC : • and of 
th^ bilfe CD and t)f ftie triangle ACD any other equimdliiplei 
which may accidentally happen viz; the bafe CL and the triangle 
A^L t and it hais been flcmonftrated that if the bafe HG exceed 
the base CL ; the triangle AHC alfo exceeds the triangle ACL : 
and if equal, equal : and if lefs, lefs : therefore (by 5. def. 5.^) it 
IS, as, tlie b^fe BC is to the bafe CD fo is the triangle ABC to the 
trianjgk ACD. 

And 
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. And becaufe the parallelogram EC is double of the triangk ABC Book vi. 
(by 41. I.) : and the parallelogram FC is double of the triaogk 
ACD ; and parts (by 15. 5.) have the fame ratio to one another as 
their equimultiples ; therefore it is> as the triangle ABC is to the 
triangle ACD fo is the parallelogram EC to the parallelogram FC: 
wherefore becaufe it has been demonfirated that as the bafe $C is 
tojthe bafe CD fo is the triangle ABC to the triangle ACD : and 
as the triangle ABC is to the triangle ACD fo is the parallelogram 
EC to the parallelogram FC; therefore alfo (by 1 1. 5.) the bafe 
fiC is to the bafe CD as the parallelogram EC is to the parallelo- 
gram FC 

Wherefore the triangles and parallelograms, whfch are under 
ihc fame altitude, are to one another as their bafes. Which was to 
be demonftrated. 

• PROP. II. 

If any fh^igbt line be drawn parallel to one of the fides of a 
triangle, it will cut die £des of the triangle proportionally : and if 
the fides d[ the triangle be cut proportionally, the (Iraigbt line 
joining the fedions will be parallel to the remaining fide of the 
triangle. 

For let DE be drawn parallel to BC one of the fides of the tri- 
angle ABC : I fay that it is, as BD is to DA fo is CE to EA. 

For let BE, CD be joined. 

Therefore the triangle BDE is equal to the triangle CDE ; for 
tbey ate upon the fame bafe DE and between the fame parallel 
lines DE, BC : but ADE is fome other triangle ; and (by 7. 5.) 
equal nusgnitudes have the fame ratio to the fame magnitude : there- 
foift it is, as the triangle BDE is to the triangle ADE fo is the tri- 
angle CDE to the triangle ADE : but as the triangle BDE is to 
dke triangle ADE fo is (by i. 6.) BD to DA : for being under the 
£kmo altitude, the perpendicular drawn from the point E to AB» 
they are to one another as their bafes. Certainly for the fame rea- 
son alfo, as the triangle CDE is to the triangle ADE fo if CE to 
EA : Therefore (by 1 1. 5.) as BD is to DA fo is CE to EA. 

But let AB, AC, the cfides of the triangle ABC be cut propor- 
tionally ia the points D, £ viz. 4is BD tr to DA.fo let CE be to EA : 

♦Da and 
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Book VI. and let DE be joined : I fay that DE is parallel 

""^^ to BC. . . 

For the fame things being conftruded ; be- / 

caufc it is, as BD is to DA fo is CE to EA : /VT> 

but as BD is to DA fo (by i. 6.) /> the tri- /.y\ 

angle BDE to the triangle ADE : and as CE /y^ \ 

is to EA fo is the triangle CDE to the triangle jy"^^ 

ADE: therefore alfo (by ii. 5-) as the tri- C 
angle BDE is to the triangle ADE fo is the 
triangle CDE to the triangle ADE : therefore each of the tri- 
angles BDE, CDE has the fame ratio to the triangle ADE ; there- 
fore (by 9. 5.) the triangle BDE is equal to the triangle CDE : 
and they are upon the fame bafe DE : but equal triangles being 
upon the fame bafe are alfo (by 39. !•) between the fanie parallels : 
therefore DE is parallel to BC. 

Wherefore if any ftraight line be drawn parallel to one of the 
fides of a triangle, it will cut the fides of the triangle proportio- 
nally ; and if the fides of the triangle be cut proportionally, the 
flraight line joining the fedlions will be parallel to the remaining 
fide of the triangle. Which was to be demonflrated« 

PROP. III. 

If an angle of a triangle be cut in halves, and the ftraight line 
cutting the angle alfo cut the bafe ; the fegments of the bafe will 
have the fame ratio which the remaining fides of the triangle have 
to one another : and if the fegments of the bafe have the fame ratio 
which the remaining fides of the triangle have to one another ; the 
ftraight line joining the vertex and the point of fedtion .cuts the 
angle of the triangle in halves. 

Let ABC be a triangle, and let the angle BAC be cut in halves 
by the ftraight line AD : I fay that it is as BD is to DC fo is BA 
to AC. 

For let CE be drawn through the point C parallel to DA : and 
BA being produced let it meet CE in E. 

And becaufe the ftraight line AC hath fallen upon the parallels 
AD, EC; therefore the angle ACE (by 29^ i.) is equal to thb 
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angle CAD : but the angle CAD is E Book VL 

fuppoled equal to BAD : therefore the 
angle BAD is equal to the angle ACE, 
Again bccaufe the ftraight line BAE 
bath fallen upon the parallels AD, EC ; 
the outward angle BAD is equal (by 
29. I .) to the inward angle AEC : but 

the angle ACE hath been alfo demonftrated to be equal to BAD; 
therefore (by com. not. i.) the angle ACE is equal to AEC : fa 
that alfo (by 6. i.) the fide AE is equal to the fide AC : and bc- 
caufe AD has been drawn parallel to CE one of the fides of the 
triangle BCE.j there is this proportion therefore (by 2. 6.) as BD 
is to DC fo is BA to AE : But AE is equal to AC : therefore it is 
(by 7. 5.) as BD is to DC fa // BA to AC. 

But let BD be to DC as BA to AC ; and let AD be joined : I 
fay that the angle BAC hath been cut in halves by the ftraight 
line AD. 

For the fame things being conftrudted; becaufe it is (by fupp.), as 
BD is to DC fo is BA to AC : but alfo (by 2. 6.) as BD is to DC fo 
Is BA to AE ; for AD hath been drawn parallel to CE one of the 
fides of the triangle BCE : and therefore (by ii. 5*) as BA is to 
AC fo is BA to AE 5 therefore (by 9. 5-) AC is equal to AE ; fo 
that alfo (by 5. i.) the angle AEC is equal to the angle ACE : but 
the angle AEC is equal to the outward angle BAD (by 29. i.) ; and 
alfo the angle ACE is equal to the alternate angle CAD i therefore 
the angle BAD is equal to CAD : wherefore the angle BAC hath 
been cut in halves by the ftraight line AD- 

Wherefore if an angle of a triangle be cut in halves ; and the 
ftraight line cutting the angle alfo cut the bafe ; the fegtnents of 
the bafe will have the fame ratio which the remaining fides of the 
triangle have to one another : and if the fegments of the bafe have 
the fame ratio which the remaining fides of the triangle have to one 
another ; the ftraight line, joining the vertex and the point of fzc^ 
iion, cuts the angle of the triangle in halves. Which was to be 
demonftrated. 

PROP. 
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The fides about the equal angles of equiangular triaagles are 
proportionals ; and thofe fides are of like ratio wiicS are extended 
under the equal angles. 

Let ABC, DCE be equiangular triangles, having the angle ABC 
equal to the angle DCE ; and the angle ACB eqtml to the angle 
DEC^ and befides the angle BAC equal to the angle CD£ : I fay 
that the fides aixout the equal angles of the triangles ABC, DC£ 
are proportionals ; and that thofe fides are of like ratio which are 
extended under the leqnal angles. 

For let BC foe placed in a ilraight line with C£ : and foecaufe 
the angles ABC, ACB are lefs than two right angles ; and ACB is 
equal to the angle DEC ; therefore the angles ABC, DEC are lefs 
than two right angles ; therefore (by com. not. 1 1.) BA, ED pro- 
duced will meet 3 let them foe produced and meet in F« 

And becaufe the angle DCE is equal to 
the angle ABC 5 therefore (by 28. i .) BF 
is parallel to CD : Again, becaufe the angle 
ACB is equal to DEC, AC is parallel to 
FE ; therefore FACD is a parallelogram ; 
therefore (by 34^ i.) FA is equal to CD; 
and AC to FD : and becaufe AC hath been 
drawn parallel to FE one of the fides of 
the triangle FBE 5 therefore it is, (by 2. 

6.) as BA is to AF fo is BC to CE : but AF is equal to CD ; there- 
fore as BA is CD (by J* s^) ^^ ^^ ^^ ^ ^^ > ^^^ alternately (by 
16. 5.) as AB is to BC fo is DC to CE : Again, becaufe CD is 
parallel to BF ; therefore (by 2. 6.) it is, as BC w to CE fo is FD 
to DE : font FD is equal to AC : tfacreforc as BC is to CE fo is AC 
to DE ; therefore altemattly, as BC is to CA fo i> CE to ED : 
wherefore becaufe it has been dCTiomftrated that as AB /j to BC fo 
is DC to CE i and as BCw to CA fo is CE to ED 5 therefore by 
equality (foy 22. 5.) «P iV, as BA is to AC fo is CD to DE. 

Wherefore the fides about the equal angles of equiangular tri«- 
angles are proportionals ; and the fides of like ratio are extended 
i;fnd€^Jth& equal angles. Which was to be demondrated. 

PROP. 
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P R O P. V. M^ 

If two triangles have their fides proportionals, the triangles wili 
be equiangular ; and will have thofc angles equal under which th(» 
fides of like ratio are extended. 

Let ABC, DEF be two triangles having their fides proportipo^s, 
viz. as AB is to BC fo kt DE 6e to EF; and as BC is to CA fo /it 
EF A? to FD } and befides as BA is to AC fo ki ED & to DF : I 
fay, that the triangle ABC is equiangular to the triangle D5)F, 
and will have thofe angles equal, under which the fides of like 
ratio are extended viz, ABC equal to DEF i and BCA equal to 
EFD J and befides BAC equal to EDF. 

For with the ftraight line EF and at the points E, F in it, Je^ 
the angle FEG be naade equal to ABC ; and /f/ EFG be madq 
equal to BCA ; therefore (by 32. i.) the remaining angle BAC 19 
^ual to the renaaining angle EGF. 

Wherefore the triangle 
ABC is equiapgular to the 
triangle EOF i therefore the 
fides about tbe equal angles 
pf the tfianglcs ABC, EGF 
^r< proportiooals (by 4. 6.) ^ 
and the fides of like ratio are 
extended under the equal an- 
gles ; therefore it is, as AB is 
to BC fo is GE to EF : but 

as AB /V to BC ib is DE iuppofed: fo ^ to EF ; wherefore (by 11, 
5.) as DE is to EF fo is GE to EF : therefore each of tne linfs 
DE, GE has the fame ratio to EF; therefore (by 9. 50 DE is 
equal to GE. Certainly for the faqie xeafon alfo DF is equal to 
OF : wherefore becaufe DE is equal to EG aijd EF cpojmon, cer* 
teinly the two DE, EF are eqi^l to the two GE, EF ; and the bafe 
DF i$ equal to the bafe OF ; tbcwfore (by 8* i.) the angle DEF 
is equal to tbe angle GEF ; and tbe triapgle DEF is equal to the 
triangle GEF ; and the remaining angles larfxqpal to the remaining 
angles, under \^hich. tbe equal fides are extended (by 4* x*) • there^ 
U>tc the angle DFE is equal. 10 the angle GFE^ and EDF to 

' ' 5GF: 
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Book VI. EGF : and becaufe DBF is equal to GEE : but GEE (by conft.) 
is equal to ABC ; therefore alfo the angle ABC is equal to DEE : 
Certainly for the fame reafon alfo ACB is equal to DEE ; and be- 
fides (by 32. i.) the angle at A is equal to the angle at D : There- 
fore the triangle ABC is equiangular to the triangle DEE, 

Wherefore if two triangles have their fides proportionals, the 
triangles will be equiangular : and will have the angles equal, 
under which the fides of like ratio arc extended. Which was to 
be demonftrated. 

PROP. VI. 

V 

If two triangles have one angle equal to one angle, and the fides 
about the equal angles proportionals : the triangles will be equi- 
angular, and will have the angles equal, under which the fides of 
like ratio arc extended. • 

Let ABC, DEE be two triangles, having one angle BAG equal 
to one angle EDE ; and the fides about the equal angles propor- 
tionals viz. as BA is to AC fo let ED be to DF : I fay that the tri- 
angle ABC is equiangular to the triangle DEF ; and will have the 
angle ABC equal to the angle DEF ; and ACB equal to DEE. 

For with the fliraight line DF and at the points, D, F in it j let 
the angle EDG be made equal to either of the angles BAG, EDFi 
and ht DEG be made equal to ACB. 

Therefore the remaining 
angle at B is equal (by 32. i.) 
to the remaining angle at G : 
therefore the triangle ABC is 
equiangular to the triangle 
DGE \ therefore there is this 
proportion (by 4. 6.) as BA is 
to AC io is GD to DF ; but 

it is alfo fuppofed that as BA is to AC fo is ED to DF ; therefore 
alfo (by 11.5.) as ElD is to DF fo is GD to DF; therefore (by 9. 
5.) ED is equal to DG ; and DF is common : certainly the two 
ED, DF are equal to the two GD, DF ; and (by conft.) the angle 
EDE is equal to the angle GDF : thcrtfore (by 4. i.) the bafe EF 
is equal to the bafe FG f- and the triangle DEF is equal to the tri- 
angle 
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ailg^Q* DGFi and db& reoniiMng angile» wiU be equaj to the to^BiAXk 
mftining. angles^ each to eaeh^ under which the equal Mes are ex> 
tesded;. therefore the angle DFG iseqtual to the angle DF& ; and 
tjic atfgft at G> to the anigk at E ; but itt angle DFG is equal (by 
cooft.> ta the angle ACB; therefore dfo ACB is eqpel to DFE : 
but BAC is alfo fuppofed eqpal to-EDP ; therefore the remaiitirtg 
af$gfe^ at B, is, equsd to the retneiniRg; angk at E : wherefore the 
t|-i(tn^ ABC is; equiangular to the triangle DEF. 

Wherefoce if two. triongks have one* angle equal to one angle,. 
tHid the fides about the eqiial angles proportibp^ab : the triangles, 
will be ec^aogular, and will have the aoglee equalv under which, 
tho 6dw of- like ratio.aro/extended. Wbi«b wat« to be-demonftrated. 

P R O P. Vlf . 

Ifi tifro triangles hftwono a^&eqdd to onoi angle; And the fide^ 
about tW9 other angles proportionals $ and ift'each. of the remaining 
aog^^s ie at the fame- time- le6 or not lefl^than 4 tight angle : the 
trtanglfiii will, he eqii«»ngul$f'} and; will- have thofe angjles equals 
about which the fides are» v^b art propflftion^lSt 

Lot ABC* DI£F b&two tmogkshaving 004 angle ^qual b> one 
sfpgle.viz* thft ai^BM*(piaft^ the<»i^i^ BDF; and: the fidesaboue 
Hm other angles propprtionals;, the tfsig^ ABC, DBF j fo tJkat AB 
«»9 /« to BC as D£ to<£F; and fitft lefeadi of the remaining 
angtasatC aadF be at the fame tinM Ip^ tbatx a right angle: I 
ifiigit tliAti tlie,triai|^<ABC is eqniangvilar to the triangln PBFi and 
<A|^ the. an^« ABC wiU be eqnali to the ^aiigk DEF 1 and the ret- 
gaining oMg^ viz. the atigi^ at C equal t». the remaining aiigU at F. 

Wok if that an^e ABC bo 
«pcq«al to. the: angle- DEF, ^. 

one of them is greater : let ^<^ \ jj. 

ABCboi^greater: andwith ^^^^^^^-^-""'^^ ^^^*^\ 

Ibe. ftraigbl l*ac AB# and; at ^ ' " \ £" y 

iSbfi point B.'in.it* kt>th«i«^ 

hi&Q \». madot^uAlt tothcraogle DBF. 

. And.h«smfe>^e^ai^ At is eqMfd to D y and the angle ABO to 

DEF } therefore the remaining angle AiGBiaequal: tx> the remaining 

. - Vo.*. J. ^ * E angle 
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look VI. angle DFE : therefore the triangle ABG is equiangular to the tri-^ 
^""^^'^ angle DBF ; therefore it is (by 4. 6.) as AB w to BG fo is DE to 
EF ; but as DE is to EF fo is AB fuppoled to be to BC ; and there- 
fore (by II- 5.) as AB is to BC fo is AB to BG : wherefore AB 
has the fame ratio to each of the lines BC, BG 5 therefore (by 9. 
5.) BC is equal to BG ; fo that alfo (by 5* i.) the angle BGC is 
equal to the angle BCG : but the angle at C is fuppofed to be lefs 
than a right angle i therefore BGC is alfo lefs than a right angle 1 
io that the angle adjacent to it viz. AGB is (by 13. i.) greater than 
a right angle ; and it has been demonftrated to be equal to the angle 
at F ; therefore the angle at F is greater than a right angle ; but 
k is fuppofed to be lefs than a right angle; which is-abfurd: where* 
fore the angle ABC is not unequal to the angle DEF, therefore it 
is equal : and alfo (by fupp.) the angle {tt A is equal to the angle 
at D ; therefore (by 32, i.) the remaining angle at C is equal to 
the remaining angle at F : Therefore the triangle ABC is equian- 
gular to the triangle DEF. 

But again, let each of the angles at C and F be fuppofed not 
to be lefs than a right angle i I fay again that alfo thus the triangle 
ABC is equiangular to the triangle DEF. 

For the iakne things being conilruded, we fhall demonftrate in 
like manner that BC is equal to BG j fo that alfo (by 5. i.) the 
angle at C ia equal to the angle BGC : but the angle at C is not 
lefs than a right angle ; therefore neither is the angle BGC Itfs 
than a right angle ; therefore the two angles of the triangle BGC 
are not lefs than two right angles, which (by 17. i*) is impofliblc: 
Therefore again the angle ABC is not unequal to the angle DEF; 
therefore // is equal :^ bu< alfo (by fupp.) the angle at A is equal to 
the angle at D ; therefore (by 32, i.) the remaining angle at C is 
equal to the remaining angle at F : wherefore the triangle ABC ia 
equiangular to the triangle DEF. ' > 

Wherefore if two triangles have one angle equal to one angle ; 
but the fides about two other angles proportionals ; and each of 
the remaining angles, at the fame time, either lefs or not lefs than 
a right angle : the triangles will be equiangular and will have the 
angles equal about which the fides are, wbicb are proportionals. 
Which was to be demonftrated* ^ 

PROP. 



Digitized by 



Google 




O F E U C L ! D. 35 

PROP. VIII. ^;^- 

If in a right angled triangle^ a perpendicular be drawn from the 
right angle to the bafe j the triangles at the perpendicular are fimi- 
laf to the whole triangle and to one another. 

Let ABC be a right angled triangle> having the angle BAC a 
right angle ; and let AD be drawn from the point A perpendicular 
to BC : I fay that each of the triangles ABD, ADC is firailar to 
the whole ABC, and alfo to one another. 

For fincc the angle BAC is equal to the 
cngle ADB, for each of them is a right 
angle : and the angle at B is common to the . 
two triangles, both ABC and ABD j there- 
fore (by 32. I.) the remaining angle ACB 
is equal to the remaining angle BAD ; there- 
fore the triangle ABC is equiangular to the triangle ABD ; M^here* 
fore it is, (by 4. 6.) as BC fubtending the right angle of the tri- 
angle ABC is to BA fubtending the right angle of the triangle ABD, 
fo is the fame AB fubtending the angle at C of the iriapgle ABC 
to BD fubtending the angle equal to that at C, viz. the angli 
BAD of the triangle ABD : and moreover fo is AC to AD fub^ 
tending the angle at B common to the two triangles : wherefore 
the triangle ABC is equiangular to the triangle ABD i and has the 
fides about the equal angles proportionals : therefore (by i. def. 6.) 
the triangle ABC is (imilar to die triangle ABD. Certainly in tlie 
fame manner we (hall demonftrate, that the triangle ADC is alfo fi-* 
milar to the triangle ABC ; therefore each of the triangles ABD, 
ADC is fimilar to the whole triangle ABC. 

I fay alfo that the triangles ABD, ADC are 0milar to one another. 

For becaufe the right angle BDA. is equal to the right angle 
ADC : but the angle BAD has been demonftrated to, be equal to 
the angle at C s therefore alfo the remaining angle at B is equal to 
the remaining angle DAC : wherefore the triangle ABD is equi- 
angular to the triangle ADC : therefore it is, as BD fubtending 
the angle BAD of the triangle ABD is to DA fubtending the angle 
at C, of the triangle ADC, equal to the angle BAD fo is the fame 
AD fubtending the angle at B of the triangle ABD, to DC Tub* 

* E 2 tending 
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B<H>k VI. tending the angle DAC xxf the trisvigte ADC» equal to the angh 
^^•""^ at B : and beiides fo is B A fubtcnding the right angle ADB to AC 
fubtending the right angle ADC : dierefotie (by. r. dt£ &•) thctri- 
wglc ABD is fimiiar to the triangle AE>C. 

Wherefore if in a right angled trianrg^b, a pcrptndicnlkr ^ 
drawn from the right angle to the ba&; the triangles ar the per- 
pendicular are fimilar to the whole triangle and to onre another* 
Which was to be demonflrated. 

Cor. Certainly it is manifeft from this, that if a perpendicolar 
be drawn from the right angle in a right ati|(icd trrarrgleto the 
bafc ; the perpendicular drawn is a mean proportioffal^betwten the 
fegments of the bafe : and befides the fide adjacent to the frg^ 
ment is a mean proportional bttween the iMife ^ndanyo ne df 'the 
fegments. 



P R O 1>. IX. 

To cut off any part required from a given ftraight line. 

Let AB be the given ftraight Ktic : it rs required to xut ofP^aiiy 
part from AB. 

Let a thh-d part be jrrquired i and let 'any ftraight line AC be 
drawn from the paint A, containing any angle,, which may acci- 
dentally happen, with the line AB ; and let D he -taken in AC any 
point which m[ay accidentally happen:; and l(by 3.1.) let DEiEC 
be made equal to AD j and let BC be joined j and throtrgh tht 
pohn D, let DF be drawn (hy 31. 1.) paraMei to fiC. 

Wherefore tccaufe DF-'has been drawn parallel to 
BC one of the fides of the triangle ABC; therefore 
{by 2. '6.) there is this proportion, as CD is to DA 
fo is BF:to FA : but CD is the doirble of DA j there- 
fore BF is the double of FA ; therefore BA is the tri- 
ple of AF. 

Therefore the required third part AF hath been 
cut off from the given ftraight Knc AB.' Which -wai 
to be done. 




FRCP. 
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PROP. X. 



*odk Vl. 




To cut an iiBdividcd ftraight'Utie, in like toaone'r as a gtVeh^r^gHt 
line hath been cut. 

l/tt AB be the given umdividcd flranght I?ne, and At thb'otie 
which hath been cat : it Is feqUffedtb cot the undividddi ftrai^t 
Bne AB in libe manner as AC has been cut. 

Let AC be cut 4n the points D, E : and let tie Ihes be jxlaced fo 
sfe'to'conti^ Wiy angle which majr accidentally happen ; and Idt 
BC be joined j and let DF, GE be drawn (by 31.1.) tbrbogh tKe 
fomts D, E parallel to SC : and'thi»m;h%he point D, let DHK be 
drawn parallel to AB. 

TYt^iUftn «iJt?h= df the j?^wrW FH, MS is a' 
^aral*ifegram : therefore (by 34. 1.) DH is 
pqual to FG^'i tind' HK t6 <^B : And. 'becairfe 
HE' hath been drawn paifMlef Xo ^C piit ot 
the fides of the triangle DiCC j (by 2.^6.) there 
is /i&» proportion, as CE ii A6 £f> ib // Rtt to 
HD j but KH is eqlial to 9^, and ift> to 
GF i therefore it is (by 7. 5.) as C^ is to Ety , 
ib » BG to GF: Again, bebiflfe FCI hath beta- .; , 

drawn parallel to EG 009 of the fides of xiitihiti^WAO'Ei i^tti- 
fore (by 2. 6.) there is ib^ proportkn, as feD /> to DA fo is iJfF %o 
FA } but it has been alib detUtinftrated fbaf as CE is to ^10' fd is 
BG to GF : It is ihAftffdTe as CIS '^ to ED fo // feO'to G!P i Wi 
as ED ir to DA To M OF to FA. ' . - rf 

Wherefori the gi ve^ un^Videid 'ftrai^t H^fe AB lia% M^\i cdt 
in like manner as the jgivcn'ftriigHi'iihe AChatf "bi^ch.'cu't. 'VWiich 
was to be doAe. > • 

PROP. XI. 

: . ■ » /. . 

To find a third proportional to tyro given flnught linet... 

Let AB, AC be the twil given fl^digfat Ijn^s ; and ietthein be 
l^laced containing ai)y angle which' may .aicd'd^ntsttly liap{itfn :' it is 
require4 to fiind a third proportional' to A^, AC* 

Forget AB, AC be proditcedtb thtfpjilnVs'D.fei ahd kt^li.be 
maae'eqoal to AC ■; andlet^ be jbihicrd''; id&(i'ihH^gbtSiej^t 

D» 
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Book vi.Dy let DE be drawn parallel to it. 

Wherefore becaufe BC hath been drawn pa- 
rallel to DE one of the fides of the triangle 
AD£» there is this proportion (by 2. 6.), as AB 
^8 to BD fo h AC to CE : but BD is equal to 
AC (by conft«) ; therefore it is^ as AB is to AC 
foisACtoCE. 

Wherefore two ftraight lines AB, AC being 
given^ CE a third propoitional to them hath been found, 
was to be done. 

PROP. XIL 

To find a fourth proportional to three given ftraight lines. 

Let A> B> C be the three given ftraight lines ; it is required to 
find a fourth proportional to the ftraight lines A, B, C. 

Let two ftraight lines DE, DF be 
drawn containing any angle EDF which 
may accidentally happen : and let (by 3. ' 
I.) DG be made equal to A, GE equal 
to B I and befides DH equal to C : and 
GH being, joine^, let EF be drawn 
through E parallel to it. 

Therefore becaufe GH hath been 
drawn parallel to EF one of the fides of 

the triangle DEF ; therefore it is, (by 2. 6.) as DG is to GE fo is 
DH to HF I but (by the conft.) DG is equal to A, GE to B, and 
and DH to C % therefore it is, as A iV to B fo is C to HF. 

Wherefore three ftraight lines A, fe, C being given, HF a fourth 
proportional has been found. Which was to be done. 

PROP. XIIL 

To find a mean proportional between two given ftraight linec. 

Let AB» BC be the two given ftraight lines : it is required to 
.find a mean proportional between AB, BC. 

Let them be placed in a ftraight line ; and let the femicircle 

ADC hp defcribed upon AC ; and let BD be drawn from the poiqt 

^^ Bat 
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B at right angles to the ftraight line AC ; and let AD, PC be Book VL 
joined. ^— r«*-^ 

And becaufe the angle ADC is in a femicirele 
(by 31. 3.) it is a right angle : and becaufe in 
a right angled triangle ADC» DB hath been 
drawn from the right angle perpendicular to ^ 
the bafe therefore (by cor. to 8. 6.) DB is a 
mean proportional between AB> BC the fegments gf the bafe. 

Wherefore two ftraight lines AB» BC being given» DB a mean 
proportional between them hath been found. Which was to be done.. 

PROP. XIV. 

The fides about the equal angles of equal parallelograms which 
have one angle equal to one angle are reciprocally proportional : and 
thofe parallelograms^ having one angle equal to one angle» of which 
die fides about the equal angles are reciprocally proportional, are 
equal. 

Let AB, BC be. equal .parallelograms, haying the angks at B 
equal ; and let DB, BE be placed in a ftraight line j therefore (by 
14. I.) FB, BG are in a ftraight line': I fay tha't the fides of the 
faraJMograms AB, BC, which are aboAt the equal angles^ are reci^ 
procally proportional, that is, as DB is to BE fo is GB to BF. 

For let the parallelogram F£ be compleated. . 
- And becaufe the parallelogram AB is A ^ F '' 
equal (by fupp.) tp4he parallelogram BGi r-':.'" -^^ " V'; - ^ a ' 

and FE is fome oihtr paralkhgram i there-* ^ — i- — L-L4— ^^ 

fore (by 7. 5.) it is, as the pardllelogram 
AB is to the fatallelograrh FE fo if the pa^ 
raUelogram BC to the paralkhgram FE : : 
but as the pardUhgram AB is to the paraMogram FE ib (by iv 
6.) is DB to BE : and as the paraUeh^ram BC is to thb pdralkloTrani 
FE fq /f GB to BF ; wherefore alfo (by 1 1. 5;) as DB u to BE fo 
is GB to BF ; wherefore the fides of the parallelograms Ai^, BC> 
which are s^ut the equal angles, are reciprocally proportional • ' ^ 

But let the fideS about the equal angles be reciprocally prqlpor* 
^tional, and let it be as DB is to BE fo is GB to BF : I fay that 
the parallelogram AB is equal to the parallelogram BC. 
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AmIc V4 Pot bccittfe it ife. as; ©B « tip. ^ io « C^ to? BF* but as DR ir 
to BE fo (by I. 6.) is the parallelogram AB to the parallelog«Mft 
FE ; and as GB is tql^ fy.ff tbo pap^elctgram BC to the /ortf/- 
leidgram FE ; aod therefore (by> i ;. 5.) as the pftredUkigrtm.^ i$ 
ta the parallelogram ?J^ ^ tS: the parqlttlggram^ BC tO: the pavalUh' 
^4tm~ FE : therefore (1^^ 9*.5.0 th,o parallelQgra^i A>B is equal tO) 
the parallelograin BQ. 

Whecefore- the ^P^i a)}oot, thp. ^qual.iMlg)^ bf equt} p»fidlcdor»i 
graoM w<hf(;h, h^e one aq^ equaj to one a^gie* are reciprQQ^lljjr 
pr;Qportjop^ :. ai^ti , tMe .pViaUplogf aip^ . hfiyJRg odjP- angle oquai tOj 
one angle, of which the fides about the equal angles are recipra* 
cally proportional, are equal, ^^fhich was to be demonftrated. 

PR O P. XV. 

ilbp i4de;s, abpvit th^ <^aV angles of eqp^. tflangJes*. wbfdlt 
^a^e o^c.angle ^qvAltOonc^aggle, are retciprocfttly pcApprtkAsilii: 
and thofe triangles having one angle equal to one angle, of \ylui^ 
^e- fidei.abput the equal angles are. iipciprocaUy propoi;tiooaU are 
«qpal.. .■•...".. . > 

!.«(, A^px^AQ]^; be equal, trian^es, h/iwog onowigle.equal.tQ 
<S»mi^\ «U(. ,MC,eqH»li(o..PA&:..l.r»X d^tlKliidM^4^t-.tlM^ 
equal. api^s. of thp' trifiqiglil^ ASC» APfi.^^mcijnoQfmji i{rfi|Mfr> 
tionali tbatis, asQAi«:tQ:AP^fpyr.&^to.AB«. 

For let the /rMx^A?^ bp fA^e^j%ik«h:4i.q|iajMn:r» tfettCA* AD 
may^bein a ftraight lin^'.: :tbeifl|bm^.(by:i4» i,)'JBA,.AR<ii» 
in a.ihaight line : and leiQS) be j^j^d* 

Then becaufe (bjr fuftp^.^) the. triaagle . 
ABC is equal to the tri^pgl?. APS>. api 
ABD is another triangUxi, j^e^^fore^itj^. 
^ t^pt|9i^0g^.C.AI^i<^toU|e?Miaugh3AP ; 
i^. is tl\ci tfiaogle;" AQS *« th^ ,t«iwglfe 
BAP J but (hgr i, 6.) a^ the^ triupgkCh^^ 
sfjn B[^..iQ w CA. to .ACH j and as^ th« 
triaqgljB.^^O;i$ tp tb« />rM>%^ ^D Js M ]i^A J9 AB & thi^tpium 
«l^:(by 11...5.O f>«.<4^ir<t«i APiib AtEi!^ tQ<AB i jtlt»r«i»rQ i;h9:filles 
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about the tf^ual angles of the triangles ABC^ ADE are reciprbcally Book vi. 
proportional. . i— v— * 

But let the fides of the triangles ABC^ ADE be reciprocally pfo* 
portionil s and let it be as CA is to AD fo is E A to AB : I fay that 
the triangle ABC is equal to the triangle ADE. 

For again BD being joined : becaufe it is (by fupp.) as CA is 
to AD fo is EA to AB ; but as CA is to AD (by i. 6>) fo w the 
triatogte ABC to the ttittiglft BAD ; and as EA is to AB fo is the 
triangle BAD to the triangle BAD : ?rhereforc (by 1 1. 5.) as the 
triangle ABG is to ^tift triangle BAD fo is the triangle BAD to the 
triangle BAD : therefore each of the triangles ABC, ADE have the 
faitife rklfe) to 6 AD 5 therefore (by 9. 5,) the triangle ABC is equal 
to the tdangle £AD. 

Wherefore the fide^ about the eqval angles of equal triangles, 
which have cat langle eqtial to one angle, are reciprocally propor*- 
tional : mA \hxyk tfiimglei having oite 4ioglii eqiial to one angle, of 
^hich the fides about the equal angles are bedprocally proportional^ 
^e e<|&al. Whieh was to be demonftrated. 

PROP. XVI. 

if fbor (Iraight liiiet be proportionals^ the redangk confained 
%y die ektrecbes ift e^lsial to the redangte contained by the means : 
and Sf the ttGtvn^ odntakied by the extrdrties be equal to the red^ 
utigle contained by the means, the fbur ftraight lines will be pro* 
)M)rtkMals. 

Zjet the foui- ftra(ght lines AB, CD, £, F be proportionds, viz. 
as AB is to CD fo M E6eto¥x I fay ibmt the reOtingle contained 
by AB and F is eqHial to the re^ngle contained by CD and E. 

For from the points A, C let AG, CH be drawn at right angles 
to the ftraight lines AB, CD ; and let AG be made equal to F; 
and CH equal to E ; and let the parallelograms BG, DH be 
compleated. 

And bettufe it isi as AB is to CD fo £r £ to F ; and CH is equal 
to E And AG «o F t therefore it is (by 7. 5 . ) as AB « to CD fo is CH 
to AG I their^fore the fides about the equal angles of the paralle-- 
lograms BG, DH are reciprocally porportional i but thofe equi-- 

Vol. L * F angular 
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Book vr. angular parallelograms are equal (by A b 

^"^^-^ 14. 6.) of which the fides about jthe 
equal angles are reciprocally propor- 
tional : therefore the parallelogranoi BG 
i$ equal to the parallelogram DH : and 
the parallelogram BG is the reSlangle 
contained by AB and F i for AG is 
equal to F : and the parallelogram DH is the rectangle contained 
by CD and E ; for CH is equal to E : wherefore the re£tangle 
contained by AB and F is equal to the redkanglc contained by CD 
and E. 

But let the redangle . contained by AB and F be equal to the 
rectangle contained by CD and E : I fay that the four flraight lines 
will be proportionals J viz. as AB is to CD fo will £ be to F. 
For the fame things being conftruded; becaufe (by the fupp.) the 
reSlangle contained by AB, F is equal to the rectangle contained by 
CD, E ; and the parallelogram BG is the reSlangle contained by A^ 
F ; for AG is equal to F : and the parallelogram DH is the re£Lr 
angle contained by CD, E ; for CH is equal to E : therefore the 
parallelogram BG is equal to the parallelograni DH i and they are 
equiangular : but (by 14. 6.) the fides about the equal angles oF 
equal and equiangular parallelograms are reciprocally proportional: 
wherefore it is, as AB is to CD fo is CH to AG : but CH is equal 
to E ; and AG to F : therefore it is as AB is to CD fa w E to F. 
Wherefore if four flraight lines be proportionals, the redangk 
contained by the extremes is equal to the redlangle contained by 
the means ; and if the re<3:angle contained by the extremes be equal 
to the re&angle contained by the means, the four firaight lines wiU 
be. proportionals. Which was to be demonftrated. 



PRO P. XVII. 

if three ftraight lines be proportionals ; the redangle contained 
by the extremes is equal to the fquare of the mean proportional x 
and if the rectangle contained by the extremes be equal to the 
fquare of the mean term^ the three ftraight lines will be propor«- 
tionals. 

Let 
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Let the tliree ftraight lines A, B» C be proportionals ; viz. as A Book vi. 
tr to B fo kt B be toCi I fay that the rectangle contained by A 
and C is equal to the fquare of the mean B. 

Let D be made equal to B. 

And becaufe it is^ as A /^ to B A 
fo i> B to C ; and B is equal to D ; 
therefore it is, as A is to B fo is 
D to C : but if four ilraight lines 
be proportionals, the rectangle con- 
tained by the extremes is equal (by 
16. 6.) to the reftangle contained 

hy the means i therefore the redtangle Contained by A and C is 
equal to the redtangle contained by B and D : but the reftangle 
contained by B and D is equal to the fquare of B ; for B is equal 
to D : therefore the re£tangle contained by A and C is equal to 
the fquare of B. 

But let the rectangle contained by A and C be equal to the fquare 
of B ; I fay that it is, as A is to B fo is B to C. 

For the fanje things being conftruAed ^ becaufe (by fupp.) the 
reAangle contained by A and C is equal to the fquare of B \ but 
the fquare of B is equal to the reSlangle contained by B and D ; (or 
B is equal to D : thercifore the reSiangle contained by A and C is 
equal to the reSiangle contained by B and D ; but (by 16. 6.) if 
the reBangle contained by the extremes be equal to the redtangle 
contained by the means 5 the four ftraight lines are proportionals : 
therefore it is, as A /V to B fo i!r D to C s but B is equal to D 1 
therefore as A rr to B ib £f B to C. 

Wherefore if three ftraight lines be proportionals i the redangle 
contained by the extremes is equal to' the fquare of the mean pro^ 
portionah. and if the rectangle contained by the extremes be equal 
to the fquare of the mean term ; the three ftraight lines will be pro* 
portionals. Which was to be demon ft rated. 



PROP. XVIIL 

Upon a given ftraight line todefcribe a redlilineal ^«r^, (imilar 
and ftaiilarly fituated to a given redilineal figure. 

♦Fa Let 
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Book VI. Let AB be tKc giv«i <l«dgbt Hhqi w4:C5^ ^* SWft W^iUawl 
^'^'^'^ fguKe : it is required^ ujpon tli^ givw ftraig^t Um^ ABi <p 4<4c»b* 
a redlilineal figure fimihr and funilwly fi^^a^ (« iJM seigtUinf^ 
figure CE, 

Let DF be joined i and with 
the ftraight line AB and at the 
points Ai B in it, let the angle 
GAB be made equal to the angles 
at C ; and t;he angle ABG ^quaL 
to the angle CDF ; therefore (by 
the 32. !•) the remaining ^/ig*/? 
CFD is equal, to. the reiaaif)ing angle AG3: s therefore th^ tr^^^\e 
FCD is eqaianguhr ta th^ triangle GAB. ; thertfo^e tbtf e^ is tbu 
proportioQ (by 4. 6.) as FI>/> %o QB {oisfQtQ^ QA } s|p4 i9 ^ 
CD to AB : Agaioj with, the ftraight Ua« BGx a^d at rkifi pQint;^ 
B^ G in it, let the angle BGH be made equal to tli^ ^l^l« D^E 4 
and the ^Mf^/f GBH equ;^ |o th^ 471^^/f FP£ 1 i(her^f^6 t^e. remain* 
ing angle at H is equal to the remaining angU at ^ : therefore the 
triangle FDE is equiangular to the triangle GBH % ^l^.fe£6rf -^re 
ia this proportioo (by 4. 6.) as FP /x tp Q]^ £9 /i FE to QJ^ ; aii4 
7& is ED to HB : But it hit% bceo ajfo ^esoQnAr^tfid, t/uff as Fp ii 
to GB fo is FC ta GA, aod fo u CD to AB : th^refc^ije (by 1 1. 5^,) 
as FC is to GA fo is CD to AB and > is FE to GH^ and bc^dfs > 
/x ED to HB : And; becaufi^ the %ngl« Cf'D is cqua^ to (lac ^gle 
AGB and DFE is equal to BGH 1 t^ercfoce ^he wl^U ^£i^ QFE 
is equal to the vbote AGH* Cert^iojy fas the far^p rea(ba a^o 
the tf;;^/if CDE is equal to ABH f bvt a^b. t^ 4^^ at Q i« eq^ial. 
to the angle at A ; . tx^ the m^gU at E K> the ^ngfe ^t H : tiiei^elvre 
the j^x/r^ AH is equiangular to. ^^JigHr^ CE 1 and h4« tho fi4<<#^ 
about the equal ajugltt J9 it propf>r^oal$ ; tbi^refore (bjjr i . dq^ 4*), 
the rc6kilineal/gi^« ^H ia fi»ikr 19 (hp r^i^ilineaj Jig^rA QE^ 

Wherefore upon a givjea ftraight liix^ A3 a rei^ilinpal ^jffwr< A]^ 
hath been defcribed/fimilar and fimilarly fituated to the given rec-» 
tilineal fgure CE. Which ^as to be done. 

PROP. XIX. 

Similar triangles. ai» to ooe aootbor lA tl|« dH^i<<^ ^<jp Q^ ^ 
ikies of like ratio. Let 



Digitized by 



Google j 





OF E U CI. I p. 45 

Let ABC, DEF be fimUw triangles, having the angle at B equal b^^ yj 
to the angle at E : and as AB is to BC fo let DE ^^to EF ; fo that w-v^^* 
(by (a. def, 5.) BQ may be tb« fide of like ratio to EF : I % 
tU^ the tfi^Agle ABC has tq the triangle DEF the duplicate r^tiQ 
of that wWch BC has to EF. 

For (by 1 1. 6.) let BO be taken a third proportional to BCfEFi 
fo that it may be, as BC is to EF fo is EF to BG : and let QA \» 
joined. 

Wherefore becamfe it is^ as AJ^ is to 
B^ fo « PE to EF ; tb^refore alter- 
nately (by i^ sO it is^ Jw AB w tQ // \ D 
R^fQ/i^CtoEF: btttCbywnAO 
as BC « to EF fo is EF to 50 : there- 
fore alfo (by 1 1. 5.) as AB is to DE 
fq XT EF BG: the^e^pre the 6d9$ 
about the ^ual ang^s qC (he (ri^gles. 

A9Q4 DEF ?re r^ipi^QcaUy proportiqn^l : b«^ thpic tni^ngl^ leaving 
one swgle cqo^l t» Q^e angl/e^^ and of wl^ch the fi^^s abput th» 
cqu^l angles ^re recipfpcallQf proportional, ^xt equaL Therefore 
the triangle ABG 19 equ4 (o the triangle DEF : .^nd becaqfe it is^ 
as BC £( to EF fo is EF to QG i 4nd if thrqe ftrai|{h< UnM br prQ- 
portionals (by 10. def. 5.) the firft is iaid*to hAve tQ the third a 
duplicate ratio of that >yhich it bos to thp fecood : therefore BQ 
has to J^G a duplicate r^io pf th?t which $C k(u tp EF : but a» 
BC is to BG fQ (by 1. 6.) is tj^e tri;ingle A$;C to the (;i»ngle ABQ 1 
therefore alfo the triangle ABC h^s to the triangle A3G thie dupli- 
cate r%tio of that which BC has tp EF : but the tri^^gl^ ABQ i^ 
cqu^ to the triangle DEF j therefore (by 7. 5.) the ti^i^ogle A^C 
has to the triangle D£F (he dnpHcate ratio c^ th^t which J^C k^t 
tpEF. 

Wherefore fiiAilar tri^ngle^ are to one SMuother in the dupli^^ct 
ratiQ of the fides of like xatio. Which wa^ to be demonftrased. 

. Con Certainly from this it is manifeA;, that if. three ftraight 
lines be proportionals, it is, as the firft // to the third fo ^ a triangle 
defcribed upon the fjrft, to a fimilar and £imilarly iituated triangle- 
skfcriieJ upon the fecond ; fince it has been deiaonilrated^ 4$ C& 
ji to BG fQ is the triangle A9C to the uMngle A9G^ thAfc is DEF. 

PROP. 
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^^^^ P R O P. XX. 

Similar polygons arc divided into (imilar triangles, and into the 
fame number, and 6ave the fame ratio to one another which the whole 
polygons have : and the one polygon has to the other polygon the 
duplicate ratio of that which one fide of the one has to the fide of 
like ratio of the other. 

Let ABCDE, FGHKL be fimilar polygons, and let AB be the 
fide of like ratio FG : I fay that the polygons ABCDE, FGHKL 
are divided into fimilar triangles ; and into the fame number ; and 
have the fame ratio to one another which the whole polygons have ; 
and that the polygon ABCDE has to the polygon FGHKL the du- 
plicate ratio of that which AB has to FG. 

Let BE, EC ; GL, LH be joined. 

And becaufe the polygon ABCDE is fimilar to the polygon 
FGHKL, the angle BAE is equal to the angle GFL : and it is, as 
. BA If to AE fo is GF to FL : wherefore becaufe there are two tri- 
angles ABE, FGL having one angle equal to one angle, and the 
fides about the equal angles proportionals ; therefore (by 6.6.) the 
triangle ABE is equiangular to the triangle FGL ; fo that (by 4. 
6.) it is alfo fimilar : therefore the angle ABE is equal to the angle^ 
FGL : and alfo on account of the fimilarity of the polygons, the 
whole angle ABC is equal to the whole angle FGH ; therefore the 
remaining angle EBC is equal to the remaining angle LGH ; and 
becaufe, on account of the fimilarity of the triangles ABE, FGL, 
it is, as EB is to BA fo is LG to GF ; but alfo, on account of the 
fimilarity of the polygons, it is, as AB is to BC fo is FG to GH : 
therefore by equality it is, (by 22, 5.) as EB /V to BC fo is LG to 
GH I and the fides therefore about the equal angles EBC, LGH 
are proportionals ; therefore the triangle EBC is equiangular to 
the triangle LGH (by 6. 6.) ; fo that // is alfo fimilar (by 4. 6.) ; 
Certainly for the fame reafon the triangle ECD is fimilar to the ■ 
triangle LHK : therefore the fimilar polygons ABCDE, FGHKL 
are divided into fimilar triangles, and into an equal number. 

I fay alfo that they have the fame ratio to one another which 
the whole polygons have : that is, fo that the triangles are propor- 
tionals ; and that the antecedents are the triangles ABE, EBC, 

ECD 
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ECD and the confequents of them, the triangles FGL, LGH, BookVI. 
LHK : alfo that the polygon ABCDE has to the polygon FGHKL ''^^ 
the duplicate ratio of that which the fide of like ratio of the one 
has to the fide of like ratio of the other ^ that is, which AB has 
toFG. 

For let AC, FH be joined* 

And becaufe, on account 
of the fimilarity of the poly- 
gons, the angle ABC is equal 
to the angle FGH, and it is 
as AB is to BC fo is FG to 
GH ; the triangle ABC is 
equiangular (by 6. 6.) to the 

triangle FGH : therefore the angle BAC is equal to the angle 
GFH ; and BCA to GHF : and becaufe the angle BAM is equal 
to GFN ; and the angle ABM has been demonfirated to be equal 
to FGNj therefore the remaining angle AMB is equal (by 32, !•) 
to the remaining angle FNG ; therefore the triangle ABM is equi- 
angular to the triangle FGN : Certainly in the fame manner we 
fliall demonftrate that the triangle BMC is equiangular to the tri- 
angle GNH ; therefore there is this proportion, (by 4, 6.) as AM 
is to MB fo is FN to NG; and as BM is to MC fo is GN to NH: 
fo that alfo by equality (by 22. 5.) as AM is to MC fo is FN ta 
NH : but as AM is to MC fo (by i. 6.) is the triangle ABM to 
the triangle BMC \ and7& // the triangle AEM to the triangle MECi. 
for they are to one another as their bafes : And (by 12. 5.) as one 
of the antecedents is to one of the confequents fo are all the ante-- 
cedents to all the confequents ; therefore as the triangle AMB is 
to the triangle BMC fo is the triangle ABE to the triangle CBE i 
but as the triangle AMB is to the triangle BMC fo is AM to MC i 
therefore alfo (by 11. 5,) as AM is to MC fa // the triangle ABE 
to the triangle CBE. Certainly for the fame reafon alfo as FN is 
to NH fo is the triangle FGL to the triangle GLH : and it is, as 
AM is to MC fo is FN to NH ; therefore (by 1 1. 5.) as the tri- 
angle ABE is to the triangle BEC io is the triangle FGL to the 
triangle GHL ; aiid alternately (by 16. 5.) a^tbe triangle ABE /x 
to the triangle FGL fo is the triangle BEC to the triangle GLH«. 

Ccr- 
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T66ok VI, Certainly Ift the fatne manner we ftiall demoftfttate, BD and Git 
'"'^'^ being joined, that alfo, as the triangle BEC is to the triangle GLH 
fo is the tfiaftgle ECD to the triangle LHK : and bccaufc it is, as 
the trrangle ABE is to the triangle FGL fo is the triangle EBC td 
the triangle .LGH, and befides fo is the triangle ECD to the tri*- 
angle LHK : wherefore alfo (by 12. 5,) as onie of the antecedents 
is to one of the confequenis, fo are ill the antecedents to all the 
confequents 5 therefore as the triangle ABE is to the triangle FGL 
fo is the polygon ABCDE to the polygon FGtIKL : but the tri- 
angle ABE has to the triangle FGL (by 19. 6.) the duplicate ratid 
of that which the lide of like ratio AB has to the fide of like ratio 
FG 5 for fimilar triangles are in the duplicate ratio of ^ the fides c/£ 
like ratio ; therefore alfo the polygon ABCDE has to the polygon 
f'GHKL the duplicate ratio of that which the fide of like ratib 
AB /bds to the fide of like ratio FG, 

Whferefow fimiUr polygons are divided into fimilar trianglfcs, 
QAd into an equal nnmber of them, and of like ratio with thfe 
whole polygons 5 ^^d the one polygon has to the other polygon tht 
duplicate ritio of that which one fide of like ritio hds to another 
fide of like ratio. Which was to be demonftrated. 

Cor. I. Certainly in like manner it will be demonftratcd ift 
quadrilateral figures, that they are in the duplicate ratio of the 
fides of like ratio ; dnd it has been demonftrated alfo in triangles 1 
fo xhiiX univerfally fiihilaf redilineal figures are to one another iti 
the duplicate ratio of the iidc6 of like ratio. 

Cor. 2. And if we take the line X (by 11. 6.) a third propoN 
tioiial to AB, FG ; (by 10. def, 5.) AB has to X the duplicate ratio 
of that which AB Aas to FG : and alfo a polygon to a polygon, 
and a quadrilateral ^gure to a quadrilateral ^gure has tJie dliplicitte 
ratio of that which the fide of like ratio has to the fide of like 
ratio, that is, ^6ic& AB bas to FG : and this has been d^monw 
ftrated alfo in triangles ; fo th&t it is alfo manifefi: univerfally, that 
if three ftraight lines be proportionals, it will be, as the firft is to 
the third fb is a reBiUneal figure defctibed upon the firft to a fimilar 
and fimilarly fituatcj^ one defiribed upon the fecond. 

Otherwise. We (hall demonftrkte in a differeht mariner and 
more expeditioufly, th&t the triangles ard 6f like ratio. 

For 
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For again let the polygons ABCDE, FGHKL be fuppofcd to Book vl 
be defcribed ; and let BE, EC ; GL, LH be joined : I fay that it """^"^ 
is, as the triangle ABE is to the triangle FGL fo is the triangle 
EBC to the triangle LGH, and CDE to HKL. 

For becaufe the triangle ABE 
is fimilar to the triangle FGL i 
therefore (by 19. 6.) the triangle 
ABE has to the triangle FGL 
, the duplicate ratio of that which 
BE has to GL, Certainly for 
the fame reafon alfo the triangle 

BEC has to the triangle GLH the duplicate ratio of that jvhich 
3E has to GL : therefore it is (by 11*5.) as the triangle ABE is 
to the triangle FGL fo is the triangle EBC to the triangle LGH. 
Again, becaufe the triangle EBC is fimilar to the triangle LGH -, 
therefore EBC has to LGH the duplicate ratio of that which the 
ftraight line CE has to ihc Jiraigbt line HL. Certainly for the 
fame reafon alfo, the triangle £CD has to the triangle LHK the 
duplicate ratio of that which- CE bl^s to HL ; therefore it is, (by 
1 1. 5.) as the triangle EBC is to the triangle LGH fo is the triangle 
ECD to the triangle LHK : but it has been demonftrated thjt as 
the triangle EBC is to LGH fo is ABE to FGL ; therefore alfo as 
ABE is to FGL fo // BEC to LGH, and fo is ECD to LHK : 
wherefore alfo (by 12. 5.) as one of the antecedents is to one of 
the confequents fo are all the antecedents to all the confequents i 
and the remainder as in the former demonftration. Which was ^o 
be demonftrated* 

PROP. XXL 

Figures which are fimilar to the fame rectilineal figure ; are 
alfo fimilar to one another. 

For let each of the redilineal figures A, B be fimilar to C : I 
fay that A is alfo fimilar to B. 

For becaufe A is fimilar to C, it 
is alfo equiangular to it, and has the 
fides about the equal anglies propor- 
tionals (by 1. def/6.). Again be- 

VoL. !• ♦ G caufe 
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BMk VI. caufe B i« fimiltr to C ; it is alfo equiangular ta it, m^ h«s the 
^''^^^' fides about the equal angles proportionals : therefore each of tks 
figures At B are equiangular to C aad have the fides about their 
equal angles proportionals te tbejides about fAe efuaJ angles ofthefi^ 
gure C ', wherefore the^g«r^ A is equiangular to B (by com^noC. i .) 
and has (by 1 1. 5.) the fides about the equal angles proportionals i 
wherefore (by 1. def. 6.) tie figure A is fimilar to the^«finrB« 
Which, was to be demonftrated. 

P R O R XXII. 

If fbur ftraight lines be proportionals ; alib the redilineal figures 
fimilat and fimilarly defcribed upon them will be proportionals : 
and if the redilineal figures fimilar and fimilarly defi:ribed upoa 
them be proportionals ; alfo the (haight lines tbemftlves will be 
proportionals. 

Let the four ftraight Knes AB, CD, EF, GH be proportionals^ 
▼iz. as AB £r to CD fo /et EF be to GH ; and let the reiftilineal fi- 
gures KAB, LCD be defcribed upon AB» CD fimilar and fimilarly 
fituated ; and the rcftilineal figures MF, NH upon EF, GH fimilar 
and fimilarly fituated : I fay that it is, a^ KAB is to LCD fo is MF 
toNH. 

For let X be taken (by 1 1. 6.) a third proportional to AB, CD : 
and O a third proportional to EF, GH : and becaufe it is, as Afi 
// to CD fo is EF to GH ; and as CD /i to X lb is GH to O ; 
therefore by equality it is, (by 22. 5.) as AB is to X to is EF to 
O : But as AB is to X fo (by cor. 2. to 2io, 6,) is the figure KAB 
to LCD ; and as EF is to O fo is the figure MF to NH ; therefore 
(by 1 1 . 5.) as the^wr^ KAB is to LCD fo is the^«r^ MF to NH. 

But let it be, as the figure KAB 
is to LCD fo ktthc %urc iiVIF 6e 
to NH : I fay that it is^ as AB is 
to CD fo ^ EF to GH. 

For as AB is to CD fo let EF be 
- made (by 12. 6.) to PR ; and let 
the reAilineal figure SR be defcri- 
bed (by 18. 6.) upon PR fimilar 
and fimilarly fituated to either of 
the figures MF, NH. 
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Wherefore becaufe it is, aa AB is to CD To is EP to PR ; and Book VL 
the figures KAB, LCD have been defcribed upon AB atkd CD fi- 
milar and fimilarly fituated ; and the figures MF and SR fimilar 
and fimilarly fituated upon EF and PR ; therefore it is (hy part, i ^ 
of this.) as the figure K AB is to LCD fo is tlie figure MF to SR j 
but it is alfo fuppofed as the figure KAB // to LCD fo is the figure 
MF to NH ; therefore (by ii, f^^ i^m figure MF has the fame 
ratio to each of the figures NH and SR \ therefore (by 9. 5.) NH 
is equal to SR ; but it is fimilar to it ind fin^ilarly fituated : there^ 
fore (by the following lemma) GH i^ equal to PR % and becaufe 
it is, as AB is to CD fo is EF to PR (by conft.) : and PR is equal 
to GH ; therefore it is, as AB if to CD fo 15 (by 7. 5.) EF to GH. 

Wherefore if four ftraight lines be proportionals ; alfo the fimilar 
rectilineal figures fimilarly defcribed upon them will be propor- 
tionals : and if the fimilar figures fimilarly defcribed upon them be 
proportionals ; alfo the ftraight lines tfaemfelvei will be propor^ 
tionals. Which was to be demonftrated. 

Lbmma. If reCHlineal figures be equal and fimilar, we ihall 
thus demonibate, that die fides of them, which are of like ratio, 
art equal. 

Let NH and SR be equal and fimilar re^ilineal figures ; and let 
it be, as HG /r to ON ib » RP to PS : I fay that PR is equal 
toHG. 

For if they are unequal, one of them is greater ; let RP be 
greater thai& HG : and becaufe it is, as RP is to PS fo is HG to 
GN, and alternately, aa RP is to HG fo is PS to GN : but PR 
is greater than GH ; therefore alfo PS is greater than GN : fo 
diat alfo (by ao. 6.) the figure RS is greater than the figure HN t 
but it is alfo equal, which is impoilible $ therefore PR is not une« 
qoal to GH ; therefore equal. Which waa to be deraMftrated* 

PROP. xxin. 

Equiangular parallelograms have to one another the ratio com« 
pounded of the ratios of their fides. 

Let AC, CF be equiangular parallelograms, having the angle 
BCD equsd to the angk £CG : I fay that the parallelogram AC 

« G 2 baa 
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jnok VI. ^^s to the parallelogram CF the ratio compounded of the ratios of 
< — r^ the fides ; of that which BC has to CG ; and of that which DC 
has to CE. 

For let them be placed fo that BC may be in a ftraight line with 
CG; therefore (by 14- i.) DC is in a ftraight line with CE : and 
let the parallelogram DG be compleated ; and let K any ftraight 
line be drawn ; and, as BC is to CG fo (by 12. 6.) let K be made 
to L ; and as DC is to CE fo let L be made to M. 

Therefore (by conft.) the ratios 
of K to L and of L to M, are the 
fame ratios with the ratios of the 
fides ; viz. of BC to CG and of DC 
to CE : but the ratio of K to M is 
compounded both of the ratio of K 
to L and of the ratio of L^ to M ; 
fo that alfo K has to M the ratio com- 
pounded of the ratios of the fides. 

And becaufe it is (by i. 6.) as BC is to CG fo is the parallelo- 
gram AC to the parallelogram CH : but as BC is to CG fo (by 
conft.) w K to L ; therefore alfo (by 1 1. 5.) as K is to L fo is the 
parallelogram AC to the parallelogram CH : Again becaufe it is, 
(by I. 6.) as DC is to CE fo is the parallelogram CH to the pa-- 
rallelogram CF : but as DC is to CE fo (by conft.) is L to M ; 
therefore alfo (by 1 1- 5.) as L is to M fo is the parallelogram CH 
to the parallelogram CF : wherefore becaufe it has been dcmon- 
ftrated, that as K is to L fo is the parallelogram AC to the paral** 
lelogram CH ; and as L is to M fo is the parallelogram CH to the 
parallelogram CF ; therefore by equality it is, (by 22, 5.) as K is 
to M fo is the parallelogram AC to the parallelogram CF ; and K 
has to M the ratio confvpounded of the ratios of the fides ; therefore 
alfot the parallelogrum AC has to the parallelogram CF the ratio 
compouriHed of the ratios of the fides.. 

Wherefore equiangular parallelograms have to ont another the 
ratio compounded of the ratios of their fides^ Which was to be 
demonftrated. 
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PROP. XXIV. ^hyh 

The parallelograms^ which are about the diameter of every pa« 
rallelogramy are fimilar to the whole and to one another. 

Let ABCD be a parallelogram ; and AC its diameter; and let 
£G^ HK be parallelograms about the diameter AC : I fay that each 
of the parallelograms EG^ HK is fimilar to the whole parallels 
gram ABCD and to one another. 

For becaufe £F has been drawn parallel to BC 
one of the fides of the triangle ABC, there is 
this proportion (by 2. 6.), as BE Vj to EA fo is 
CF to FA : again becaufe FG hath been drawn 
parallel to CD one of the fides of the triangle 
ADC ; therefore there is this proportion^ as CF 
is to FA fo is DG to GA : but as CF is to FA fo 
has BE been demonftrated to be to EA : therefore 
alfo (by 1 1. 5.) as BE is to EA fo is DG to GA ; and by compo- 
fition therefore (by i^. 5.) ^^ ^A is to AE fo/j^DA to AG.j and 
alternately (by 16. 5.) ^^ BA w to AD fo is EA to AG : therefore 
the fides about the xomnion angle BAD of the paralielpgrams, 
ABCD and EG arc proportionals. And becaufe GF is paraHel to 
DC > the angle AGF (by 29. i.). is equal to ADC ; and the angle 
GFA to DCA ; and the angle DAC is common to the two triangles 
ADC, AGF ; therefore the triangle ADC is equiangular to the tri-^ 
angle AGF. Certainly for the fame reafon alfo the tfiangk ABC 
is equiangular to the triangle AFE : therefore alfo the^ whx)le pa-t 
rallelogram ABCD is equiangular to the parallelogram EG.: .there*^ 
fore there is this proportion, (by 4. 6,^ as AD /i to DC fo /r AG 
to GF ; and as DC is to CA fo is GF to FA ; and as AC is to CB. 
fo is AF to FE and bcfides as CB is to BA fo is FR to EA : arid, 
becaufe it has been deqionftrated that as DC is to CA £b /f GF to. 
FA ; and as AC is to CB fo is AF to FE ; therefore by equality it 
is, (by 22. 5.) as DC is to CB. fo is GF to FE : therefore the fides 
about the equal angles of the parallelograms ABCD and EG are 
proportionals : therefore (by i. def. 6.) the parallelogram ABCD 
is fimilar to the parallelogram EG. Certainly for the fanie reafon 
alfo th^* parailtlogram ABCD is fimilar to the parallelogram HK i, 

there- 
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Xook VL therefore each of the parallelogracDS EG, HK is fimilar to the pa« 
rallelogram ABCD : but (hy 21. 6.) figures which are fimilar to 
the ikme xtQi\!ivMsX figure are alfo fimilar to oae aisother; therefore 
alfo the paralldogxam EG \& fimilar to the parallelogram HK* 

Wherefore the paralielo^gramfi which are about the diameter of 
eirery paraUelogcam are fimilar to the whiole^ and to one aiiother« 
Which was to fce demotiArated. 



PR OP. XXV. 

To make the fame reSHUne^ figure^ fimilai: to a given rcdilineal 
figure, and equal to another giiren reSiilimal figure* 

Let ABC be the given rectilineal figure, to which it is required 
that ^^ figure (hould be jmade fimilar ; and D the ^sf to which it 
is to be equal : it is required that the fame figure be made fimilar 
to ABC and equal to.D. 

For let the paj-ailelogram BE be applied to t3ie ftcaight line BC 
(by 44. 1.) equal to the triangle ABC ; and (by 45. i.) let the pa- 
raUelogram CM he spfjied to the ftraigbt line CE« equal to the fi-^ 
gure Df in the angle FCE which ts equal to the angk CBL ; there«- 
fore BC is (by 14. i.) ^Q a ftraight line with CF $ and LE with 
£M I aind let GH be taken (by 13* 6^) a mean proportianal be- 
tween fiC^ CF : and let the figure KGH be deicribed (by 18. 6.) 
apon GH finailar to ABC« and ^nularly fituated^ 

And hecaufe it n^ as BC f> to GH 
fo is GH to CF (by conft.) ; and (by 
2. Cor. to 10. 6.) if three ftraight 
lines be proportionals^ it is^ as the 
firft is to the third fo is the reElUineal 
figure upon the firfi: to a finiilar and 
fimilaily deicribed figure upon the 
fecond i therefore it is, as BC it to 
CF fo is the triangle ABC to KGH; 
but alfo (by \. 6.) as BC ir to CF fo 

is the parallelogram BE to the parallelogram £F ; tbnefore aUb 
(by 11.5.) as the triangle ABC is to the triangle KGH fo is the 
parallelogram BE to the parallelpgraim EF : alternately .(by it. 5.) 

there- 
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tlierefbrc as the triangle ABC is to the parallelogram BE fb it the Book TlL 
triangle KGH to the parallelogratn EF : but (by conft.) the trif ^""^^^"^ 
angle ABC is equal to the parallelogram BE ; therefore alfo the 
triangle KGH is equal to the parallelogram EF : but the paralle* 
logram EF is equal to the reSilineal ^gure D : therefore alfo KGH 
is equal to D ; and KGH is alfo fimilar to ABC. 

Wherefore, the fame figure KGH has been made iimilar to the 
gii^en redilineal ^«r^ ABC and equal to another given figure^ 
Which wfts to be done» 

PROP. XXVI. 

If a parallelogram be taken away from a paralktogram fifidilar 
to the whole and fimikrly fituated, having a common angle willt 
it I it is about the fame diameter wkh thq whole fanttebgram. 

For let the parallelogram AEFG be taken away from the paraK 
lelogram ABCD, iimilar to ABCD> and fimilarly fituated, hwittg 
iht angle DAB common with it : I fay that ABGD t» about the 
fame diameter with AEFG» 

For if not, but if poffibfc, fct AHC be the diameter [of them]; 
)tf tht faraUdogram BD > and- let HK be drawn ehrotsgh the point 
H parallel to either of the /rnes AD, BC» , . / . 

Wherefore bccaufe ABCD is about the A C Efc 

fiime diamefer with the paralklagram KG; 
j^BCD is (by 24, 6.) (imikr to the farat^ 
kiogram KG; therefore it is (by 1. def. 6.) 
as DA is to Afi fo is GA to AK ; bat it is 
tlfo; on account of the fimilarity of the fa-- 
ralkh^ams ABGD, EG as DA w^ to AB fo B G 

xxGAto AE; therefore alfo (by II. 5.) as 

GA is to AE fa is GA to AK : thcrcfope G A has Ae fame ratio to 
each of the lines AE, AK ; therefore (by 9^ 5.) AE is cqufeFtd 
AK; the lefs to the greater; which is impoilible : therefore A©€D 
is not about the fame diameter with the farulkkigram KG : thore«- 
fore the parallelogram ABCD is about the fame diameter with t9ie 
parallelogram AEFG. 

Wherefore if a parallelbgram be taken atfay from a paralWogrant 
fimilar to the whole and iimilarly fituated> having^i Common angle 

witb 
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Book vi. with it ; it 18 about the fame diameter with the whole paraUeh^ 
*-^~^ gram. Which was to be demonftrated. 

PROP. xxvn. 

Of all the parallelograms applied to the fame ftraight line, and 
deficient by parallelogram 6gures fimilar and fimilarly iituated to 
the parallelogram applied to half the line : the parallelogram ap« 
plied to half the line, as being fimilar to the defed', is the greateft. 

Let AB be a ftraight line ; and let it be cut 
in halves in the point C : and let the paral- 
lelogram AD be applied tq the ftraight line 
AB ; deficient by the parallelogram figure CB, 
fimilar and fimilarly fituated to that defcribed 
upon the half of ^z firaigbt line AB, that is 
4]pon BC : I fay that AD is the greateft of all 
the parallelograms applied to the ftraight line AB, and deficient by 
parallelogram figures fimilar and fimilarly fituated to CE. For let 
the parallelogram AF be applied to the ftraight line AB, deficient 
by the parallelogram figure KH, fimilar and fimilarly fituated to 
CE ; I fay that AD is greater than AF. 

For becaufe the parallelogram CE is fimilar to the parallebgram 
KH, they are (by 26. 6.) about the fame diameter : let their dia-* 
meter DB be drawn : and let the iigure be defcribed. 

Wherefore becaufe CF is equal (by 43. 1.) to FE, let KH 
which is common be added, therefore the whole CH is equal to 
the whole KE : but CH is equal to CG, becaufe AC is equal to CB; 
therefore alfo CG is equal to EK : let CF which is common be 
added ; therefore the whole AF is equal to the gnomon CHL : io 
that the parallelogram CE, that is AD (by 36. 1.) is greater than 
jthe parallelogram AF. ^ 

But again let the ftraight line AB be cut in halves in the point 
C ^ and AL being applied deficient by the figure CM \ and again 
let the parallelogram AE be applied to AB deficient by DF fimilar 
and fimilarly fituated to CM the parallelogram applied to half the 
Une AB : I fay that AL the pardllelogram applied to half the line 
is greater than AE. 

For 



Digitized by 



Google 




O F E U C L I D^ S7 

For becaufc DF is fimilar to GM, they are (by 26. 6.) about the Book vi. 
lame diameter ; let their diameter be EB $ and let the figure be 
deicribed. 

And becaufc LF is equal to LH (by 36. i.) H EG 
becaufe FG is equal to GH ; therefore LP is 
equal to DL ; therefore DL is greater than EK; 
let DK whicA is common be added y therefore 
the whole AL is greater than the whole AE. . 

Wherefore of all the parallelograms applied 
to the fame ftraight line, and deficient by parallelogram figures fi« 
milar and fimilarly fituated to the paralkkp-am ajpplied to half the 
line : • the pandMogram applied to half the line, as being fimilar 
to the defeft, is the greateft. Which was to be demonftrated. 

PROP, XXVIII. 

' To apply to a given ftraight line a parallelogram equal to a given 
redilineal figure, and deficient by a parallelogram figure, which is 
fimilar to a given parallelogram : but it is required, that the given 
redilineal figure to which it is required that the one to be applied 
is to be equsd,'(hould not be greater than the parallelogram applied 
to half the Une ; thefe being fimilar, the deficient parallelogram^ 
the 6ne applied to half ^ the line and the parallelogram to which 
the deficient one is required to be fimilar. 

Let AB be the given ftraight line ; and C the given reftilineiA 
figure, to which it is required to apply to AB one equal ; not being 
greater than the parallelogram ap^ied to half the line, the defe^ 
being fimilar 1 and let D be the parallelogram to which the defeft* 
is required to be fimilar: it is required to apply to the given ftraight 
line AB a parallelogram equal to the given rediEneal figure C { 
d^dent by a parallelogram figure which is fimilar to D#^. • 

Let AB be cut in halves at the point E.| andlet EBFG be de« 
fcribed upon £B fimilar to D, and fimilarly fituated : and let the 
parallelogram AG be compltated : certainly AG is either equal to 
C, or greater than it, on account of the limitation : if therefore 
AG be equal to C, what was required hath been done % for the 
parallelogram AG hath been applied to the given ftraight line ABi 
equal to the given rectilineal figure C, deficient by, the paral* 
Vol. L * H lelogran^^ 
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BeolcVi. Idognma figure £F» wbkli is fimilar to D : 
But if hot ; HE is greater than C : but HE 
is equal to EF 5 therefore alfo EF is greater 
than C : let the paraMe/ogram KLMN be made 
(by 25. 6,) equal to that exccfe by which EP 
is greater than C^ and fimilar to D, and tbte 
fame (imilarly fituat^d : but D is £milar (by 
conft.) to EF; therefore KM is alfo iknilar to 
EF ; therefore let LK be the fide of like ratio 
with GE J and LM the JJe of like ratio with GF ; and becaufi; tbe 
paraitelc\gram EF is equal to tbe figure C and KLM together ; there* 
fore EF is greater than KM ; therefore (by i« cor. to 20. 6.) 0£ 
is greater than KL and GF than LM x Let GX be made eq4ul t» 
KL and GO equal to LM ; and let the parallelogram XGOP 
be compleated > therefore XO is equal and fimilar to KM : but 
KM is fimilar to EF ; therefore (by 21. 6.) XO is alfo fimilar 
to EF ; therefore XO and EF (by 26. 6.) are about the iame dia« 
meter : let GP£ be their diameter^ and kt the figure be compleated* 

Wherefore bdcaufe the paralklogram EFis eqval to C sum! KM 
tog;ether \ the furts of which XO and KM ane equal % tberefoce 
the remaining gnomon ERO is equal to the femaipiQg figure C % 
9nd becauie OR is equal to XS ; let RS which is f:oauiicyn be.adde4 
t6l9Dth; therelbre the vrhole-OB is'equal.to the wJboleXB: \m% 
XB is equal to TE (by 36* j*) beoaufe the fide A£ is equal 40 tb^ 
Ifide EB ; therefore alloTE is equal to OB ; let XS which is com- 
moa be added ; thccefore the whole TS is eqiial to the gnomoa 
ERO : bvt the gnomon ERO has been demonfirgted to be equal* 
to the figure C ; chemfore aUb TS is equal to the figure C. 

Wheirefore the {araifekgram TS hath been applied to the givea 
Atbi^ line AB eqisal lo the given roftilineal figure C» deficient by 
the parallelogram SigureRS which is fimilar to D ; finoe (by z^ 
6.) R8 is fimilar to OX. Which was to be done. 



PROP. XXIX. 

To apply a ftrallelogram^ to a given Araight )ine» equal to 11 
gh^n refiiHneal figure^ exceeding by a paiaUclqgram figure^ fimilar 
to a given fmraUdogranu 

Let 
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Let AB be the given ftraight line ; and C the given redilineal Book vi, 
figure to which the parallelogram applied to AB is required to be 
equal ; and letj^bttbe farallelogram to which it is required that 
the ea^ceeding one be iimijar : it is required to apply a parallelogram 
to the ^raight line AB equal to the ret^ilineal figure C exceeding 
by a paralleldgran]^ figure fimilar to D« . 

Let AB be cut in halves in the p^?^ 
£ : and lc;t the parallelogram EL be 
defcribed upon EB fimilar to D and &^ 
njilarly fituated i and let GH be made 
equal to both^ the parallelogram EL 
and the ^ure C together, and alio 
ilmilar to D, and the fame iimilarly 
fituated (by 25. 6.) : therefore GH i« 
fimilar to EL : but let KH be thc/^ 
of like ratio with FL ; and KG the 

^^ of Hh ratio with FE : and hfscaufe the parallelogram GH is 
greater than EL ; therefore the /i? KH is greater than FL ; and 
KG than F£ : Let FL, FE be produced; and let FLM be equal 
to KH, and FEN equal to GK i aod let the parallelogram MN be 
compleated 1 therefore MN is equal and iimilar to GH : b^t GH 
is alfo fimilar to EL 1 therefore alfo (by 21 • 6.) MN is fimilar to 
EL : therefore (by 26. 6^) EL is about the fame diameter with 
MN : let their dianoeter FX be drs^wn ; and let the figure be de« 
fcribed. 

Wherefore becaafe the paraUehgram GH is equal to EL and C 
together (by conft.) 5 but GH is equal to MN, therefore alfo MN 
, is equal to EL and C together ; let EL 'vi^bkb is common be taken 
away ; therefore the remainipg gnomofi NOL i$ equal to the figure 
C : and becaufc £ A is equal to EB ; &e parallelogram AN i$ alip 
(by 36. I.) equal to NB, that i) (by 4J. 1.) to.LO i let EX which 
is common be added ; therefore the whole AX is equal to the gno- 
mon NOL { but the gnomon NOL is equal to the figure C ; there- 
fore AX is alfo equal to the Jigure C 

. Wherefore the parallelogran^ AX has been applied to the given 
^aight line AB, equal to the given rc^ilineal figure Cj exceeding 
by the parallelogram figure PO which is fimilar to D j becaufe (by 
94^ 6.) EL is fimilar to OP. Which was to be done. 

♦H2 PROP. 
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To cut a given finite ftraight line in extreme and mean ratio. 

Let AB be the given finite ftraight line : it is required to cut the 
ftraight line AB in extreme and mean ratio. 

For let the fquare 6C be defcribed upon AB ; and (by 29. 6,) 
let the parallelogram CD be applied to AC, equal to the Jffuare 
BCr exceeding by the figure AD fimilar to BC. 

But BC 18 a fquare, therefore AD is C A 

alfo a fquare : and becaufe BC is equal to 
CD» let CE wbicb is common be taken 
away ; therefore the remainder BF is 
equal to the remainder AD ; and it is alfo 
equiangular to it i therefore (by 14. 6.) 
the fides which are about the equal angles 
of the figures BF, AD are reciprocally 
proportional ; therefore it is, as FE is to ED To is AB toEBj but 
(by 34« I.) FE is equal to AC, that is to AB, and ED to AE t 
therefore it is, as AB is to AE fo is AE to EB : But AB is greatef 
than AE ; therefore AE is greater tKan BB. 

Wherefore (by 3. def. 6.) the ftraight line AB is Cut in extreme 
and mean ratio at the point £ i and AE is the greater fegment a£ 
it. Which was to be done. 

Other.wis'e. Let AB be the given ftraight line 1 it required 
to cot the ftraight line AB in extreme and mean ratio. 

For let AB be cut in C (by i j . 2.) (b that the redangle contatned 
by AB> BC may be equal to the fquare of AC. 

Wherefore becaufe the Mdkang^e contained by AB, BC is equal 
to the fquare of AC i therefore it is, (by ly. 6.) as AB is to AC 
k is AC to CB ; therefore AB hath been cut in extreme and mean 
ratio in the point C. Which was to .be done. 



PROP. XXXL 

In right angled triangles, the figure defcribed upon the fide fub« 
^tending the right angle is equal to the figures fimilar and fimilarly 
diclcribed upon the fides containing the right angle. 

Let 
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. Let ABC be a right angled triangle, having BAG a right angle : Book vi. 
I fay that the figure defcribed upon BC is equal to the iimilar and ^** i --^ 
flmilarly defcribed figures upon BA> AC. 

Let the perpendicular AD be drawn. 

Wherefore becaufe, in the right angled 
triangle ABC, AD hath been drawn from 
the right angle at A perpendicular to the 
bafe BC ;, therefore (by 8» 6.) the triangles 
ABD, ADC, at the perpendicular, are fi- 
fnilar to the whole ABC and to one another : 
and becaufe ABC is"* fimilaf to ABD ^ therefore it is, as CB u to 
£A fi> is AB to BD : and becaufe the three (Iraight line« are pro- 
portionals j it is, (by 2. Cor. to 2o. 6.) as the firft is to the third fo 
is the figure upon the firfl to a iimilar and fimilatly defcribed figure 
upon the iecond ; wherefore as CB is to BD fo is the^figuce upon 
CB to the fimilar and fimilarly defcribed^z^r^ upon AB. Certainly 
for the iame reafon alio as* BC is to CD fo u the figure upon CB 
to the ^ure upon AC : fo that it is, (by 24. .5.) as BC is to BDj, 
DC fo is the figure upon BC to the figures fimilar and fimilarly de- 
fcribed upon BA, AC : but BC is equal to BD, DC; therefore the 
figure upon BC is equal to the figures fimilar and fimilarly defcribed 
upon BA, AC« 

. Wherefore in right angled triangles, the figure deferred upon^ 
the fide fubtending the right angle is equal to die figures fimilar 
and fimilarly defcribed upon the fides containing the right angl6. 
Which was to be demonflrated. 

Otherwisb. Becaufe fimilar figures are (by 20i6.)^ in the: 
duplicate ratio of the fides of like ratio,^ therefore the figure upon 
BC has to the figjire upon BA the duplicate ratio of that whicb 
BC bos to BA I but (by Cor., i,. to 20. 6.) the fquare of BC alfb 
has to the fquare of BA the duplicate ratio of that which BC bat 
to BA } therefore alfb (by \ \. 5^) as the figure upon BC is. to the 
figure upoa BA fo is the fquare of BC to the fquare of BA». Ceix 
tainly for the fame reafon, alfo as^the figure upon, BC is to^the figure 
upon CA fo is the fquare o£ BC to the fquare of CA :. fb that alfo 
(by 24. 5.) as the figure upon BC is to the figures upon BA, AC 
fo ia the fquare of BC to the fquares of BA, AC ;. but the fqqaro 
of BC is equal (by 47. i.) to the iquares of BA, AC ; thereforoi 

alfo-' 
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iook VI *^^^g^^^ ^P^" ^^ ^ equal ta the figures fimilar and iimilarly dc^* 
' icribcd upon BA, AC# Which was to be demonftrated. 

PROP. XXXIL 

If two triangles, having two fides proportional to two fides tte 
joined together at one angle, fo jrs that their fides of like ratio may 
be alfo paraliel ; the remaining fides of- the triangles will be in a 
flraight line. 

, Ket ABC, DCE be two triangles having the two fides HA, AC 
proportional to the two fides CD, DE : fo that BA may be to AC 
as CD is to DE i and AB parallel to CD and AC to DE : I fay 
that BC is in a ftraight line with CE. 

For becaufe AB is parallel to DC, and the 
ftraight line AC hath fallen upon them, the 
alternate angles (by 29. i.) BACj ACD are 
equal to one another: Certainly for the fatne 
reafon the angk ODE is equal to ACD : fo that 
alfo (by com. not. i .) the angle BAG is equal to 
CDE : And becaufe there are two triangles ABC, DCE havin^^ 
one angle the ang^ at A equal to one angle the angle at D and tho 
fides (by fupp.) about the equal angles proportional i as BA is XH 
AC fo is CD to DE j therefore (by 6. 6.) the triangle ABC is equi- 
angular to the triangle DCE : therefore the angle ABC is equal td 
DCE I and ^fo^he angle ACD has been demonftrated to be equal 
to BAC : therefore the whole angle ACE is equal to the tWo angles 
ABC, BAC i let the common angle ACB be added i therefore the 
r^^ angles ACE, ACB are equal to the three angles BAC, ACB, 
ABC; hut (by 32. I.) the three angles BAC, ACB, ABC are equal 
to two right angles $ therefore alfo the angles ACE; ACB are equal 
to two right angles : with a certain ftraight line AC and at the 
point C in it, two ftraight lines BC, CE not being towards the 
fame parts; make the adjacent angles ACE, ACB equal to two right 
angles; therefore (by 14. i.) BC is in a ftraight line with CE. 

Wherefore if two triangles, having two fides proportional to 
two fides be joined together at one angle ; fo as that their fides of 
like ratio may be paralieP: the remaining fides of the triangles will 
be in a ftraight line. Which was ta be demonftrated. 

PROP. 
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PROP. XXXIIL Bf?!^' 

In ^qual circles, the angles have the fame ratio ip one atwther ag 
the circumferences on which they ibnd, whether they ftand at th^ 
ceiiter or at the circumference* And belides alfo the iedors have 
tifi Jame proportion becaufe they (land at the centers. 

Ltt ABC, DEF be equal circles ; and let the angles BGC, EHF 
be at their centers G^ H : and the angles BAC, £DF at the cir^ 
cumferences : I fay that it is, as the circumference BC is to the 
circunaference EF fb ar both tlie angle BGC to the angk £HF and 
the apgle BAG to theaoglc £DF : and befides > i> the fbaor G3C 
tothefeaor HEF. ^ 

Take any number of cont^uous circumfsrmas (by i. 4.) QK,. 
KL equal to the circupaJFerence BC, and alfo any aumber of cir^ 
cmf traces which may McidentaUy happ£n FM, MN equal to ik^ qir-* 
cumfcrewe EF % and Jet GK, GL j HM, HN be joined 

Wherefore becaufe the circum- 
ferences BC, CK, KL are equal 
to one another; alfo (by 27. 3.) 
the angles BGC, CGK, KGL» 
are equal to one another : what- 
/oever multiple therefore the cir- 
cumference BL is of the circum- 
terence BC % the fame multiple 

alfo is the angle BGL of the angle BGC GiBra¥)iy ^or the to» 
seafbn 4iPf wh^foev^r rauhiple tla^. circ:MyBP^Qr«iiee £N is pf th^ 
(:Ircum£erence EF; the iame x^ultipl^ aliib is d^e ^Agle^HN^ 
the angle EHF : and if the cincoaifercoce B>L be equal to the cir^ 
cumference EN ; aifo (by 27. 3.) tlie a^gile BGL is equal to the 
mig^e EHN : and if the drcamieretice ^I^^ be j^e^^r tha» the cirf- 
cumference EN ; alio the angle BGL is greats than the angle 
£HNi and i|«lefs, lefs : there bci«g iom ms^wtNuies % the twoicir^ 
cumferences fiC,£F ; and the two angles BGC, EHF ^ there hav^ 
been ta^ea the cirrn.o;iffrrence BL and the ai^^ l^GL eqiiimidt^ 
pies of tbe'circunafereace fiC aadx)f the angle AQC » and the cir« 
conference £N and the ang^ EHN at^ $t^e(t epunmkiples which 
may accidintalfy happen of the circumference £F aod of the angle 
EHF j and it has been demonftratejd thstf if t^ cirMmference BL 

exceed 
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Book VI. exceed the circumference EN alfo the angle BGL exceeds the angle 
^-^^*-^ EHN : and if equal, equal : and if lefs, lefs : it is therefore (by 
5, def. 5.) as the circumference BC is to the circumference EF fo is 
die dugle BGC to the angle EHF : but as the angle BGC is to the 
angle EHF fo is (by i $. 5-) the angle BAC to the angle EDF ; for 
they are (by 20. 3.) the doubles, each of each : therefore as the 
circumference BC is to the circumference EF fo is both the angle 
BGC to the angle EHF ; and the angle BAC to the angle EDF. 

Wherefore in equal circles, the angles have the fame rado to one 
4motber as the circumferences on which they ftand ; whether they 
ftand at the centers or at the circumferences. Which was to be 
demonftrated. 

I fay alfo, that as the circumference BG is to the circumference 
EF fo is the feftor GBC to the fe<ftor HEF. 

For let BC, CK be joined ; and the points X, O being taken in 
the circumferences BC, CK; let BX, XCj CO, OK be joined. 

And becaufe the two 
BG, GC are equal to the 
twoCG,GK; and they 
cont^ equal angles ; alio 
(by 4. I.) thebafeBC \b 
. equal to CK ; therefore 
al(b the triangle BGC is 
equal to the triangleGCK: ^ ^ 

tod becaufe the circumfe- 
rence BC is equal to the circumference CK ; alfo the remaining 
circumference^ which makes up the whole circle ABC, is equal to 
the remaining citcumferenee which ^^^i up the fame circle ; fo 
that alfo (by 27. 3.) the angle BXC is equal to the angle COK ; 
wherefore (by 11. def*^ 3.) the fegment BXC is iimilar to the feg-* 
iment COK i and they art upon equal ftraight lines BC, CK : but 
fimilar fegments of circles upon equal ftraight lines (by 24. 3.) are 
equal to one another : therefore the fegment BXC is equal to the 
fegment COK : but the triangle BGC is alfo equal to the triangle 
CGK I therefore the whole fedor GBC is equal to the whole fe£tor 
CCK. Certainly for the fame ttzion alfo the fedtor GKL is equal 
lo either GKC or GCB : therefore the three feftors GBC, GCK, 
GKL are equal to one another. 

Certainly 
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Certainly for the fame reafon.alfp, the fedors HEF» HFM« 
HMN are equal to one another; wbatfoever multiple therefore 
the circumference BL is of the circumference BC ; the feftor 
GBL is alfo- ^r/ame multiple »i th» fe/Stop GBC. Certainly for 
the iame reafbn alfo, whatfbever murtijple' the circumferente EN is 
of the circumference £F ; the (e&or HEN is alfo the fame mul- 
tiple of the fe<£lor HEF : And if the circumference BL be equ^l 
to dbe cilseiMi^Qiie« BK t 9i&> the fedor OBL is eqpai' to the 
feiSop HCt^: imd if tb«>circuDifsr«nce BIoe^Eceed the.circ4mf^-> 
ronct IB^a %ll^<f {9^r GBL ^'9fQuds ikcUi&ar HEH i^ md'i^ 
/^.0m if d«fictaifV t^ofittrk cb^tiaisAf. yhuc bpiag then, four 
nwgnitedes,, iil« tfva'eiraomfeccpoes BC, EFj ptdthetwoff^^tora 
QSC»{ftfiFfc.ap4-.9quim»lliph}fth««^be!Bn taken of tjaie circiunfe- 
relWJd BC*. aodiO^ Uie:f«^r QBQy ^. the eiricwafeceaoc B^ and. 
thit ftiUvOALo;. andrequioHiltij^lffs aI^p pf Ui$i eirctim^i^oce ^E,, 
asftof lb* ft^%9RiKCF, n^i- th#d<£i^ii£wence.£Ny9fa4 t|)<e-i^ 
HEN : «wl( ili. ^(hv biiBa demoaAr^ted*, t^^ the cjurcumferfpice 
BL> QHcoedl th* fuffiitm£gn»nqt Uhi, tiu^ ifii<^oF G^. alfo exceedi^ 
the feftort H£Ni widif! oqual« f)qua|<{rmdi^ &&;:fyf»is.;i|Bfideat 
th-oikm i9^«6cififitv Thfii^are it ist (by 5, dcf. 5.) ^th|e c^founr ; 
ftrpiUM BC.iA Id tb«^ eifle^oiferen^e £$^ fa is the ie^.GBC^ the 
foAttrHfiF. 

X«K^ And it i«! manifeii: (by li. 5.) al^« tbftt a»th« ie^oci*, 
to. Uie fe^or. £) is. ihtt. i»ngl« to tbie .an^le. 



Tv« Bfiro or x-ai ^iwtfn'.Wlfmm, 
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The conclusion. 



AFTER the firfl fix books of thefe elements are read, it will 
be very proper for readers of all denominations, to make 
fome kind of eftimate of their improvement in the knowledge of 
magnitude, by taking a review of the whole. And this will be 
done with fome aftonifhment by the judicious reader, when he 
confiders to what a hight he has raifed himfelf above the vulgar in 
his conceptions upon this fubje€t i or indeed even above himfelf, 
when he compares the common perception which he fet but with, 
that Magnitudes which exaSlly agree together are equals with the 
power of making a rectilineal figure equal to any given rectilineal 
figure, and fimilar to any other >yhich may be given. But as an 
admiration of the great abilities of the author, and of his judicious 
arrangement will be the necefiary confequence' of right notions 
upon this fubjedt ; I (hall decline all encomiums upon thefe, to ^ 
turn my thoughts to the afliftance of thofe who may not-hafe^ 
reafon to be fo well fatisfied. with their improvement ; which is 
likely to be moft effectually -givjen, by an enumeration of t^ofe cir-- 
cumftances, to which their want of fuccefs is moft probably owing; 
an attention to which, upon fome future perufal, may remove 
every defed. And although I have mentioned them in the couife 
of thefe dififertatioot yet if may be uf(^i)l as a.coa^lufion to the 
whole to leave fuch an imprefiTion upon the reader's mind, as a 
fummary of the whole is likely to make. The reader therefore is 
to confider firft of all whether he may not have had all this time, 
even a wrong notion of the very fubjeCt. The fubtfCt is magni- 
tude, and not number ; nor is it fufiicient for him to be fatisfied 
that things equal to the fame are equal to one another ; but he 
muft convince himfelf, not give his ajfent^ that magnitudes which 
are equal to the fame, are equal to one another ; and this is to 1^ 
done l>y a particular examination, of as many different ICiAds bf 

magnitudes 
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magnitudes as he can eafily recoiled^ cfpecially of fuch, as are 
thus compared in thefe firft fix books. Next let him examine whe« 
ther he baa a proper notion of a definition^ which he muft do his 
endeavour to coUoft both from its nature and ufe; ftill keeping in 
hia mind diat every thing here refers to magnitude. And the (hew«» * 
ing that any property is confident with the definition is called a- 
detjionAcatioa. . But feveral demonfUtions ought to be carefully 
examined by a ftudent in the circumftances of the perfon to whom 
I am now writing, entirely with a view to fee whether he under-* 
ftands v^at is meant by a geometrical demonftration ; and as we 
fuppofe him (to. have bis choice of the fil-ft fix books ; he ought 
eipeciaUy to pick out the indired demonftrations, which are of all 
others the moft elegant and forcible, becaufe they convince you 
contrary to the reprefentation of the figure : the evidence of fuch 
propofitions therefore, if its ^orce- be perceived at all, cdmcs to the ^ 
mind purer, as it is not^afF6£fced by the prejudices which the rea«»' 
fpning upon a particular figure, which feems to reptefent the con* 
fequences, i% but to apt to introduce. For fuch reafonings are 
often difturbed even by turning the figure upfidtdown ; and I mjp-' 
felf iiave x>ften puzzkd ailudent fufficiendy acute, by fuch trials as 
joining AD in the- twenty ^firft propofition of the firft book, and^ 
requiring him -to prove that ^AD and 0C together are lefs than AB 
and ^G together &c; The indired demonftrations therefore arc^ 
of all others the properefi: for.a ihideit to exercife himfelf in;' 
as this will be the means of removing that very great difiiculty 
which learners find in making a ready and proper ufe of the fup- 
pofition ; as his chief dependence for convidion in the indireft 
demonftrations, muft be upon the fuppofition. It is true this may 
be got as I have remarked before, by an exaa(||nation of the fup*- 
pofition in every prOpofitton; efpecially fuch as coirfift of feveral 
circumftances ; and varying them, one by one, obferving the efi^d: 
which every variation has upon demonftration ; for by fuch a pro- 
ceeding the force and ufe of the different parts of the fuppofition 
muft be difcovered, and indeed hardly by any other means. And 
in this progrefs he will be very much aiTifted by defcribing his fi« 
gures will all the variety of pofitions, which his inflruments and 
the fuppofition wiU admit of, until he is certain that he has con- 
quered 
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ticujar figure. 

Tim reader {s alAxc^rctfully to obforw; fiber dstfcocnt aKthadrof 
cemparifim! itta4e,«fe o£ in the iirft fix books* In iha finA book^ 
tb« magoitttdQl ar.e compared eidier i . tt oiyftljt agcceing togedscft |t 
or us b^ng cqMal ti^ the fanto amgoitude i: m as. bo^ng .]m(&o!s ^fil 
tk^ fame cirde j vrbich a«e all cooMxioitaDd: faauBar MWiiwiR finit* 
ift the iocoad bopfej dka method of €oa{xirifi)nr k. by tlie r n^angie^ . 
wbicb 18 by no meaoi a commoiir noliofi^ cUberaa ttritanameror* 
natvixe ; aad jtber«fore ifaould be oiddc famiioi'; aai well m prnftStSk^ 
upderilood. : lA fbme parto£ Ihe third: bocA,. dMttieohafidf omm^ 
pfLsjIw '^ by fiiH»il^ fegqaentfij ^hich is. alfiKaiiiartsficklidea^ and 
oi^ht^.£9r tbe faia^ reafon to be made fiumliar. But tiae flooft aed<» 
fi^ and tbereloae the moA difficelt of alU ii tbae method of ram^ 
pen^Qfi founded upon a coofiderafiieoi q£ quaacitnt ae parte awL 
mul^fks.. It; witUv be particularly tifefjal for the fiaidenr^ lahoxlnu: 
failed in hW ^^ajttempt to ueikiAand this: fifth bookw efikerceadibg 
carefully u^hat I, have Md ie «i^aiiittioa of the: two fir^ defiiii>» . 
ti^^ib to tfikfi cef^.to hwe the fuppofiaiena gtvfcs Imii Iqr anbaher ; 
af^ tktf) dKtfully u> ptsrliNvni every imtftradtiom bivML And iiii* 
dfted the r^der who Would take the eafieft wajir of rndking hknielf 
flipileir of this fufa^<D<fc» 0iori]]ki faaxre the r«fec«»iia0iii|iafleaiiiihio. 
h$fkdt thriOigh the fiifft fin booiiiw only taking cam i»fe to fiM^^ • 
t^ati he m hundliog a ruler andi coapo&a^ 



Tux Eha fx xu Fiiav Va»iVM^ 
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